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Preface to the Dover Edition

Sputnik, the world’s first artificial satellite, was successfully launched into
orbit around the earth on October 4, 1957, thus initiating the Space Age.
Introduction to Space Dynamics was first published four years later, in 1961.
Although it is already a quarter century later, the basic nature of the text makes it
still useful and appropriate for instruction today.

Fundamental principles of dynamics are invariable, and only the problems to
which they are applied change with time. The development of the high-speed
electronic computer has radically changed the way we solve these problems
today. Computers have opened a new means of tackling a host of more complex
problems and have solved these problems with the speed and accuracy de-
manded by modern technology. They have not, however, eliminated the neces-
sity for the analytical study of basic principles. In this respect. the author is
pleased with Dover Publications for making this introductory textbook
available once again to the students, engineers, and scientists who wish to
study in this field.

1985 WiLLIAM T. THOMSON






Preface to the First Edition

Developments in the exploration of space have brought to the forefront
many new problems in science and technology. The new environment and
the requirements of high speeds, large energy inputs, accurate guidance,
reliability, and a host of other considerations confront the engineer with
formidable and challenging problems. Motion in outer space poses
unusual dynamic problems, the solution of which requires a thorough
knowledge and understanding of the pertinent dynamical principles and
techniques of analysis. Three-dimensional attitude problems involving
gyroscopic phenomena play an important part in the behavior of guidance
instrumentation and in establishing the motion of satellites, missiles, and
space vehicles. The analysis of variable mass systems under rotation,
effects of vibration due to flexibility, and optimization of flight conditions
are all dynamical problems requiring the use of advanced analytical
techniques. For most problems, the high speeds encountered in space
motion are not sufficiently great (in a relativistic sense) to invalidate
Newton’s laws of motion, and a knowledge of classical mechanics serves
as adequate foundation for a description of the phenomena encountered.

As any experienced student of mechanics will know, the difficulties of
dynamics lie not so much in the comprehension of the formal theories of
mechanics as in their application to the solution of actual problems. The
formulation of the problem and the analytical details required for its
solution are, in general, difficult and often beyond the present state of

vil



viii PREFACE TO THE FIRST EDITION

knowledge, as in the case of nonlinear problems. The problems of space
dynamics soon become too complicated for adequate discussion in an
introductory textbook. However, the underlying principles involved and
the techniques of analysis which can be employed are capable of thorough
discussion and exposition in terms of simplified versions of these problems.
It is from this viewpoint that this textbook was written.

In acquiring a thorough understanding of dynamics, it is necessary to
associate with each mathematical concept or operation a logical intuitive
feeling which must serve as guide for the mode of analysis. Confidence in
approaching new problems is generally acquired through experience in the
mastering of a variety of dynamical situations. Problem solving by
students is therefore essential. An effort has been made to supply problems
of sufficient variety and difficulty, and some of these serve to extend the
discussions of the text.

The first two chapters cover the essentials of vector algebra and kine-
matics, including the general case of space motion. In the third chapter the
subject of transformation of coordinates is presented. Central force
problems and orbit theory are discussed in Chapter 4 under particle
dynamics. They lead to many interesting problems of satellite and space
vehicle motions. No attempt is made here to discuss precision orbit
calculations or perturbing effects other than those due to impulsive thrust
and the oblateness of earth. Chapter 5 on gyrodynamics forms the basis
for rigid body dynamics. Gyroscopic phenomena are examined and
physically interpreted. The subject of Chapter 5 leads naturally to the
theories of gyroscopic instruments and their oscillatory behavior. The
instrument gyro, gyrocompass, inertial platform, and inertial navigation
are some of the subjects considered in Chapter 6. Chapter 7 on space
vehicle motion deals primarily with the attitude of spinning rockets,
missiles, and satellites. The effect of thrust misalignment, unbalance in
inertia, variable mass, and changing configuration are analyzed. Special
techniques for the transformation of motion from body coordinates to
inertial coordinates are covered in this chapter. Optimization with respect
to performance of rockets is a subject which can be treated at great length.
Chapter 8 is a brief introduction to this subject, first in terms of multistage
rockets in vertical flight and, later, in terms of single-stage rockets moving
along curved trajectories. Aerodynamic forces are omitted in the dis-
cussion, not because they are unimportant but because their inclusion
renders the problem unmanageable from the analytical point of view.
Finally, the last chapter presents the generalized theories of Hamilton and
Lagrange which unite the field of mechanics in an over-all formulation.
The presentation is from the variational approach which has the advantage
of providing greater generality and clarity.



PREFACE TO THE FIRST EDITION ix

This book can be used at the intermediate or graduate level of instruction.
Although matrices, dyadics, Laplace transformations, and the calculus of
variations are occasionally encountered, it is my belief that they are
introduced in a manner which is understandable to the beginner and will
serve as an introduction to the use of these mathematical techniques.

Finally I wish to acknowledge my indebtedness to many persons with
whom I have enjoyed working and learning—students, colleagues, and
associates at Space Technology Laboratories.

September, 1961 WiLLIAM T. THOMSON
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Introduction

CHAPTER |

1.1 Basic Concepts

The basic concepts of mechanics are space, time, and mass or force,
which are more or less understood intuitively by most beginning students.
To be useful for quantitative analysis, however, these notions must be
viewed as mathematical concepts related to each other by fundamental laws.
Such a formulation was introduced by Sir Isaac Newton (1642-1727) in his
three laws of motion which have become the foundation for the classical or
Newtonian mechanics.

Newton’s laws were formulated for a single particle. Our notion of a
particle is that of a material body of infinitely small dimensions. In
mechanics we can expand this notion to include any material body whose
dimensions are small in comparison with distances or lengths involved in
defining its position or motion. Thus planets can be considered to be
particles when their position in the solar system is under consideration.

In defining the position of a particle in space, a frame of reference is
necessary. For this purpose, three mutually perpendicular lines intersecting
at a common point called the origin are adequate. The position of the
particle can then be defined in terms of distances along these lines.

To describe the motion of a particle, the concept of time is required. By
noting the position of the particle as a function of time, its motion—
described by its displacement, velocity, and acceleration—is completely
defined.

Force is known to us intuitively as a push or pull. It represents the
action of one body on another, exerted by contact or through a distance as

i



2 INTRODUCTION TO SPACE DYNAMICS

in the case of gravitational or magnetic force. To describe a force, it is
necessary to know its magnitude, its direction, and its point of application.

Mass is a property possessed by all material bodies. It is a property
which describes the effort necessary in giving the body a change in motion.
Its precise definition is embodied in Newton’s second law, which may be
stated as follows. “‘A particle acted upon by a force F will move with an
acceleration a proportional to and in the direction of the force; the ratio
F/a being constant for any particle.” Thus for a given particle we can write,

F
— = — = — = constant

where F and a are in consistent set of units. The ratio F/a which is found

to be a constant for any given particle, is a property of the particle, which

is designated as mass. We can therefore write Newton’s second law as,
F=ma

Newton’s first law is a special case of the second law when F = 0. It
states that if no force acts on the particle, it will remain at rest or continue
to move in a straight line with constant velocity. The equilibrium concept
in statics is based on the first law, and the converse of the above statement
requires that the resultant of all the forces acting on a particle in equilibrium
must be zero.

The extension of Newton’s laws to a group of particles necessarily
involves the action between particles. Actual bodies can be viewed as a
group of particles, and to deduce the behavior of such bodies, Newton
introduced his third law which states that, “For every action, there is an
equal and opposite reaction.”” Thus if particle 1 exerts a force f;, on particle
2, particle 2 must exert a force f,; on particie 1, where fy; = —f,.

From his interest in astronomy, Newton formulated the law of gravita-
tion between two particles. The law states that any two particles attract
one another with a force of magnitude,
mymy

F=¢G o
where m; and m, are the masses of the particles, r is the distance between
them, and G is the universal constant of gravitation. Application of this
law to a particle on the earth’s surface gives us an understanding of the
relationship existing between mass and weight. Letting M and m be the
mass of the earth and that of another body at the earth’s surface, a distance
equal to the radius » = R from the center, the attraction of the earth on the
body, which is called weight, is given by the above equation,

GM

W=m—zs
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If this force is not opposed by a support of some kind, the body will fall
toward the center of the earth with an acceleration g. Thus from Newton’s
second law, we can write,

W = mg

and by comparison with the previous equation, we arrive at the result,

GM
E= T

We find then that the acceleration of gravity g will vary inversely with R2.
Since m is a property of the body which is fixed, its weight wili then vary
with g or R, and so we find a given body weighing somewhat different
amounts at different places on the earth’s surface. At the earth’s surface,
g is very nearly 32.2 ft/sec’

So far we have avoided one very important question regarding the frame
of reference used in the measurement of the motion. Newton assumed that
there was a frame of reference whose absolute motion was zero. He
considered such an inertial frame fixed relative to the stars to be one of
absolute zero motion, and his laws of motion to be valid when referred to
such a reference. Controversies regarding the existence of such a reference
frame of absolute zero motion led to the formulation of the theories of
relativity for which Newtonian mechanics is a special case.

In arriving at the concept of weight, it was necessary to measure g
relative to the surface of the earth which is not at rest. Thus the accelera-
tion of the earth’s surface due to its rotation must be accounted for in a
more exact analysis. For many problems this error is insignificant, in
which case the earth’s surface will be found to be an adequate reference.
There are other problems, however, such as navigation for space flight,
where the earth’s surface cannot be considered stationary. In general,
problems in space dynamics are involved with rotating and accelerating
coordinates, and the subject of relative motion and transformation of
coordinates piays an important role.

I.2 Scalar and Vector Quantities

In our discussion so far we have encountered two types of physical
quantities. The first type can be adequately expressed by a single number
denoting so many units; i.e., temperature, density, mass, time, and energy.
Such quantities are known as scalar quantities.

The second type cannct be fully represented by a number only, and
further information is required. For instance, a displacement in space
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requires in addition to its numerical value a statement as to its starting
point and its direction. Such additional information is necessary to
describe completely many physical quantities such as force, velocity, and
acceleration. Physical quantities possessing magnitude and direction and
satisfying certain necessary requirements are called vector quantities.
Vectors are further subdivided into free and bound vectors. Free vectors
are those which can be shifted about as long as their magnitude and direc-
tion are not altered. Vectors in rigid body mechanics are in general free

r-4

Fig. {.2=-1. Right-handed coordinate system.

vectors. Bound vectors are those which cannot be moved without altering
the results sought. For instance, in determining the stress distribution in a
deformable solid, the applied force cannot be moved without altering the
results.

Vector quantity will be denoted by a bold face roman letter, whereas a
scalar quantity will be indicated by a light-face italic letter. Frequently we
are not concerned with the direction of the vector quantity, in which case
the italic letter will be used to indicate its magnitude. This situation may
occur when all the vectors are collinear or when we are concerned with
components of a vector along specified directions. To distinguish vector
quantities at the blackboard or in hand-written material, an overhead bar
or arrow can be used.

Graphically, a vector is represented by a straight line with an arrow
referenced to some coordinate system. When rectangular axes w, y, z are
used, the right-handed coordinate system of Fig. 1.2-1 will be adopted.
A left-handed coordinate system would have the Oz axis in the opposite
sense, or the  and y axes interchanged.



INTRODUCTION 5

1.3 Properties of a Vector

Addition

Not every quantity possessing magnitude and direction can be treated
as a vector. To qualify as a vector, such quantities must obey the law of
composition which states that the sum of two vectors is represented by the
diagonal of a parallelogram formed by the two vectors as sides. Subtrac-
tion can be viewed as an addition of the vector directed in the opposite
sense. Moreover, vector addition must be commutative (independent of
the order of summation).

As an example of a directed quantity that will not obey the law of com-
position, we can mention the finite angular rotation of a rigid body. It has
magnitude equal to the angle of rotation, which can be directed along the
axis of rotation. However, two such rotations along different axes are not
commutative and will not add up to the diagonal of a parallelogram, as we
can readily demonstrate by rotating a book 90° about the z and y axes and
repeating the procedure in the reverse order about y and .

Aside from being commutative, vector addition is associative {may be
grouped in any order), and these two properties enable the parallelogram
law to be successively applied to any pair of vectors for the addition of
several vectors.

Resolution

Resolution of a vector is the reverse of composition. Since different
components could have the same resuitant, a vector can be resolved in an
infinite number of different ways. Resolution of a vector into rectangular
components often leads to a simpler formulation.

Unit vector

A vector r multiplied by a scalar 7 is equal to ar. Its direction is un-
changed and its magnitude is n times the original magnitude. The unit
vector 1, or i, §, k, is constantly used to define the orientation of a vector
quantity. A vector r, expressed in terms of its rectangular components,
becomes

r=ri+rjt+rk

= r(icosa + jcos B -+ kcosy)

=rl
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The unit vector in the direction r is thus identified as

1=?=(icosa+jcosﬁ—%—kcosy)
r

Fig. 1.3~5. Component of r along 1 by dot product.

Scalar “*dot” product

The dot product of two vectors a and b with angle ¢ between them is a
scalar quantity defined by the equation,

a-b=abcos¢

The result is not dependent on the order of multiplication and, hence, the

dot product is commutative.
a-b=">b-a

The equation suggests a convenient procedure for determining the
component of a vector r along any chosen direction 1, the result being,

r-l=rcosé
as shown in Fig. 1.3-1.

Vector “‘cross’ product

The cross product of two vectors a and b is a vector defined by the

equation,
a¥ b= (absin $)1

where 1 is a unit vector in a direction perpendicular to both aand b. From
Fig. 1.3-2 it is seen that the magnitude is equal to the product of the length
of one of the two vectors and the projection of the other on a line per-
pendicular to the first vector, which is equal to the area of the parallelo-
gram formed with a and b as sides.
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To establish the direction of the cross-product vector, the three-finger
rule of the right hand, as illustrated in Fig. 1.3-2, is helpful. The first
vector ais represented by the thumb; the second vector b (or its component
b sin ¢ perpendicular to a) by the index finger; and the product vector
perpendicular to the previous two by the third finger. We note here that
the cross product is noncommutative, and the following rule holds:

axXb=—-b¥a

be f
Y
/\\\ axb<" uﬁgi\\ }\\

/
<

=
©- /
»

/

Fig. 1.3-2. Cross product of two vectors is normal to the plane of the two vectors.

Products in rectangular components

When resolved into rectangular components, the dot and cross products
become,

a-b= (aﬁci + ayj + azk) - (b:cl + byj + bzk)
=ab, + ab, + a,b,
aXb=(ai+aj+ak)x (bi+bj+ bk
= (ab, — ab )i X §) + (a,b, — a,b )i X K) + (a,b, — a,b,)(i X K)
= (aa:by - ayba:)k + (azbaz - awbz)j + (aybz - azby)i

The result of the cross product can be conveniently expressed by the
following determinant.

e

i
axXxb=|a,
b,

Y z

ooy e
SN
N

Yy
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Multiple products

Certain multiple products of vectors are occasionally encountered and
we list two of the most common ones in the following:
a-(bXec)=b-(cXa)=c-(axX b

This product can be interpreted geometrically as being equal to the volume
of a parallelopiped of sides a, b, and c.
The second multiple product is,

ax(bxc)=(@-cb —(a-bje

1.4 Moment of a Vector

Consider a vector F and any point O in space. If we draw a vector r
from O to any point on F or on the line of action of ¥, as shownin Fig. 1.4-1,
and form the cross product with r as the first vector, then the result will be a

Fig. 1.4-1. Moment vector M normal to plane of r and Fisr x F.

moment M about an axis through O in a direction perpendicular to the
plane containing r and F, the direction of which is indicated by the unit
vector 1.

M=rXF=(Frsind)
The moment M will be independent of where r terminates on F or on its
line of action, as can easily be shown.

1.5 Angular Velocity Vectors

It was pointed out previously that finite angles of rotation, although
representable by a vector, are not commutative and, hence, wiil not cbey



INTRODUCTION 9

the rules of vector addition. Infinitesimal rotations however can be shown
to be commutative and to possess all the properties of a vector. To show
this, consider the displacement of a point p due to two infinitesimal rota-
tions w, df and w, dt about any two axes, where w; and w, are their
respective rotational speeds. Let the direction of each of the axes of rota-
tion be indicated by unit vectors 1, and 1,, as shown in Fig. 1.5-1, and we

Fig. 1.5-1. Angular velocity represented by vector.

will perform the rotations in the order 1 and 2, then repeat in the reverse
order to examine the final result.

Because of the infinitesimal rotation (w, df)1,, theend of the displacement
vector r defining the position p will be displaced by an amount,

(wydt)l; X 1 (1.5-1)
and the new position is defined by the vector,
n=r+ (0w, d); Xr (1.5-2)

Next allow the second infinitesimal rotation (w, df)1,, in which case the
final position of p is defined by the vector r,.
=1 + (w,d)l; X 1,
=r+ (0, d); X r 4 (0o dt)1y ¥ 1+ (0, d)Ey % (w,d)l; X v (1.5-3)
Neglecting the second-order term (wyw, dt dt), we arrive at the result,
Bp=r+ (w3 +wly)dtXr (1.5-4)
If we repeat the operation in the reverse order, we will find the equation

for r, to be identical to the previous case, indicating that infinitesimal
rotations are commutative. In effect, we have represented an angular
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velocity by a vector w = 1 according to the right-hand screw convention,
as shown in Fig. 1.5-2. The fingers in this case indicate the rotation sense,
and the positive direction of the vector w is represented by the thumb.
Since angular velocities obey all the rules of vectors, they can be com-
pounded by the paralielogram rule to a single resultant vector. Thus the

\
NG
Y
s

Fig. 1.5=2. Right-hand rule for angular velocity.

two infinitesimal rotations of Fig. 1.5-1 can also be reduced to a single
rotation which is evident by rewriting the equation for r, as,

=r+(w, +w,) ¥ rd (1.5-5)

1.6 Derivative of a Vector

In differentiating a vector, the usual rules of the limiting process apply.

R Gl ) Rl S T (1.6-1)
dt a0 At ae0 At
If the vector r is referenced to a fixed coordinate system, the Ar is the
vector change relative to the coordinates which is also the total change,
and Eq. 1.6-1 is the total derivative of r.
If the vector r is referenced to a rotating coordinate system such as the
one shown in Fig. 1.6-1, the vector r remaining stationary relative to the

rotating axes will undergo a change
Abr sin ¢
along the tangent to the dotted circle, and its rate of change is established
by the limit,
VAN .
lim { — }7 sin ¢ = (wr sin ¢)1
a0 \AZ

where 1 is a unit vector along the tangent.
Since this expression is equal to the cross product of w and r, we
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conclude that due to rotation w of the coordinaie sysiem the vector r

undergoes a rate of change of
wXr (1.6-2)

This term occurs in addition to the vector change relative to the coordinate
system, so that the total derivative relative to inertial axes is

(dr) = [d'] Foxr (1.6-3)*
dt inertial dr relito .

x

Fig. 1.6-1. Differentiation of a vector r referenced to rotating coordinates.

Equation 1.6-3 applies to any vector quantity and is of fundamental
importance to dynamics where body-fixed axes are often used.

We mention finaily that the derivatives of the dot and cross products are
treated as in products of scalar quantities, except that the order of the cross
product must be maintained. These rules are illustrated by the following
equations.

d db da

Zfaebh) =g0— 4+ —. 64
dt(a b) =2 dt +dt b (1.6-4)
d db da
E(axb)—ax-d—t+sz (1.6-5)

* A convenient notation to distinguish between differentiation in the inertial and
rotating coordinates is to use brackets, or parenthesis around the latter, ie.,

dr dr-|+mx
dr EJ r

This notation will be used in this book.
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PROBLEMS

. Determine the unit vector along r = 3i — 2§ + 2k.
. Determine the angles o, §, and y between r of Prob. | and the #, ¥, and z axes.
. Determine the det product of the vectors ry =4 — 3j + k; r, = —2i +

2 + 3k

. Determine the angle between r; and r, of Prob. 3.
. Determine the cross product r; x r, of Prob. 3. Show by means of dot

products between the cross product vector and r; and r, that the cross product
is perpendicular to each of vectors r; and r,.

. Show by vector means that any inscribed angle in a semicircle is a right angle.
. What is the geometric interpretation of (a + b)%.
. If a and b are absolute values of vectors a and b, express the scalar quantity

a®b® by using only the dot and cross products of 2 and b.

. Write the equation of a plane, a distance ¢ from a given point O, in terms of

the radius vector ¢ from O to any point in the plane, and the unit vector 1
normal to the plane.

Determine the various angles between the spatial diagonals of a unit cube of
sides i, j, and k.

Find the area of a triangle specified by the two vectors r; = 3i + 4f; r, =
=5 + 7§ + 2k.

Show that the momentr x F about O is independent of how r is drawn from
O as long as it terminates along the line of action of F. (Hint: Consider two
vectors r; and ry = r; + ry both terminating along F.)

Determine the derivative of the dot product of the vectors ry = 21 — 37%;
r, = —4i + 2tj, and compare with the derivative determined from Eq. 1.6-4.
Repeat Prob. 13 for the cross product, using Eq. 1.6-5.

A vector r = 31i — 4j + k is referenced to a coordinate system which is
rotating at a speed w = 2rk. Determine its derivative.

Prove the equations given on p. 8 for the multiple products.

Complete the derivation for Eq. 1.5-3 when the order of rotation is 2 and 1.
Under what conditions are the two equations equal ?

Determine the relative magnitudes of the terms of Eq. 1.5-3 whenr = 4i +
3j;, w; =2; wyg=—1; 1, =tand 1, =}

In Prob. 18, determine the value of df necessary to reduce the term (w, df)i, X
(o, dDY; % £ to 1Y of the magnitude of the smallest vector component.



Kinematics

CHAPTER 2

2.1 Velocity and Acceleration

The subject of kinematics is the study of motion. It is concerned with
space and time, and with the time rate of change of vector quantities
relating to the geometry of motion.

We consider first the motion of a point in a fixed coordinate system ayz.
The position of a point p which is in continuous motion along a curve such
as s in Fig. 2.1-1 is specified by its position vector r, the magnitude and
direction of which are functions of time. In time At r changes to ¢ 4 Ar,
and its velocity v is given by the time derivative,

. G+ Ay —x . Ar dr
vy = lim ————"—— =

or_a 2.1-1
At—s0 Ay Azlir; At dt @1-1)

The direction of v can be shown to coincide with the limiting direction of
Ar as it approaches zero, or the tangent to the curve s at p. By rewriting v
in the form,

” Ar As
v = lim — —
At—0 AS At
the limiting value of Ar/As is a unit vector along the tangent to the curve,
so that the velocity can also be written as,
ds
ve=—1 2.1-2
=1L @1-2)
13
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If r is represented in terms of its rectangular components, we obtain
r=ritrj+rk (2.1-3)

where r,, 7,, and r, are components of r along the fixed xyz coordinates,
and i, j, and k are their corresponding unit vectors. Differentiating, we
obtain

— = Fi + Fj + £k ) (2.1-4)

dr
dt

where 1, j, and k, are treated as constants.

z

T+ Ar

x

Fig. 2.1-1. Time rate of change of a vector r.

Acceleration is the time rate of change of velocity v, and by observing
the vector change from v to v + Av in time Az, we obtain
v+ Av) —v Av

dv
=1 =lim=— =2 =pi+osj+ok (21-5
T At oA dr bl od ok (215

2.2 Plane Motion (Radial and Transverse Components)

Consider a particle p moving along a curve s fixed in a stationary Oxy
plane, as shown in Fig. 2.2-1. The position of p is established by the

position vector
r=rl, (2.2-1)

where 1, is 2 unit vector which is always oriented along r.
To determine the velocity of p, we differentiate r, recognizing that 1,
changes in direction,
dr dl,

—z== F — 2.2-2
7 r1,+rdt 2.2-2)
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The unit vector 1, is one of fixed magnitude which is rotating with
angular velocity 8 about an axis through the origin perpendicular to the
zy plane. Its derivative or its velocity is the cross product of the vectors 6
and 1,, which is a vector perpendicular to r, or

d R
?11?7 =6x1 =01, (2.2-3)
\
y
\
\ s
\
\
\
\ L
Al P
8 T
(7]
O X
Fig. 2.2-1. Unit vectors 1, and 15 moving with r in the =, y plane.

where 1, is a unit vector in the direction perpendicular to r.
Equation 2.2-2 may then be written as

d
T v=rl, +0xr
dt )
= 1, + rf1, 2.2-49)
which expresses the velocity in terms of the radial and transverse com-

ponents.

We can view this problem as that of a point p moving along a set of
rotating axes with direction 1, and 1,. The point p always moves along the
1, axis, and its relative velocity along it is 7 which corresponds to the first
term of Eq. 2.2-4. The second term § X r is the velocity of the coincident
point p due to rotation 8.

The acceleration of p can be determined by differentiating Eq. 2.2-4.

a=F=7l+ fd—l’ + (6 + #)1, + 6 il 2.2-5)
dt dt
As before, the derivative of a unit vector rotates it 90° and multiplies it
with its angular rate 0, so that

—0x1,= —0 2
- x 1, é1, (2.2-6)
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Thus Eq. 2.2-5 reduces to
a = (F— %1, + (r + 270)1, (2.2-7)

which expresses the acceleration in terms of the radial and transverse
components. We note here the term 276, which is known as the Coriolis
acceleration, and which will be referred to again in the more general case.

2.3 Tangential and Normal Components

To resolve the acceleration into tangential and normal components, we
start with Eq. 2.1-2.

y
~ 4 A
8§
Ay
BN
~ o 1
~N
1IN~
NN
> As
T
[
[o] X
Fig. 2.3-§. Unit vectors 1, and 1, moving along curve s, in #, ¥ plane.
v = §1, 2.3-1)
Differentiating and noting that
i, =41, (2.3-2)

where 1, is a unit vector along the radius of curvature which is normal to
the tangent to the curve s at p, and ¢ is the angular rate of the radius of
curvature as shown in Fig. 2.3-1, we obtain

a = §1, + i¢l, (2.3-3)

Since the length As is related to the radius of curvature p and to the angle
Ag swept out by p,
As = p A

: 2.3-4
§=p¢p @34
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7

the acceleration, Eq. 2.3-3, can be expressed in the following alternate

forms. 2
a=3§l,+—1, (2.3-5)
p
= §1, + p¢’l, 2.3-6)
=5, + & X s (2.3-7)
PROBLEMS

. The position of a particle in a plane is given by the equations

x = 6t y = 42
Determine the rectangular components of its velocity and acceleration as a
function of time.
. A projectile is fired with speed v, at an angle 6, above the horizon. Neglecting
air friction and the rotation of the earth, the acceleration components are
a, = —g and a, = 0. Determine the equation for its trajectory, the range R,
and the maximum height H.
. A rock is thrown at an angle of 45° with the horizontal, and it just clears a
wall 24 ft high and 40 ft away. Determine the initial speed of the rock.
. Find the greatest distance that a stone can be thrown inside a horizontat
tunnel 15 ft high with an initial speed of 80 ft/sec. Find also the correspond-
ing time of flight.
. For a gun with a given muzzle speed v,, show that a point (z, ) can be hit by
two different trajectories with initial elevation 6; and 6,.
. Derive the equation for the envelope of a series of trajectories of a projectile
fired with constant speed v, and varying angles 6,.

vo N
G AN

x
e

. A point moves so that r = 20 4 10f and 6 = 0.20¢2. Determine the radial
and transverse components of the velocity and acceleration at 7 = 2 sec.

. A spiral fixed in a plane is given by the equation r = 10¢°-29, If a particle
moves along the spiral according to the equation 6 = 0.5/2, determine the
radial and transverse components of the velocity and acceleration at
t = 2.0 sec.

Prob. 6



8 INTRODUCTION TO SPACE DYNAMICS

Prob. 8

9. In Prob. 8, determine the tangential and normal components of the velocity
and acceleration, and compare the resuliant for the two problems.

10, A particle moves along the circumference of a circle of radius R at constant
speed vy, Determine its radial and transverse velocity with respect to an
origin on the circumference. Find the radial and transverse components of
the acceleration and show that their resultant passes through the center of
the circle.

y

R o

\

r
7\
o] g x

Prob, 10

2.4 Plane Motion Along a Curve Rotating About 0
{Relative Motion)

A point p moves along a curve s which is rotating with angular velocity
w and angular acceleration &. We will attach axes 1 and 2 to curve s so
that 1, 2, and s rotate together with « and &, as shown in Fig. 2.4-1.

The velocity of p may be determined as follows. If the point p remained
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fixed on s, its velocity due to the angular velocity w of the curve and
attached coordinate axes is « ¥ r which is perpendicular tor. The motion
of p along s results in an additional velocity dr/dt = 51, directed along the
tangent to s. This latter component is the velocity relative to the curve s

g2

5,
Acceleration \
components /

< Wy
\b’+ / @_{_0 57,

@
2 ‘”&/ /I
12

7~
~ Velocity components

1

Fig. 2.4-1. Motion along a rotating curve s in a plane.

and can be determined as if the curve s were held stationary. Thus the sum
of the above two components represents the velocity of point p

_ [dr] tox
V=2 wXr
=i, +wXr (2.4-1)

and the above equation conforms to Eq. 1.6-3 for the derivative of a vector
referenced to a rotating coordinate system. *

The acceleration of point p is determined by the derivative of v or of its
two components in Eq. 2.4-1. Since the coordinates are rotating with
angular speed w, the acceleration is given by the equation

dv
= | — 2.4-2
a [dtJ +wXv ( )

which can be interpreted in terms of the two components of v.

* Differentiation relative to the moving coordinates is indicated by [].
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Considering first the component §1,, if the curve is held stationary and p
is allowed to move along it, the acceleration relative to the curve s would be

5:2
s1, +—1, (2.4-3)
P

as in Eq. 2.3-5. The rotation of the coordinate system at 2 rate ¢ intro-

duces an additional term
w X 51, (2.4-4)

which is normal to §1,. Thus we obtain three components of acceleration
from the tangential velocity vector.

The remaining velocity vector « ¥ ris treated similarly. Relative to the
coordinates we have

d L
[d—t(mxx)} =wXitwXr
=wXsL,+oXr (2.4-5)
The rotation of the coordinates introduces the additional component
w X (w X (2.4-6)
which is directed towards the negative r direction.

Summing all these terms, we have

&2
a=(s"1t+§—1n) F@Xr4oXeXn+ 20X,
P

o2
(ﬁt +Z 1n) + (@rl, — re,) + 2w, (2.4-7)
p

In this equation the first two terms represent the acceleration of
p relative to the curve s. The next two terms represent the acceleration of
the coincident point due to angular velocity and angular accelera-
tion of the coordinate system and the curve s fixed to it. The last term
is known as the Coriolis acceleration, and it is perpendicular to the rela-
tive velecity §1,. The various components of Eq. 2.4-7 are shown in
Fig. 2.4-1.

2.5 General Case of Space Motion
We now consider the general case of the motion of 2 particle p moving

with respect to a rigid body which is itself in motion with respect to a fixed
coordinate system, as shown in Fig. 2.5-1.
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We will designate the fixed coordinate system by capital letters X, ¥, Z,
and attach a set of axes a, ¥, z on the moving body, calling them the body
axes. Thus the motion of the rigid body is established by the motion of the
origin of the body axes x, ¥, 2, and a rotation w with respect to0 XYZ.
The vector w will, in general, vary in magnitude and direction, both
of which can be referenced with respect to the fixed X, Y, Z axes. Thus
the absclute motion of the particle p, referred to the X, ¥, Z axes, will

z /w
w
z
\k =TT N wxr H ¥
-~ 7 2z
[y 2}
R > -
s -
\ -
YO fe -
R \\ ! i
N -
-
-~
0O
/
/
Ry !
i
0 ; v
X
X
Fig. 2.5-1. General case of space motion in terms of body axes «, y, 2z, and inertial
axes X, ¥, Z.

be equal to the motion of the particle relative to the body axes z, y, 2
(or the body itself) plus the motion of the coincident point (a point on the
body momentarily coinciding with p), which is further equal to the motion
of the moving origin and the additional motion of the coincident point due
to rotations w and .

To visualize the motion, let the motion of the particle p with respect to
the rigid body be indicated along a curve s fixed in the body. Thus, this
curve is also fixed with respect to the body axes z, ¥, z. An observer sitting:
on the body would see only the motion of p along the curve s.

Let the position of p relative to the z, y, z axes be represented by the
vecter

r=uxi+yj + 7k (2.5-1)

where i, j, and k are unit vectors along , ¥, z, and, hence, must be treated as
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variables due to their changing direction. If we differentiate r, we will
obtain
di dj dk
U KL _) Vs s
R R R O s @5-2)
Since difdt = w X i, difdt = w X §, dk/dt = w X k, this expression can
be written as
P=[d 4 9yj + 2k] + w X (=i + yj + k)
=[il+wxr (2.5-3)

Interpreting this equation, the first term [i] represents differentiation holding
i, j, k constant and, hence, is the velocity of p relative to the rotating z, y, 2
axes, or the velocity which an observer stationed on the #, y, z axes is able
to detect as the particle moves along the curve s. The second term w X ¢
is the velocity of the coincident point relative to the origin, due to rotation
w. Finally, we add to the above the velocity v, of the moving origin, in
which case the absolute velocity of p becomes

v=v,+[fl+oXr (2.5-4)

To determine the acceleration, we start with the velocity #, of Eq. 2.5-3,
relative to the moving origin, and differentiate once more

F=[& + gj + k] + w X% [¢i + g§ + K]
+ & X (zi + yj + 2k) + o % [& + gj + k]
+ X wX @+ yj+ k) (2.5-5)

The first two terms result from the differentiation of the first term [#i +
¥ + 2k], whereas the differentiation of the second term w ¥ (zi + yj +
zk) results in the remaining three terms. We can now group these terms
together as

F=l2]+wXwXr+oXr+ 2wx v (2.5-6)

where [v] = [f] = [#i + yj + 2k] is the velocity of p relative to the body
axes
[a] = [4i + gj + Z2k] is the acceleration of p relative to the body axes
We now add the acceleration a, of the origin, to ¥ to obtain the total
acceleration

a=a,+al toXwXr+oXr+ 2wx v (2.5-7)

The terms @ ¥ w X r and @ X r are the acceleration of the coincident
point and 2w X [v] is the Coriolis acceleration which is directed normal
to the plane containing the vectors « and relative velocity [v], as given by
the three-finger rule.
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The vector Eqs. 2.5-4 and 2.5-7 are in the most compact form for
defining the general case of space motion. All special casescan be deduced
directly from these equations.

PROBLEMS

1. A wheel having a 2-ft radius rolls on a belt which is moving to the right with a
speed of 1 ft/sec. To an observer standing on the ground, the center of the
wheel appears to move to the left with a speed of 3 ft/sec. Determine the
velocity of point p.

12 B
- C
/
w=2
w=3
Prob. 2

2. At a given instant, bar AC is horizontal and bar DB has an angular velocity
of 3 rad/sec clockwise and angular acceleration of 2 rad/sec® counterclock-
wise. Determine the velocity of the slider B relative to bar AC and the
angular velecity and angular acceleration of 4C.

3. Pin p which slides on arm OC is made to move along the slot 4B in a disk.
If the disk is held stationary and OC has an angular velocity of 3 rad/sec
clockwise, when 6 = 30°, determine the velocity of p relative to OC and also
its absolute velocity.

4

|

Prob. 3

C
%0‘
A e — B
T §
107
<o

4. Determine the absolute acceleration of p of Prob. 3 if, in addition to the data
given, the arm OC has an angular acceleration of 4 rad/sec? in the counter-
clockwise direction. Specify all its components.
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. If in Probs. 3 and 4 the data given are relative to the disk which is rotating

with angular velocity and acceleration of 2 rad/sec and 4 rad/sec® both clock-
wise, determine the absolute velocity and acceleration of p.

A particle moves with velocity kr outward along a spoke of a wheel rotating
with angular speed 6 and angular acceleration 6. Determine its absolute
velocity and acceleration, identifying each component by a diagram.

An airplane travels overhead at constant altitude 4 and constant horizontal
speed v. Determine the angular velocity 6 and angular acceleration § of the
line of sight of a tracking device on the ground, where 0 is the angle measured
from zenith. How fast is the distance to the plane increasing at 6.

- —_
R
;

Prob. 7

A bomber flying at constant speed v, and constant altitude #, sees an enemy
plane flying in the same direction with velocity v, and at a lower altitude #,.
Assuming that v, > v,, show that the angle 6 of the line of sight at the instant
at which the bomb should be released must be

1 g(hb - he)
(v, — v,) 2

6 = tan™!

Up ’f
9

— e

Wzzz442444444444444444°444444

Prob. 8
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2. An airplane traveling at constant altitude # and constant speed v is ob-
served by a radar station a distance s from the vertical plane of travel of
the airplane. Determine the angular velocity of the radar dish about the
horizontal and vertical axes from the instant when the plane is closest to
the station.

v
_x

Radar dish

Prob. 9

10. In Prob. 9 determine the angular rates if v = 450 mph, 4 = 12,000 ft; 5 =

14 mile, and ¢ = 15 sec.

11. Fuel flows out along the impeller blade of a turbo pump at a speed of 100
ft/sec and acceleration of 120 ft/sec? relative to the blade. If the turbo wheel
is running clockwise at 2400 rpm, determine the absolutevelocity and accelera-
tion of the fuel just before it leaves the impeller.

Prob. i1

12. The large wheel of the quick-return mechanism rotates in the counterclock-
wise direction at a constant speed of 120 rpm. Determine the velocity of
point p as a function of the angle 6 and the relative velocity of the slider
5.

13. Determine the angular acceleration of the arm Op of Prob. 12 when the crank
arm makes an angle 30° with the horizontal in the first quadrant.
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Prob, i2

14. A bomber traveling with constant speed v at constant altitude 4 spots an
enemy plane at a lower altitude h, and traveling along a line perpendicular
to his. Assuming %, and v, to be constant, determine how far ahead of the
intersecting vertical and perpendicular planes the bomb should be released.

15. A satellitein a S-to-N polar orbit of 120 min is observed to travel from horizon
to horizon in 25 min and pass directly over an observation station at latitude
35° N. Determine the direction of the path of the satellite relative to the
meridian plane passing through the station.

N

5

o
S
T/~
-7

/

Prob. 15

16. A satellite traveling in a circular polar orbit of altitude /4 around the earth
has a period of 120 min. An observer on the earth’s surface tracks the satellite
and finds that it is moving at a rate of 15°/min when directly overhead.
Determine its altitude 4.
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2.6 Motion Relative to the Retating Earth

The center of the earth as it moves around the sun is accelerating toward
the sun. We, however, neglect this acceleration and place a set of non-
rotating axes with origin at the earth’s center as an inertial system.

Fig. 2.6~1. Motion relative to earth using axes =, y, 2 fixed to earth’s surface.

We are often interested in the motion of a body relative io the sarth’s
surface. Placing a set of axes at a given point O on the earth’s surface, we
orient the z axis along the plumb line which, for simplicity, we assume to be
equal to the geocentric line. The z and the y axes then lie in the horizontal
plane, and we orient « along the meridian plane pointing south and y along
the latitude line pointing east as shown in Fig. 2.6-1.

The acceleration of O is Q% L ¥ R = —(Q2%Rsin A cos i —
(2R cos? Dk where the angular velocity of the earth-fixed coordinate
system z, y, 2 is £, the earth’s rotational velocity with components:

= —(Q cos Ai + (Qsin Dk (2.6-1)

The acceleration relative to the inertial system is
F
=;=SZXSZXR+[a]+SZXSZXr+2$2x[v] 2.6-2)

If the only force acting on the body is its weight, then F/m = —gk, and the
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acceleration [a] relative to the rotating earth is
faj]= gk —QXQURR - Lxr—28 %[ (263
Since £22 is (0.729 x 10—% rad/sec)?, it can be neglected, leaving
fa] = —gk — 282 % [¥] (2.6-4)

Displacements relative to the earth can be found by two integrations of
Eq. 2.6-4. expressed in terms of the #, ¥, and 2z components.

PROBLEMS

1. Determine, due to the earth’s rotation, the angular deviation of a plumb line
from the geocentric line at latitude 4° IN. At what latitude is this deviation a
maximum?

2. A particle is dropped from rest at a height of 1 mile at latitude 32° N. Neglect-
ing air friction and using the z, ¥, z coordinate system of Fig. 2.6-1, determine
where the particle will land.

3. A bullet is fired vertically at a latitude of 50° N with a muzzle speed of 2000
ft/sec. Neglecting air friction, determine the landing point of the bullet.

4. A rocket is fired verticaily upward at a point on the earth’s surface of latitude
4° N. Determine the Coriolis deviation at its maximum height 4. What is the
numerical value of this deviation if 4 = 150 miles and 2 = 35° N.

5. In Prob. 4, determine the Coriolis deviation during the downward flight and
compare it with that at maximum height. (Caution: Initial lateral velocity for
downward flight is not zero.)

6. An airplane is traveling with speed v due south with constant altitude at
latitude A° N. Determine the Coriolis acceleration relative to earth.

7. Atlatitude 2° S, a projectile is fired with speed v, in the east-west vertical plane
at an elevation 6, in the easterly direction. Determine the latitude deviation.



Transformation
of Coordinates

CHAPTER 3

3.1 Transformation of Displacements

Consider a case where the position of a particle p in space is defined in
terms of the displacement vector r relative to the moving coordinates zyz,
shown in Fig. 3.1-1. If the displacement of the origin of the moving
coordinate system is Ry, the displacement of p relative to the fixed coordi-
nates X, ¥, Z is,

R=Ry+r (3.1-1)

Letting unit vectors along the fixed and moving axes be designated by i, j, k
and i’, §', k' respectively, the above equation can be written as,

(Xi4 Yi+ ZK) = (Xgi + Yoi + Zk) + @f + yf + k) (3.1-2)

We can determine the component of the above vector in any direction
by forming the dot product of the above equation with a unit vector in the
desired direction. For example, the X component is obtained by the dot
product of the above equation withi, etc. The three rectangular components
along the fixed coordinates are, then,

X=X, +ai-¥ +yi-f 2K
Y=Y, +aj-i +9j-§+24-X (3.1-3)

Z=Zg+ak-i + gk-§ + 2k-K’
29
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where the dot product of the various unit vectors represents the direction
cosine between the coordinates.

p
¥ \\Lr y
\
Ry Q/,,/J i
Y
f/
,i/

x

X

Fig. 3.i-1. Transformation between coordinates @, y, z and X, Y, Z.

) X

Fig. 3.1=2, Coordinate transformation in a plane.

For plane motion with Z = z = 0 shown in Fig. 3.1-2, the direction
cosines involved are,
i-i'=cosb=j-f

i-f = —sinf = —j-i
so that Eq. 3.1-3 reduces to,

X— Xy==zcos —ysinf

314
Y— Y,==xsin0 + ycos b ( )
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A convenient way to express the above equations is by the following

matrix equation,*
X — X, cos —sinf][=x
= (3.1-5)
Y— Y, sin 0 cosf ||y

The square matrix with the direction cosines for elements is called the
transfer matrix which, in this case, transforins the body coordinates to the
fixed inertial coordinates.

To obtain the inverse transformation from the fixed coordinate system
to the moving coordinate system, we can start with Eq. 3.1-2 arranged as

follows:
(i + yi) = (X — Xi + (Y — Yy (3.1-6)

and form the dot product with i’ and §’

r={(X— X ¥ +(¥V~— Yj-t

. . 3.1-7
Yy=(X—Xi-j +(¥Y— Ypi-j ( )

The above equations in matrix notation become,
[xj] [i i i} I:X— Xo}
o Ly iillr-r
cos§ sin0][X — X,
= (3.1-8)
—sinf cosB]| Y — ¥,

which is the inverse of Eq. 3.1-5. The transfer matrix is here the inverse of
the transfer matrix of Eq. 3.1-5.

cos§ sin@ cos 0 —sin 61
—sin 0 cos @ - sin 0 cos 0
3.2 Transformation of Veleocities

The velocity of any arbitrary fixed point on the moving coordinate
system x, y, z with respect to the fixed-axis system is,

R=R,+wxXr (3.2-1)

This equation indicates that we can start with the displacement equation in
terms of the rectangular components and differentiate, holding z, y, z as

* See Appendix A.
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constants. For instance, if we differentiate Eq. 3.14, with # and y held
constant, we obtain the velocity equation,

X — Xy = —(xsin 6 + ycos 6)f

Y — Y, = (zcos § — ysin 6)f (3.2-2)
Comparing with Eq. 3.1-4, these equations can also be written as,
g ( g (3.2-3)

Y— Yyo=(X¥— X)6

3.3 Instantaneous Center

If we define an instantaneous center as a point of zero velocity, we can
find its coordinates in the XY plane by letting X = ¥ = 0 in Eq. 3.2-3.

Xic = XO - %f(_)
M (3.3-1)
Yic = YO + '59

The locus of such points in the fixed plane is the space centrode or the
herpolhode curve. The locus of the instantaneous center on the moving xy
plane is called the body centrode or the polhode curve.

Fig. 3.3=-1. Polhode curve rolls on the herpolhode curve.
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As an illustration, consider a bar 4B, shown in Fig. 3.3-1, the ends of
which must move along the vertical and horizontal guides. Placing the
moving coordinates z, ¥ as shown with the origin coinciding with point 4,
X, = X, = 0. We therefore have,

Yo
X, = = —
0 9
Y, = Y,

which indicates that the locus of the instantaneous center (herpolhode) in
the XY plane is a quarter-circle of radius equal to the length 4B.

If for every position of the bar 4B a hole is punched through the two
planes at the instantaneous center, the set of holes on the moving plane will
trace out the polhode curve, which in this case is a half-circle of diameter
AB. 1tisevident, then, that the polhode curve rolls without slipping on the
herpolhode curve.

3.4 Euler’s Angles

A point on a rigid body can be defined in terms of body-fixed axes z, y, z.
To determine the crientation of the body itself, we now introduce Euler’s
angles u, @, 6 which are three independent quantities capable of defining
the position of the z, y, 2, body axes relative to the inertial X, ¥, Z axes, as
shown in Fig. 3.4-1.

Line of
nodes

Fig. 3.4-1. Body axes , y, z defined relative to inertial axes X, ¥, Z by Euler’s angles
v, @, 0.
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The position of the body axes can be arrived at by three rotations which
will also define other coordinates often encountered in rigid body dynamics.

With the z, y, z, axes coinciding with the X, Y, Z axes, allow the #, y, 2
coordinates to rotate about the Z axis through an angle  so as to take up
the position £'5'{’, shown in Fig. 3.4-2.

Z

Fig. 3.4-2. Rotation about Z axis through angle y.

The relationship between the two coordinates is then given by the
transfer matrix

l’&' cosy siny O)[X
n'|l=}|—siny cosyp Ol Y 3.4-1)
[ 6 6 1]z

We next allow a rotation 0 about the & axis as shown in Fig.
3.4-3, and let the new position of the &, %', {" axes be &, #, { with transfer
matrix

& 1 0 0 &
nl{=1{0 cos® sind||7%n (3.4-2)
14 0 —sin@ cosB ||

Finally we allow a spin ¢ about the axis {, as shown in Fig. 3.4-4, to
arrive at the body axes z, y, z. The transfer matrix for this rotation is

x cosp sin ¢ O] ¢
y|{=|-—sing cosg 0|y (3.4-3)
z 0 0 11 ¢
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Fig. 3.4~3. Rotation about node axis §’ = £ through angle 6.

X

Fig. 3.4-4. Rotation about z = { axis through spin angle ¢.

35
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In arriving at the final poesition of the body axes, we have encountered
four sets of orthogonal axes: X, ¥, Z; &, %, {; & n, {; and 2, ¥, .
Some of these axes coincide, such as the Z{’, the [z, and the &'&; however
both letters will be retained to identify the coordinate system referred to.
Of particular interest is the £'& axis, called the line of nodes. It represents
the intersection of the transverse body plane zy and the horizontal inertial
plane X'7.

Other transformations between these coordinates can be obtained by
the multiplication of two or more transfer matrices. For instance, by
substituting Bq. 3.4-1 into Eq. 3.4-2 we obtain the following transforma-
tion* between the X, ¥, Z and the &, 5, { axes:

5_1 1 0 0 cosy siny O[X
=0 cos® sinf|| —siny cosy O|| Y
CJ 10 —sinf cosf@ 0 0 1] Z
cos g sin @ 0 X
=] —cosf@siny cosfcosy sin 0] Y (3.4-4)
| sinfisingy —sinfcosy cos QJ Z |

Substituting Eq. 3.4—4 into Eq. 3.4-3, we obtain the transformation from
the XYZ axes to the body axes zyz:

x (cos ¢ cos y — sin ¢ cos 6 sin )
y | = | {— sin ¢ cos p — cos ¢ cos 6 sin y)
z (sin 0 sin o)
{cos psiny + sinpcosfcosy)  (sin ¢ sin §) X -!
{(— sin ¢ sinyp + cos ¢ cos O cos ) (cos ¢ sin 6) Y
(— sin 6 cos y) (cos 0) Z J
(3.4-5
The inverse transformation from the x, y, z body axes to the X, ¥, Z

inertial axes can be obtained in a similar manner by writing Egs. 3.4-1,
3.4-2 and 3.4-3 in the inverse order, i.e.,

¢ [cos v —siny O E"’
Y|=|siny cosy Oy (3.4-6)
z [ 0 0 1 C'J

* See Appendix A.
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etc. Rules are also available for the direct inversion of matrices. The
inverse of Eq. 3.4-5 is

l’X (cos @ cos ¢ — sin @ cos § sin y)
Y | = | (cos @ sin w + sin ¢ cos § cos p)

LZ (sin 6 sin ¢)
(—singcosy — sinywcos Bcos )  (sin 0 sin p) x‘l

(—singpsiny + cosgcosGeosy) (—sinbcosy) ||y | (3.4-7)
(sin 6 cos ¢) (cos &) zJ

35 Transformation of Angular Velocities

Frequently we need to express the angular velocities w, w, w, about the
body axes %, y, 2 in terms of Euler’s angles. The transformation may be
pursued as follows.

Fig. 3.5-1. Angular rates of Euler angles.

Resolve the angular velocity ¢ along the [ and 5 axes so that the
orthogonal components of v, ¢, and & are 6 along &, 4 sin 0 along 7, and
@ + ¢ cos 0 along {, as shown in Fig. 3.5-1.

Next resolve the components along the & and » axes to the x and y
directions, the result being

w, = 1 sin & sin @ + 6 cos @
w, = ysin0cosp — Osing 3.5-1)
w, = ¢+ pcosf
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or in its inverse form,

P = g (o, sin @ + w, cos @)

cos 8 .
¢ = w, — P (0, sin ¢ + o, cos @) (3.5-2)

6 = w,cos p — w,sin g
Arranged in matrix form, these equations become

cum‘i sinffsing 0 cosg ||y
w,

yi=|sinfcosg 0 —sing||¢ (3.5-3)
wzJ cos 0 1 0 6
P sin g cos @ 0 Wg
1
@ | = pewr —singcos —cosgcosO sinb||w,| (3.54)
0 cospsinf —singsing 0 w,
PROBLEMS

1. A point P in the inertial space is defined by its components X;, ¥;, and Z,.
From P a perpendicular PN is drawn to a line whose direction is specified
by the angles «, 8, and y. Determine the lengths ON and PN.

P?\(le Y1,Z1)
N

|\

Prob. §

2. Determine the inertial components of a point (3, 4, 5) in the rotating co-
ordinate system z, y, z, specified by the Euler angles 6 = 30°, y = 45°, and

@ = 30°



TRANSFORMATION OF COORDINATES 39

3. Using body-fixed axes along a bar of length / whose ends slide along a
smooth vertical wall and horizontal fioor, determine the acceleration of its
midpoint.

4. One end 4 of a bar 4B moves along a vertical wall while some intermediate
point slides over the corner of a step a distance s from the wall. Derive
the equation for the herpolhode and polhode curves. (Use fixed co-
ordinates through the corner O, and let Z, Y, be coordinates of the space
centrode.)

Prob. 4

5. The center of a wheel of radius R is moving to the right with velocity v,
while the angular speed of the wheel is o, in the counterclockwise direction.
Using body-fixed axes #’, ¥” and inertial axes X, ¥ as shown, determine the
polhode and herpothode curves.

Y y

Preb, 5

6. The ends of a link of length./ = kR moves along the circumference and the
diameter of a circle of radius R. Determine the instantaneous center as a

function of the angle 0.
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Preb, 6

7. Arod moves in a vertical plane, with the lower end along the horizontal and
an intermediate point resting against a small pin at height 4. Determine the
instantaneous center as a function of 6 and plot the polhode and herpolhode

curves.

Prob. 7

8. At a given instant a man in a parachute is 60 ft above a 20° inclined hillside.

¥ ;y
——> 10 ft/sec
20 ft/sec

60 ft

Prob. 8
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.

If his horizontal and vertical velocities are constant and equal to 10 ft/sec
and 20 ft/sec respectively, determine his coordinate as a function of time:
(@) in the X, Y system; (b) in the z, ¥ system. Determine the time and place
of landing on the hillside.

A convenient coordinate system for surface navigation on earth is the
longitude-latitude system with the origin coinciding with the moving vehicle
shown in the sketch. The «, y axes lie in the horizontal plane along the
latitude and longitude lines. Show that the angular velocities along the
coordinates are

w = =M + (¢ + Q) cos i + (¢ + Q)sin ik

where the i, j, k vectors are along the =z, ¥, # directions, and Q is the earth’s
rotational speed.

Q

Prob. 9

10. For the system of Prob. 9, determine the », ¥, z components of the accelera-

11.

tion.

A satellite s circles the earth with the orbit plane making an angle o with the
earth’s equatorial plane. The X axis is oriented so that it passes through the
intersection of the orbit anql equatorial planes. The position of the satellite
at any time can be given in terms of r,, the distance from the earth’s cexnter,
v, the angle of the meridian plane measured from the X axis, and 4; the
latitude; the corresponding coordinates of an observation station O are R,,
g, and .

(@) Determine the angle ¢ measured from the X axis to r; in the plane of the
orbit, in terms of ¥, 1,, and «.

(b) Determine the cosine of the angle between R, and r, and the straight-line
distance between O and S. Use / for altitude.

{¢) Determine the direction cosine of the line OS relative to X, Y, Z.
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(d) Determine the direction cosine of the line OS relative to a coordinate
system , y, 2, with the origin at the observation station as shown.

Prob. 1§

12. A vehicle moving relative to the earth is located in terms of its position vector
r from the center of earth. Place the «, ¥, 2 axes with the origin coinciding
with the moving vehicle, but with z parallel to r. If the angular velocity of
the x, y, z coordinate axes is @ = w,i + w,j + ok, show that the =, ¥, z
components of the absolute acceleration of the vehicle are,

Ay = W, + by + 20,7

ay = Q¢ — B — 20,7

a, =F — (wa:z + wyz)r
Letting the direction cosines of a rotating coordinate system «, ¥, z be
specified by

13

Ixe lye lzo

le lY v lZy

le IY z lZz
where /5, is the cosine of the angle between X and y, determine the equations
for the unit vectors 1, §, k', along z, ¥, z, in terms of the unit vectors i, j, k,
along X, Y, Z.

14. If the z, y, z coordinate system is rotating with angular velocity w = wg i’ +

w,j’ + w,k’, show that the velocities of the unit vectors are

d.

‘—51 = w,j — w,k
d. .

gl:] = wgk W1
d

=k = ol — w,j
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15.

16.

i7.

43

From Probs. 13 and 14, show that the rate of change of the direction cosines

between the X, Y, Z and «, y, z axes is,
e =V i=wj i— ok i
= wly, = o)lx,
iYw = w,ly, —oly,
etc. Complete the other seven equations.
The following relationship for the unit vector k’ can be written.

i i k
kM =1 x j( = lX{t lym ZZZ = lei + IYZj + lsz
lX'y ZY v IZy
This equation leads to the scalar equation

Ix, = IYachu - IYylZw

and two others. Complete the nine scalar relationships of this type.

Derive the matrix Eq. 3.4-7.



Particle Dynamics
(Satellite Orbits)

CHAPTER 4

4.1 Force and Momentum

Newton’s laws of motion were formulated for a single particle. If the
mass m of the particle is multiplied by its velocity o, the resulting product
is called the linear momentum.

p=mv 4.1-1)

The velocity v here is measured with respect to an inertial frame of
reference so that, if the position of the particle is defined by its displacement
vector r, the velocity is v = f.

Newton’s second law states that the time rate of change of momentum is
equal to the force producing it, and this change takes place in the direction
in which the force acts.

F=p (4.1-2)

With m a constant, this equation can also be written as,
F = mv = mf (4.1-3)
Newton’s first law, which forms the basis for statics, is a special case of

the second law when the force F is zero. It states that, if the forces acting
on a particle balance to give a resultant force of zero (F = p = 0), the

44
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particle remains at rest (p = 0), or continues to move in a straight line
with constant velocity or momentum {p = constant).

42 Impuise and Momentum

If the force F is multiplied by the time df and integrated, we obtain

f2 b dy
f F dt =J m— dt = mv, — myy (4.2-1)
t y o dt
Vi > Vs Vi <
— — —

@ o) @  @©

Fig. 4.2-1. Momentum before impact is equal to momentum after impact.

The time integral on the left side of the equation is called the impulse of
the force, so that the above equation states that the change in momentum
of a particle is equal to the impulse of the force acting on the particle.

When two bodies collide, a large force f(#) acts for a short time, and the
impulse { fdr exerted on the two bodies must be equal and opposite
according to Newton’s third law. Since impulse is equal to the change in
momentum, for the two bodies considered together as a system, the
impulses of collision cancel each other. Thus the change in momentum of
the system is zero, and the momentum before impact must equal the
momentum after impact. Energy however, is generally dissipated during
impact, in which case the impulse during relaxation is less than the
impulse during compression. For central impact we let this ratio be e, the
coeflicient of restitution, and it can be shown that e is also expressible in
terms of the velocities as

(J f dt) relax. . Y2 — Vi _ Velocity of separation
( J‘ £ dz‘) ¥, —V,  Velocity of approach
compr.

e =

(4.2-2)

where the sequence of events is illustrated in Fig. 4.2-1. Thus when no
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energy is dissipated, the impact is elastic and e = 1, whereas for the
completely plastic impact the relaxation impulse is zero and e = 0. In
general e depends on the material, shape and the velocities of the two
bodies.

Example 4.2-1

A honeycomb plastic has a crushing stress of ¢, 1b/in.? If a package of mass m
is to be dropped through a height 4 without exceeding a deceleration of rg,
determine the cross-sectional area and the thickness required.

Referring to the sketch, we let & be the crushing displacement of the honey-
comb material. The force equation becomes,

mé=mg — 0,4 = — m(ng) (@)

oA
Ex. 4.2-1.

and its integral is

- _ 0.4

&= ( po» )t + v, b
From (a) the required area is

A= ’—;’é’ (1 +n) (©)

which substituted into (b) becomes,

E=[g — (1 +mglt + v, (d)

Maximum crushing is attained when £ =0,0r
v
t =2 (e
ng

Integrating (d) and substituting (e), the material crushed is given by the equation,

n 1
5=——-§—7t2+v0t=——=— )
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4.3 Work and Energy

If the force F acting on a particle moves through a distance dr, the work
done is equal to the scalar product ¥ - dr. The total work done in going
from r; to r, is then

w =f F - dr (4.3-1)

By substituting for ¥ and changing the variable of integration to time by
dr = v dt, the expression for work becomes,

T2 L dy 1= d
F- d = — oy dt = - — a dt
frl T L m— v 3 ), m o (vov)

1 (&
=_ f m— vt di = $mv? — > (4.3-2)

The scalar quantity $mu? is called the kinetic energy of the particle, so the
work done on the particle by the force is equal to the change in kinetic
energy of the particle.

We now define a conservative force system as one in which the work
done is a function only of the position, and independent of the path taken
by the force. It follows then that the work done by a conservative force
system around any closed path must be zero.

(ﬁF cdr =0 (4.3-3)

We will now define the potential energy U(x,) as the work done by the
conservative force in going from any point r; to some reference point .

T,
f F.dr = Ulr;) (4.3-4)
T
Thus every point in space can be assigned a scalar potentiai U{r) which
will depend on the reference point.

Consider next the work done by a conservative force in going from r;
to r,. Since the work done is independent of the path taken, we can go
from r, to r, to r, as follows:

sz-dr=foF=dr+f2F-dr
Ty T To

=f °F . dr —fr"F cdr = Ury) — U,)  (4.3-5)
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Thus the work done in going from r; to r, is the difference in the scalar
potential —[U(ry) — Ulry)], and it is evident that the result is independent
of the reference point. In terms of the differential displacement, the above
equation can be written as,

F-dr = —dU (4.3-6)

which expresses the conservative force in terms of the potential or the
potential energy. This discussion clearly indicates why the reference point
for the potential energy is arbitrary in setting up the differential equations
of motion, which are force or moment equations.

In a conservative system, the total energy is a constant. If we designate
the kinetic energy by the letter 7, Eq. 4.3-2 can be written as

f Feodr=T,— T, = —(Uy — Uy 4.3-7)

i

Rearranging, the total energies at 1 and 2 are seen to be equal,
T+ U=T+TU (4.3-8)

which illustrates the principle of conservation of energy for the conser-
vative system.

As an example of a conservative force system, we have the gravitational
attraction of the earth, which is inversely proportional to the square of
the distance from the earth’s center,

F = —mg@)2 (4.3-9)

where g and R are the acceleration of gravity at the earth’s surface and
radius of the earth respectively. If we use the earth’s surface as the
reference, the potential energy, or the potential of a mass m at height s
above the earth’s surface is,

U(h)—fR m(R)Zdr—m ,RZ(1 1 )
~ JR4n gr =me R R+h&

h
= mg T
(‘ + ﬁ)

Thus, for the moderate heights /# above the earth’s surface, /R is small,
and we have for the potential energy the simple equation,

U(h) =~ mgh (4.3-11)

(4.3-10)
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4.4 Moment of Momentum

The moment about an arbitrary point O of the momentum p = mR of a

particle is .
hy =r ¥ mR (4.4-1)

where R is the absolute velocity of 7 and r is drawn from O as shown in
Fig. 4.4-1. Differentiating this equation, we obtain

hy=r X mR + i X mR (4.4-2)

Z

YL

X

Fig. 4.4-1. Moment about O of momentum mR is r X mR.
Substituting R = R, + #and noting that ¥ % ¥ = 0, this equation becomes
hy =r X mR — Ry X mi (4.4-3)

To establish the relationship between h, and the moment M, of the
forces F = mR acting on m, we have

M0=rxmﬁ=rxm(ﬁ0+f)
d . ..
= t—l,;(r X mi) — Ry, % mr 4.4-49

Substituting M, = r X mR into Eq. 4.4-3, we can also write

M, =h, + R, X mi (4.4-5)
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Several isteresting conclusions can be drawn from Eqs. 4.4-4 and 4.4-5
as follows: )
a. If point O is fixed in space, then Ry = R, = 0 and # = R, which
resuits in the simplified equation
M, = hu

b. If point O is moving with constant velocity, R, = 0, and
d
M, = 7 (r % mi)

which states that the moment is equal to the rate of change of the apparent
moment of momentum expressed in terms of the relative velocity .

c. If either Ry and r or R, and # are parallel, again the simplified
equations are valid.

d. If the system consists of more than one mass, then the second term
of Eq. 4.4-4 becomes —R, % > mr which is zero (3, mr = 0) when the
point O coincides with the center of mass. The moment equation is then
the same as in case (b).

Example 4.4-1

A dumbbeil idealized by two masses on a stiff, weightless rod of length [ is
dropped without rotation, and the left mass strikes a ledge with velocity v.
Assuming the coefficient of restitution to be e, determine the angular rotation of
the dumbbell immediately after impact.

ev

T
@

Ex. 4.4-1

The sketch shows the dumbbell immediately after impact. The velocity of the

center of mass immediately after impact is ev — 3 6, and the change in the linear
momentum is,

ffdt = Zm(ev - é 9) — (—2mv) (@)

The change in the moment of momentum about the center of mass is equal to
the moment about the center of mass of the impulse,

é f fdt = 2m (é)}é ®)
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Eliminating the impulse integral, the angular velocity immediately after impact is,

9=;(1+e) ©

PROBLEMS

1. Assuming that meteors attracted by the earth start at infinity with zero speed,
determine the speed with which they will strike the earth, neglecting friction
(radius of earth = 3960 miles).

r.
2. The acceleration ¥ of a particle acted upon by a central force f (r) -, where - ]S
a unit vector along r, is

r
= —f(:
Show by the vector method that equal areas are swept out by r per unit of
time. Hint:
X d_“’r = i(r X d—{) =0
e di\ T dt
3. A force field in a plane is defined by the equation F = — gle where r and 8

are polar coordinates. Show that the above force does not have a potential
when the path encloses the origin. Alternatively, describe a closed path exclu-
sive of the origin and show that a potential exists. :

4. Show that the moment of momentum about an arbxtraryv omt Ofora system
of particles is equal to

b, —zrixmii‘i—Ronmir
i 7

{
1
y

where the notation is that of Fig. 4.4-1. RES {, '

5. If a tempered-steel ball, weighing 0.01 Ib will support a 3&{6 weight of 800 Ib
without being crushed, what is the greatest speed with whishSit/can. be
jected without rupture, perpendlcularly against a plane for which e = 0.75,
assuming that the actual pressure is never greater than twice the average
pressure, and the impact lasts 0.005 sec.

6. InEx. 4.4-1 the dumbbell in the horizontal position just prior to impact has an
angular velocity of 0.2 rad/sec counterclockwise. Determine the angular
velocity immediately after impact. '

7. In Ex. 4.4-1 determine the velocity of each mass before and after impact and
prove that the change in the moment of momentum about the mass center is
2m(1j2)%.

8. During impact (see Fig. 4.2-1) the relative velocity of the two masses becomes
equal to zero at the instant of maximum compression. Letting the common
velocity of the masses at this instant be Vy, it is possible to write for m, the

equations
( f g d,) — m(Vy = Vo)
compr.

(ff dt) =m(Vy — vy)
\ relax.
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and likewise a similar set for m,. Derive Eq.4.2-2. Hint: When two fractions
are equal, the two numerators and the two denominators may be added with-
out altering their ratio.

4.5 Motion Under a2 Centra! Force

A force which is always directed towards a fixed point is called a central
force. Choosing the origin O of polar coordinates as the fixed point, the
moment of the central force about 0 must be zero.

M=rXF=h=0 (4.5-1)

Fig. 4.5~1. Radial and transverse components of orbit velocity.

The moment of momentum about O must therefore be constant.
h =r X mv = constant (4.5-2)
As shown in Fig. 4.5-1, the magnitude of the cross product

_ e X dr]

Ir ¥ v| 7

is equal to twice the area swept out by the radial line per unit time. It is
equal to the moment of momentum per unit mass, and we will designate
it by the letter 4.
h=rx vl =r0 (4.5-3)
We will now examine the motion under a central force F(r) which is
some arbitrary function of » for a unit mass. The acceleration in the radial
and transverse directions are

F— rf? = F(r) (4.5-4
" . d .
rf + 2760 = 14 r¥ =0 (4.5-5)
rdt
From the second equation we obtain the integral corresponding to Eq.

4.5-3 _
120 = h = constant



PARTICLE DYNAMICS (SATELLITE ORBITS) 53

Substituting § = A/r? into the first equation, it can be written as

52
Fe = F(r) (4.5-6)
r
or, since
.
= I'Zr
dr K
P = + F(r) 4.5-7)
Integrating,
52
Pl= — -+ 2fF(r) dr + C (4.5-8)
¥

To eliminate the time, we note that # = (dr[d6)0 = (dr/d9)(h/r?). Thus
Eq. 4.5-8 can be written as

d 2 4 4
(E%) =4 z}%fp(r) dr + c% (4.5-9)

When F(r) is specified, the orbit equation is obtained by the integration of
the above equation.

Another equation of interest is the speed equation which can be deter-
mined from its two components as

2= % 4 (W) =2 f F(rydr + C (4.5-10)

Since the direction of h as well as the magnitude must be a constant, the
orbit plane, perpendicular to k, must also remain fixed. Thus, the motion
under a central force requires a constant area rate and a fixed orientation
of the orbit plane. The motion of planets, as stated by Kepler’s second
law, closely conforms to the above requirements.

PROBLEMS

1. Determine the equation for the central attractive force f(r) for which all
circular orbits have the same areal rate 4.

2. Show that a particle in a central repulsive force field varying inversely as the
square of the distance from the focus will move along a branch of a hyperbola.

3. If a particle describes a circle with the center of force on the circumference,
determine the law of force.
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4.6 The Two-Body Problem

Consider two bodies assumed as particles and moving under the
influence of a mutual attractive force. Letting ¥, r,, and r, be the displace-
ment vectors of each mass and their center of mass, as shown in Fig. 4.6-1,
the vector r = r; — r, will define their separation distance. The distance

z

my

x

Fig. 4.6-1. Displacement vectors of two masses and their center of mass c.

of each mass from their center of mass is [myf(m; + my)lr and
[my/(my + mylr so that r; and r, can be expressed in terms of r,
and r as

My

r=r,4+ — 4.6-1

1 +ml_}_m2 (4.6-1)
my

Frp=7Y¢, ———— I

2 ¢ m1+m2

We now let F; and F, be forces acting on m; and m, respectively, and
write Newton’s equations,

mym
F, = B o 1772
1 7= Myl = ik, + m‘“—“—l T m,
(4.6-2)
. . mymy
F = = y - ——
2 = MipEy = Mok, "y + g
In addition we can write the equation for the kinetic energy.
M iyt
T=
2 + 2
(my +my) ., l( iy ) 9
= 22 (L2 4.6-3
2 L) my + my ’ ( )
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If we specify that the system is isolated from external forces, then the
resultant force F = F; + F, = 0, which requires that the acceleration ¥,
of its center of mass must be zero. The force equations then reduce to

F, = —F, = (J-”fli)n (4.5-4)
my +

Eqgs. 4.6-3 and 4.6-4 indicate that the two-body problem can be reduced
to that of a single body with an equivalent mass (m,m,)/(m; + my) at a
distance r from the center of mass which is either stationary or in uniform
motion along a straight line. It should be noted that the requirement
F; = —F, does not restrict the forces to be coliinear, so that the force
system may be a couple as well as a collinear mutual attraction.

If one of the masses is very large compared to the other, the equivalent
mass (mymy)/(m; + my) reduces to that of the smaller mass moving
relative to the center of the larger mass. This is essentially the condition
encountered when a satellite is placed into an orbit around the earth. It
is, however, of interest to recognize that we have a two-body problem
which can be analyzed exactly in terms of an equivalent cne-body problem.

Example 4.6-1

Assume that the ratio of the mass of the moon tc that of the moon plus earth
is known as

i
4 = 9

my + my

Fig. 4.6~2. Earth-moon system and their center of mass.

By observation relative to the fixed stars, the angular velocity o of the line
joining the centers of the earth and moon can be measured as @ = 2.66 x 107¢
rad/sec. Show that the distance between the two bodies is

3 3R2
ai —

Referring to Fig. 4.6-2, the center of mass is given by the equation

mx = (D — x)iny z = Dy
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Equating the force in Eq. 4.6-4 to Newton’s gravitational force, we obtain

Gmym, Kmy ny
=— = Dow?
D? D omy hmy
DS = K(m, + my)
myw?

Substituting 1 — ¢ = my/(m; + my), and K = gR>

RZ
e &
D= w
PROBLEMS

1. If the mass of the moon is J times that of the earth and its period is 27.32 days,
determine the distance in miles between their centers, using R = 3960 miles
for earth.

2. Determine the distance from the earth’s center to the center of mass of the

earth-moon system.

Determine the distance from the center of earth to the neutral point where the

attractions of the earth and moon balance each other.

4. Derive the equation,
Gmy  my 27\
P my +omg\ T

3

for the earth-moon system, where m, and m; are the mass of the moon and
earth respectively, r the distance between their centers, and + the period of
rotation of the moon about the earth.

47 Orbits of Planets and Sateilites

In the two-body problem where one of the masses is very large compared
to the other, the motion of the smaller mass takes place about the larger
mass whose gravitational attraction is an inverse-square central force. For
an artificial satellite moving around the earth as its focal center, the

gravitational attraction is

GM
F=-2 (4.7-1)

r2

where M and m are the masses of the earth and satellite, G is a constant,
and r is the distance of m from the center of the earth. Equation 4.7-1 also
applies to the earth-sun and the moon-earth system. The constant GM
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can be evaluated from a simple experiment of a falling body at the earth’s
surface. If the measured acceleration of the falling body at r = R is g,
then Fjm = —g = —GM/R®. We will now replace the constant GM =
gR? by the letter K. The constant X can also be calculated from measured
observations of earthbound satellite orbits.

Assuming the satellite to be successfully launched, its motion is governed
by the following equations of force;

Radial force
. ; K
F—r?2=—_ 4.7-2)
r2
Transverse force
rd + 20 = 14 r =0 4.7-3)
rdt

The second equation leads to the statement of conservation of moment of
momentum per unit mass r20 = A.
Since our interest is centered about the shape of the orbit, it is advisable
to eliminate the independent variable ¢ in terms of 6 as follows,
p=frghdr_ 41
df r2 df dbr
Thus by letting 1/r = u, the following terms are converted to the new
variables,

PR
db
2., . 2
o _p @G
do? dpe

Substituting these quantities into the radial force equation, the differential
equation for the orbit becomes
d®u K

U= 4.7-4)

Equation 4.7-4, being a second-order differential equation, requires two
arbitrary constants in the general solution. The general solution for this
differential equation is,

u= 71"52 + Coos (6 — 6,) (4.7-5)
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where K/h? is the particular integral. The constant f; can be made equal
to zero by measuring 6 from perigee (a point of minimum distance from
the origin of r).

The evaluation of the constant C can be made from the energy equation.
For a body at heights beyond the influence of the atmosphere, the system
is conservative and the total energy £ = T + U of any orbit is a constant.
In this equation it is convenient to consider the energies as those associated
with a unit mass.

For the determination of the potential energy per unit mass, we choose
the point at infinity for reference, and from Eq. 4.7-1 we obtain,

Ur) = —Kfmflf -k (4.7-6)

r2 r

Adding this to the kinetic energy per unit mass, the total energy becomes

E=——— 4.7-7
. @77
In terms of u and 0,

2
=4 ()R = hz[(g-g) + uz:l
X 2
= hz[C2 sin2 § + (ﬁ + Ccos 9) jl 4.7-8)

so that substituting Eqgs. 4.7-8 and 4.7-5 into Eq. 4.7-7 results in

-2

The equation for u can now be written as,

K
U= 7 (1 + ecos &) 4.7-10)

where

2ER
e= Jl + (4.7-11)

Equations 4.7-10 and 4.7-11 apply to the general case for the motion
under the inverse-square central force, and the type of orbit is established
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by the numerical value of e as follows:

Hyperbola ife>1
Parabola ife=1
Ellipse if 0 < e < 1 (perigee corresponding to § = Q)
Circle ife=0

Subcircular ellipse if —1 < e < 0 (apogee—point of maximum dis-
tance from the origin of r corresponding to 6 = 0)

4.8 Geometry of Conic Sections

Motion under central force resuits in an orbit which is one of the conic sec-
tions. The conic is the locus of a point whose distance from a fixed point
F'and a fixed line DD’ have a constant ratio e. The fixed point F is called
the focus, the fixed line DD’ the directrix, and the ratio e the eccentricity.

Letting m be the distance from the focus to the directrix DD’, the polar
equation for the conic is

r=e(m — rcos )
or
em

= 8-1
’ 14 ecos@ (48-1)

By letting 6 = 0°, 90°, 180°, and tan—" (b/a), important distances are found,
These are shown in Figs. 4.8-1, 4.8-2, and 4.8-3.

D D

| : “ |

| |

__ ! l

= i ¥ecost ‘ Ellipse
) | b r |
" 14 ecosh lApogee v AN Perigee!
(1 —é)

= 1a+ e c:s /] 1 " t mn—){
me =1 i ‘// l
rp,=a(l — e | l
| |

D r

Fig. 4.8-1. Geometry of the ellipse.
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e !
» | »
N | |
L(— 2 | = HJ
e r -
> | | 1+ ecosb
» | » ! Hyperhola _ r(l + e}
F 9 o l 14+ ecost
i { _ale® —1)
| 1+ ecos@
L i | me =1
tA-m | ¥, =ale — 1)
1’)' IL ¥ —r=2a
Fig. 4.8-2. Geometry of the hyperbola.
D
Parabola
r m 2r,
= =
- 0 1+cos0 14 cost

m=/

|
|
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|
|
5 ,
: ’”—’: "2
|

Fig. 4.8-3. Geometry of the parabola.

PROBLEMS

1. If » and y are rectangular coordinates of a point on the ellipse as shown in
Fig. 4.8-1, show that 2 = a cos y and ¥ = b sin v, where the angle v is called
the eccentric anomaly. Hint: Useequation of ellipse in rectangular coordinates
to relate v in terms of x.

2. Show that cos p = (@ — r)/ae. Hint: From Fig. 4.8-1, rcos 6 = —(ae —
acos yp). Combine with r = [a(1 — ¢3)}/(1 + e cos 0) to eliminate cos 6.

3. Prove the relationship
Y 1 —e 6
tan— = |/ ——tan -
an3 A/ 1 +e a3



PARTICLE DYNAMICS (SATELLITE ORBITS) 61

49 Orbit Established from Initial Conditions

The initial conditions at rocket burnout are:

F=Fg
v =1
ﬁ=50

where £ is the heading angle, measured cutward from the normal to #, as
shown in Fig. 49-1. From this information we weould like to determine

v

Bo
N

V4

X
8o

F Perigee
p
Fig. 4.9-1. Initial conditions at injection into orbit.

the value of the eccentricity e, which establishes the type of orbit, and 6,
the angle between perigee and r;.

We will let r, be the perigee distance at § = 0 (when eis negative, § = 0
corresponds to apogee with distance r,) in which case we have from Egq.
4.7-10

h2
<= r(l + e (4.9-1)
Equation 4.7-10 can then be written as

1+ ecosf
=0T (4.9-2)

The components of the initial velocity are,

; h

vy €08 (g = by = - (4.9-3)

[}
du Ke sin 0
, . — F o= _h(_) = — Y P
vy Sin fy = F dBlo=s, Fryv, cOS B, @
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Since from Eq. 4.7-10 we can write

K
=7 (1 4 ecos ) (4.9-5)

1
o

substitution for 42 from Eq. 4.9-3 results in the equation

2
%’?— cos? f, =1 + e cos 0, (4.9-6)
3
7T
]
2 ,/
2
e /
1
o= 40"~
20°
0°
0
20°
—70°]
~1g 1 2 3 4 5
roug?
K

Fig. 4.9-2. Orbit cccentricity established from initial values of 8 and rv*/K.

Solving for e sin 6, and e cos 6, in Eqs. 4.9-4 and 4.9-6 and dividing, the
angular position from perigee is found

(rove®/K) sin S, cos B,
= 4.9-
tan 6, (rov?/K)cos® By — 1 (4.5-7)

By adding the squares of e sin §; and e cos 6, ? is obtained

2 701702 2 2 in2
“=\F% — 1) cos? f, + sin? §, (4.9-8)

Equations 4.9-7 and 4.9-8 completely establish the orbit for any initial
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conditions rge?/K and f, arranged in nondimensional form. In addition,
the total orbit energy established from Eq. 4.7-7 at burnout is

A AN | (4.9-9)

A plot of Eq. 4.9-8 showing e as a function of ryv,2/K with §, as par-
ameter is presented in Fig. 4.9-2. It is evident that, if 5, 3£ 0, e can never
become zero, so that a circular orbit is not possible. Equation 4.9-7 indi-
cates that, when (rgp,2/K) cos? B, = 1, 0, = 90°. For (rjv*/K) cos? §, < 1
and f, > 0, 0, is in the second quadrant.

PROBLEMS

1. Explorer No. 7launched in October 1959 resulted in the following observations.
Apogee distance above earth surface = 664 miles,
Perigee distance above earth surface = 346 miles,
Orbit period = 101.2 min.
Using mean radius of earth to be 3960 miles, calculate K for earth.

2. For Prob. 1, determine the eccentricity and the perigee and apogee speeds.

3. Determine the circular orbit radius for which a satellite will remain stationary
with respect to earth.

4. Explorer No. 6 launched in August 1959 is reported to have perigee and
apogee heights above the earth’s surface of 157 miles and 26,400 miles.
Calculate the orbit period, its eccentricity, and the maximum speed.

5. If the initial conditions for a satellite at rocket burnout are 8, ry/R, and
rovol/K, show that the perigee and apogee distances from the center of the
earth are given by the equation

Toa _ | A/ (e (5 et e
ro o 2- (”01’02/1{)[1 =1 ( K )( K )" fo

where — corresponds to perigee and + to apogee. Plot r,/r, and r,/r, versus
roUo2/K = 1 for B = 1° and 5°.

6. Assess the effect of the heading angle error §, on the perigee height when the
velocity at rocket burnout is equal to the circular orbit value.

7. Plot 0, versus rou %/ K, with 8, as parameter. Use a range of 0 < rp /K < 2
and B, = 15°, 1°, 5°, 10°, 30°.

4.i0 Satellite Launched with B,=0

The special case of a satellite Jaunched with £, = 0 is instructive
because of its simplicity of interpretation. From Eq. 4.9-7 it is evident
that 6, = 0, so that the launch point corresponds with perigee. Equation
4.9-8 now becomes

Tolo?
=— —1 4.10-1
e="2 (410-)
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which is represented by the straight line for f, = 0 in Fig. 4.9-2. Equation
4.10-1 indicates that a circular orbit (e = 0) is obtained only when
roo2/K =1 and B, = 0. If v, or ry is increased so that 1 < reue?/K < 2,
the orbit will be an ellipse. For values of /K > 2, the orbit will
become a hyperbola and the satellite will escape from the earth. Thus
rovo2/ K = 2 corresponds to the velocity of escape at height ry = R + =.

2K R 2g

v, = —

4.10-2
=i — (4.10-2)

Considering the geometry of the elliptic orbit, the semimajor and semi-
minor axes are:

1

. (4.10-3)
rg l—e

b ,\/1 +e

- = 4.10-4
To I —e ( )

The apogee distance is:
1

T _l7te (4.10-5)
rp l1—e

and in terms of the altitude z above the earth’s surface, the apogee and
perigee altitudes are:

z, Frl4+e

o0 - 4.10~
R Rl—e (4.10-6)
2y o

— = 4.10-7
AR ( )

Numerical values for small e are given in the following table to show the
nearly circular shape of such elliptic orbits in spite of the large difference
in the apogee and perigee heights.

Tabie 4.10-1. Calculations for Launching Altitude

ro/R = 1.10
¢ 1 +e Z, a Elliptic speed
1 —e 2y b Circular speed/ ,¢1aunch
0.00 1.00 1.00 1.000 1.00
0.05 1.105 2.15 1.00125 1.025
0.10 1.22 3.40 1.0050 1.050

0.20 1.50 6.50 1.020 1.096
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For an eccentricity of 0.20, the apogee height is 6.50 times the perigee
height when the launch height is ry = 1.10R, or approximately 400 miles
above the earth’s surface.

We can next examine the case rg?/K << 1. Equation 4.7-10 with
negative e shows that we have an ellipse with the starting point corre-
sponding to apogee, and perigee is at § = 180°. The speed is then not
sufficient to balance the attractive force of the earth, and the satellite

Fig. 4.10-1. Satellites launched with g, = 0.

distance r will diminish from its initial value r,. With negative e, the
center of the ellipse falls between the origin and the launching point. Itis
evident from the previous set of numbers that the satellite will fall into a
region where atmospheric drag becomes important, even for small negative
e. Figure 4.10-1 shows one such orbit along with orbits for positive e.
The period of closed orbits, ellipses, or circles can be found by dividing
the enclosed area by the areal rate #/2. The area of the ellipse is wab. The

semiminor axis, from Fig. 4.8-1,is b = a V1= e?, and 4 from Eq. 4.9-5
atf = 0is h = VKr(1 4+ ¢) = V' Ka(l — ¢?). Thus the equation for the
period becomes

2mab 27
T = = —da
h K

PROBLEMS

% (4.10-8)

1. Asatellite is launched parallel to the earth’s surface at /R = 1.10 with %K =
1.20. Determine the apogee distance and the ratio of the apogee to perigee
heights above the earth’s surface.
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2. A satellite is launched parallel to the earth’s surface with a velocity of 18,000
mph at a height of 400 miles. Calculate the apogee height above the earth’s
surface and the period.

3. Plot the escape velocity from the earth as a function of the altitude.

4. Determine and plot the orbit energy lewel £r /K of circular orbits as a function
of the altitude z.

5. For Prob. 4, plot the period versus z.

6. For bodies launched with 8, = 0 at height 7,/ R, determine the equation for the
apogee distance r, as function of the velocity parameter #?/K at perigee.

4.11 Cotangential Transfer between Coplanar Circular Orbits

Transfer between coplanar circular orbits can be effected by an elliptic
orbit with perigee and apogee distances equal to the radii of the respective
circles, as shown in Fig. 4.11-1. The cotangential ellipse is known as the

@

Fig. 4.11-1. Hohmann transfer orbit.

Hohmann transfer orbit, and it can be shown to be a minimum energy
orbit for transfer between the coplanar circular orbits.

Assuming transfer to take place from 1 to 2, we can obtain the ratio
r.fr, from Eq. 4.7-10. Letting 6 = 180°, u = 1/r, so that

7, l-4+e
=1 (4.11-1)
From Eq. 4.10-1, e can be eliminated in terms of r,v, /K as
2
e="1_ {4.11-2)
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Substituting Eq. 4.11-1 into 4.11-2, we obtain
rva2 _ 2Ar,fr,)
K 1 (fr)
which is plotted in Fig. 4.11-2.
In interpreting these results, we can assume the space vehicle to be
initially orbiting around the inner circle of radius r,. This requires
r v, K to be equal to 1.0. To escape from the inner circular orbit and

(4.11-3)

Values

ral7p

Fig. 4.11-2. r,»,%/K necessary for Hohmann transfer between orbits 7,/r,.

travel along the elliptic transfer orbit of ratio r,/r , r v, */ K must beincreased
to a value given by Eq. 4.11-3. This may be accomplished by firing a
rocket in the tangential direction, the required increase in velocity being

Av, =A/§[ /% — 1} (4.11-4)

On reaching point 2, the apogee velocity, which can be found by
equating the angular momentum at 1 and 2, i.e., r,v, = r,v,, becomes
R PUR 2
K r, K 14rr,
Since the circular orbit velocity for radius r, is 7,0,2/K = 1, and the apogee
velocity as given by Eq. 4.11-51s less than 1, another thrust in the forward
direction is necessary. The increment in velocity required at point 2 to go
into the circular orbit is then

Av, = A/? (1 — /1_1%_)) (4.11-6)

172

(4.11-5)

Thus the total impulse which must be applied in the direction of motion is
determined by Av, 4+ Av,, and the fuel energy corresponding to it is
proportional to (Av, + Av,)2.
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It is of interest to compare the total velocity increment to transfer from
orbit 1 to orbit 2 with that of the velocity increment for escape from orbit
1. The parabolic orbit velocity of escape from radius r, is found from

FU, K = 2 to be
v, = 1.4.14A/E (4.11-7)
I8

»
which requires a velocity increment of

Av, = 0.414 A/E (4.11-8)
rﬂ

acquired under a single impulsive thrust.
The total velocity increment for the Hohmann transfer orbit obtained
by adding Eqgs. 4.11-4 and 4.11-6 is

AvpzA/;E,: /%(1 —:—) + A/‘:_—» 1] (4.11-9)

Equating Eqgs. 4.11-8 and 4.11-9 we find r,/r, = 3.4. Thus transfer
between circular orbits of r,/r, > 3.4 will require rocket energy in excess
of the orbit escape energy.

Heliocentric orbits

in considering planetary orbits, the large mass of the sun (99.29 of the
total mass of the solar system) enables one to ignore all other forces.
Although planetary orbits are ellipses with their orbit planes inclined
slightly from the ecliptic (earth’s orbit plane), great simplification results
from assuming the orbit to be circular and coplanar.

Assuming coplanar circular orbits, the equations for the Hohmann
transfer orbit are applicable with the numerical values of X corresponding
to the sun. X for the sun can be found from measured data pertaining to
any planet. Assuming a circular orbit of radius r for the earth, we have

rv?
z = 1 (4.11-10)
where r = 490.5 x 10° ft = 93 x 10° miles
K = GM for the sun
v = 2mr[r = velocity of earth
T = 365.25 x 86,400 sec = period of the earth around the sun

Substituting these figures into Eq. 4.11-10, X for the heliocentric system is
found to be 4.68 x 102! ft3/sec?.

Another convenient set of units for planetary and interplanetary orbits
is one referenced to the earth’s orbit, with » = 1 astronomical unit and
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T

T

1 year. Substituting unity for these quantities in the period equation
27/ (#3[K), the heliocentric constant K becomes equal to 4m? astro-

nomical units cubed per year squared.

PROBLEMS

. Discuss how a space vehicle traveling around a circular orbit of radius r,

can transfer to a coplanar circular orbit of radius r;, where r; < r,.

. Show that, if ry/r, < 0.50, the velocity increment necessary for the transfer

to the inner orbit will exceed that of escape from the outer orbit.

. Determine the time of flight for the Hohmann transfer orbit.

Determine the equation for the velocity v/v, versus distance #/r, for the
Hohmann transfer orbit, where departure is from the inner orbit of radius r,,
and circular orbit speed v,.

. A rocket traveling in a circular orbit r;v,%/K = 11is given an impulsive thrust

&

10,

normal to the orbit so that the resultant velocity vector makes an angle f§,
outward from the trangent to the departing circular orbit. Determine the
new orbit, specifying the perigee and apogee distances and the eccentricity.
Determine 6, to perigee.

For the maneuver of Prob. 5, determine the areal rate and show that the area
enclosed from the point of maneuver to apogee is given by the equation

__ el e, T
A_Z(l—e)A/1~€(e 1 — e? + sin e+2

. A rocket traveling at 18,300 mph at perigee, fires a retrorocket at perigee

height of 300 miles. What velocity change is necessary to reach minimum
altitude of 100 miles during the first circuit?

. The following table gives the distances of some of the planets from the sun.

Planet Mean Distance from Sun
Mercury 0.39

Venus 0.72

Earth 1.0 = 93 x 108 miles
Mars 1.52

Jupiter 5.2

Assuming the two orbits to be in the same plane, determine the Hohmann
transfer orbit from earth to Mars and compute the time required for transit.
Determine the position of Mars in its orbit relative to earth for interception
to take place.

. For the transfer orbit of Prob. 1, determine the velocity increments necessary

11.

on departure and on arrival.

Determine the spherical region around earth where the earth’s gravitational
attraction dominates over that of the sun.

Determine the equation for the escape velocity from the solar system. What
is its value at the earth’s orbit.
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4.i2 Transfer Between Coplanar Coaxial Elliptic Orbits

Figure 4.12-1 shows two coaxial elliptic orbits in the same plane. To
transfer from the inner orbit 1 to the outer orbit 2, it can be shown that
for minimum expenditure of energy, the thrust should be impulsive at
perigee of the inner orbit and apogee of the outer orbit.

We will assume that the orbit parameters e and a of the two orbits are

Fig. 4.12-1. Transfer between coplanar, coaxial, elliptic orbits.

given. The perigee and apogee distances are then known from the relation-
ships r, = a(l — ) and r, = a(l + e).

Before impulse, the velocity at p; can be obtained from Eq. 4.9-6 by
letting # = 0 and 6 = 0,

Uy = /rf (1 +e) (4.12-1)

ol

For the transfer orbit, the necessary velocity at perigee can be found from

Eq. 4.11-3 to be
KT 2rgefry) }
= [—— 4.12-2
Ort [1 + (raafr ) ¢ )

#51

The increment in velocity required at perigee of the inner orbit is then

_ K / 2(ra2/r171) A/
AUpl = ’\/r:ml: I——Hm —_ 1 + elJ (412—3)

After departure, the vehicle proceeds along the transfer orbit until it
reaches apogee. The velocity as it approaches apogee is

X 2
=B, = [T (4.12-4)
7 Fag 1 (Fanlr )

a2



PARTICLE DYNAMICS (SATELLITE ORBITS) 71

The apogee velocity for orbit 2 can be found from Eq. 4.9-6, letting
B =0and § = 180°,

K
Vo = A/ —~ (1 =) (4.12-5)
a2

The increment in velocity necessary to transfer from orbit (f) to orbit (2)
at apogee is then

Avyy = A/ g[v 1 — ey, — A/ ﬁ} (4.12-6)

and the total increment in velocity in the tangential direction is

Av, + Avg

4.13 Orbital Change Due to Impulsive Thrust

In this section we will consider the general problem of changing an
existing orbit to another of a given specification. Such changes may range
from small corrections to an existing orbit, to large changes in the orbit
for maneuvers. It will be assumed that the change will take place under
impulsive thrust; e.g., a change in the direction and magnitude of the
velocity vector takes place under negligible change in the displacement
vector. This idealization is generally acceptable when the distance
traveled during thrust is negligible in comparison to the radius vector.

In general, our concern is with elliptic and hyperbolic orbits, the circle
and the parabola being special limiting cases. The relationship between
the velocity v, the angular position 6, the heading angle 8, and the
eccentricity e, shown in Fig. 4.13-1, is already available from Eqgs. 4.9-7
and 4.9-8, which are rewritten as follows:

(rv*/K) sin f cos f

= 4.13-
tan 0 oK) oot — 1 4.13-1)

) ro? o, .

¢ =5 1| cos?ff + sin? 3 (4.13-2)

By holding 6 constant and varying f, rv*/K can be computed from Eq.
4.13-1 rearranged as follows:

ro? 1
K cos? B — (sin f cos f)/(tan 6)

(4.13-3)
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By holding e constant and varying §, the curve for rv?/K versus § can be
computed from Eq. 4.13-2 rearranged as Eq. 4.13-4:

r02 1 —&
— =1 :l-_-A/ (0082 ) (4.13-4)

These results for the ellipse and the hyperbola are plotted as shown in
Figs. 4.13-2 and 4.13-3.

Perigee

Fig. 4.13-1. Displacement, velocity and heading angle f at any position 6.

In addition to these two equations we have the energy relationship of
Eq. 4.7-7,
Er _1r?
—=_—— 4.13-5
K 2K ( )
Since E'is constant for a given orbit, we can evaluate it at perigee. Letting
6 = § = 0in Eqgs. 4.13-1 and 4.13-2,

riDUiDZ
= —1 4.13-6
e=— ( )
which substituted into Eq. 4.13-5 with 7 = r, results in
2F 1—
e R (4.13-7)
K Ty

Since r, = a(l — e) for the ellipse and r, = a(e — 1) for the hyperbola
(see Sec. 4.8), the energy E can be expressed in terms of a as follows.

1
- - for elliptic orbit
a

>

) (4.13-8)
4+ - for hyperbolic orbit
a
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Substituting these values into Eq. 4.13-5, the energy equation can be
written as

@1 forelliptic orbit (4.13-9)
r 2 — (r?K)

g_ ! for hyperbolic orbit (4.13-10)
¥ (oK) — 2 P : '

Finally, we need an equation from which the time elapsed during travel
along an orbit can be computed. For this we examine the equation for the
moment of momentum,

P2 =h = \/Krp(l + e) (4.13-10)
and rearrange it as follows:
do _ VEr,(I+e
I+ ecosf)  rl +e?
Fore < 1, the integral of the left side is (see Peirce, Short Table of Integrals,*
no. 308 and no. 300),

f" d9 1 (~esin6 +f0 df )
o(l4+ecosf) 1 —e2\l+ecosh  Jol+ ecosh

1 —esin 6 2 V1= e
= tan~! [ ——— tan 240
1—e2[1+ec050+\/1__e2an <1+e ané)]

Fore>1,

dt

f" db 1 esin 0
o (1 +ecos0) e —1 (1 + ecos®)
L . Ve+1+4+Ve—1tan}h
Vet — 1 \/e-}-i—\/e—ltan%ﬁ

Replacing r,, in terms of @ and e as before, the equation for the time
becomes:
For elliptic orbits (e << 1)

a” 1 —e eVl — e?sin b
t,=—=\|2 —~1 A/ l@) — ._.__,._—...] 4,13~
Y/ [ tan ( T tan 4 T~ (4.13-12)

For hyperbolic orbits (¢ > 1)
o {e"\/& — lsinf In (\/e +1++e—1tan %Gﬂ (@.13-13)

th = —= e e
VK| 1+ecosf Ve+1—+e—1tandd
1 Third revised edition, Ginn & Co. 1929,
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Fig. 4.13-4. Dimensionless time for elliptic orbits.

These equations in nondimensional form, 7, = (t,VK)/(2ma®) and 7, =
(t,V K)/a*, have been computed and plotted by Augenstein® and are
reproduced here as Figs. 4.13-4 and 4.13-5.

A somewhat simpler expression for the time along the elliptic orbit is
available in terms of the eccentric anomaly y. For its derivation we need
the following relationships:
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Fig. 4.13-5. Dimensionless time for hyperbolic orbits.

From the equation of the ellipse

1 K 14 ecosb
.t O = o
h2(1+ecos ) )

we obtain
h2 = Ka(l — €% (4.13-14)
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From Eq. 4.7-11 for the eccentricity, we have,
KZ

2E= —(1 — &% 7 (4.13-15)
From the invariance of the moment of momentum,
. h
r262 = = (4.13-16)
From the equation cos y = (a — r)/ae (see Prob. 2, p. 60),
(a — r)? = a?(1 — sin® p) by squaring (4.13-17)
F = aeysin by differentiating  (4.13-18)

We now write the total energy equation, Eq. 4.7-7, noting that
1?2 = F% + (r0)?, as follows:

) 2K
r% + (r0)* — —= 2E (4.13-19a)
Using Eqs. 4.13-14, 4.13-15, and 4.13-16, this equation becomes
r2,=2 2,2 2
—— —(q — 413
Xla a’e (a—r) (4.13-19b)

Substituting Eqs. 4.13-17 and 4.13-18 into Eq. 4.13-195, we obtain

rp = A/g (4.13-20)

Replacing r from the equation cos ¥ = (a — r)/ae, and rearranging,

K K
A/:dt=al\/——3a't=a(1 — ecosy) dy
a a

which integrates to
K
/;t=w—esinw+ C (4.13-21)
a

The constant of integration C is zero if time is measured from perigee.
Equation 4.13-21 is the well-known Kepler equation for planetary
motion.

Example 4.i13-1
A satellite is launched with the following initial conditions:

L)

= 1.40 Bo =20 R 2.0

2
Folo

Determine the orbit parameters e and a/R, and establish the initial position with
respect to perigee.
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From Egs. 4.13-2 and 4.13-1

e = V{(0.4%(0.939) + (0.342)% = 0.508

(1.4)(0.939)(0.342)
= —1 - 0
f=tnt Gaoer =1 - P
These values agree with those of the graph of Fig. 4.13-2.
From Eq. 4.13-9

a 1 a R
ﬁ“2«1.4"1'67‘ﬁr—0

= (1.67)(2.0) = 3.34

iR

Example 4.13-2

The satellite orbit of Example 4.13—1 was characterized by e = 0.508 and
a/R = 3.34, and its launch point was ro/R = 2.0, 6 = 62°23". If the satellite
continues along this orbit to 6 = 150°, at which time the orbit is to be increased
to a value a/R = 3.60 without rotating the apse line, determine the required
increment in the velocity and its direction.

We first determine the value of rv2/K and § before impulse for 6 = 150° and
e = 0.508. Using subscripts 1 and 2 for before and after impulse, we find from
Fig. 4.13-2

riv,2 X
—lK—l =068 v = 0.823A/r—1 By =24°
From Eq. 4.13-9 we have
a 1 aR R
L =0. =" =334=
ry 2 —0.68 57 Rr 3.34 ry
Therefore
ry 334
R =075 - 44

To maintain no rotation of the apse line, the new values of r,v,%/K and §, after
impulse must lie along the § = 150° line in Fig. 4.13-2. (Note that r, = r, for the
instantaneous impulse.) The value of a/R after impulse is specified as 3.60, so
from Eq. 4.13-9 we have

_3.60 1

441~ 2 — (rpdlK)

74092 _ _ K
2 —0780 vy = O.BSZJZ

The new eccentricity and heading angle corresponding to rp*/K = 0.78 and
§ = 150° is, from Fig. 4.13-2,

= |8

=&
g
(98]

Therefore

e =030 B, =11°
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(Note e, = 0.77 and f, = 49° is also a solution but one which requires a larger
velocity increment.} Figure 4.13-6 shows a rough sketch of the two orbits.

— ~—

150°
Apse line

|
F J
J

Fig. 4.13-6. Impulsive orbit change without changing apse line.

From the vector diagram of the velocities, the tangential and normal components
of the required velocity increments are

Av, = (0.882 cos 13° — 0.823) ﬁ = 0.036 A/if
¥y ¥y
Av, = (0.882 sin 13°)ﬁ ~0198 /K
¥y ¥y

and the total velocity increment is

Av = VO.0362 + 0.1982J§ - 0.202A/{?

ry ry

or 0.202 times the circular velocity at a radial distance ry.

PROBLEMS

1. If in Example 4.13-2 the impulse of Av = 0.202VK]r; is applied in the
tangential direction, determine the new orbit parameters ¢ and a/R and the
rotation of the apse line.
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2. In Example 4.13-2 determine the time required for the satellite to reach 6 =
150° from the initial position of § = 62°23".

3. In Prob. 2 determine the eccentric anomaly y corresponding to the two angles
and check the time from Kepler’s equation.

4. A satellite is launched at a height of 400 miles with rv%/K = 1.50 and §, = 10°.
Determine the eccentricity e, the orbit parameter a/R, and the position 0.

5. If in Prob. 4 the satellite is given an increment in velocity of Av = 2000 ft/sec
at apogee, determine the new orbit, e, a/R, and 6.

6. A satellite is placed into an orbit of e = 0.60 at perigee of height r/R = 1.2
withv? = 1.60,%, where v, is the circular velocity at this height. Determine a/R
of the orbit and r/R at 6 = 100°.

7. If the satellite of Prob. 6 is to reduce the size of the orbit to a/R = 2.23 with-
out rotating the line of apse, by an increment of velocity at the position § =
100°, determine the new eccentricity and the components of the velocity
increment along the tangent and normal to it.

4.14 Perturbation of Orbital Parameters

The motion of a space vehicle moving along a specified orbit is
completely defined by the following three equations:

(rv*/ K sin B cos f
_ 4.14-1
tan 0 (rv®/K)cos? f — 1 ( )
rv? 2 .

62 — (? - 1) C052 ﬁ + s”l2 ‘8 (4.14‘2)

a %l {+ = ellipse
= o s — = hyperbola (4.14-3)

K

If at a specified position in the orbit a small impulsive thrust is imparted,
in what way will the orbit parameters be affected ? To answer this question
we can examine each of the above equations separately.

Equation 4.14-1 indicates that the angular position of the apse line is a
function of rv*/K and f, so that

Differentiating,

of r? of
df = - —~ d? + % dp (4.14-4)
K
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The first term of this equation represents a variation of 6 due to a variation
in the velocity (i.e., r is not changed during impulsive thrust), holding £
constant. This is equivalent to moving the point in Fig. 4.13-2 along the
horizontal line. Figure 4.13-2 shows that, if rv?/X is increased along a
horizontal line, then # decreases, and vice versa. With larger velocities, the
semimajor axis a will also increase according to Eq. 4.14-3. Figure 4.14-1

Fig. 4.14-1. Orbit variation by tangential thrust.

illustrates how these orbits change with increasing velocity in the tangential
direction. All orbits will be tangent to the velocity line.

To evaluate quantitatively the rotation of the apse line due to an incre-
ment in the tangential velocity, we can differentiate Eq. 4.14-1, holding g
constant.

—sin f cos f cos? 0 d(rv?/K)
[(r*/K) cos? f — 12

To reduce this equation further, we first replace the denominator from
Eq. 4.14-1

do = (4.14-5)

_ —sin? 0 d(r?*/K)
"~ (r?/K)?sin f cos B
then eliminate sin § cos § = (K/rv®)e sin 0 (see Eq. 4.9-4) to obtain
—sin 6 d(r®/K)  2sinfdv

6 = = 14—
d e rvt/K e v (4.14-6)

If v is eliminated by Eq. 4.14-3, Eq. 4.14-6 can also be written as

_ —2sinf r

df = —— AT dv (4.14-7)

If next the perturbation of the apse line is desired due to a small change
in $, while holding the magnitude of the velocity constant, the change in
6 can be found from Fig. 4.13-2 by moving the point along the vertical
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line. Such a change corresponds to the second term of Eq. 4.14-4, and the
required increment in the velocity vector is dv = v df.

The perturbation in the eccentricity e due to a small increment in the
tangential velocity is again available from Fig. 4.13-2 by moving the point
along the horizontal (§ = constant) line. It can be determined analytically
by differentiating Eq. 4.14-2, helding 3 constant. The result is

de=2(1— e2)<3 ~ 1) dv (4.14-8)
: e r v

When the thrust is continuous over a finite length of time, it can be
visualized as a series of small impulses, and the orbit change can be
obtained by a succession of small changes.

PROBLEMS
1. Holding § constant, integrate the second form of Eq. 4.14-5 and compare
the rotation of the apse line in Prob. 4.13-1 with this equation.
e + cos 8\dv
e 12

d
2. Show that Eq. 4.14-8 can be expressed in the form ?e =2
which indicates that fi; =0 for cos = —e. Verify points on Fig. 4.13-2

for which this is true.

3. According to Fig. 4.13-2, for 6 greater than a certain value there is a value of
rv?/K, e, and B at which d6/de and dv/de are zero. Determine the locus of
rv?/K, e, and {3 for such values.

4.15 Stability of Small Oscillations about a Circular Orbit

In a central force system, the circular orbit is always possible at a

proper speed when the centrifugal force is balanced by the attractive force.

—r0% = F(ry) (4.15-1)

To determine the stability of such an orbit to a small radial disturbance
ry, we start with the general equation for the radial force

P — r0? = F(r) (4.15-2)

and eliminate 6 from the condition that the moment of momentum

¥%0 = k must be a constant.
2

F— flg = F(r) (4.15-3)
¥

We now let r = ry + ry = rofl + (#,/rg)], so that # = 7 and
G LT

3 w3
r Yo Fy 1) )

]
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Also expand F(r) about r, by the Taylor series
F(r) = Fro) + riF'(ro) + 4r°F(rg) + - -

Substituting these expansions, ignoring higher-order terms, and noting
that —h?/r,® = F(ry), we arrive at the differential equation for small
oscillations about .

L= [%F(ro)‘l'F/(”o)j]’l:O (4.15-4)

This is a well known second order differential equation for harmonic
. . 3 . .. .
oscillation provided — [— Flry) + F ’(ro):| is a positive number; i.e., for

o

stable oscillations we must have
3
— Flrg) + F'(ry) <0 (4.15-5)
Yo

3

If — F(ry) + F'(ry) > 0, then the solution is an exponentially increasing
Yo

function of time and the system is unstable.

Example 4.15=1
Determine the differential equation for small oscillations about a circular orbit

when the attractive force is —K/r2.
We have F(r) = —K]/r?. Differentiating,

2K
Fr) =—
v
The differential equation of small oscillations is then
K
i;l -+ -3 ¥ = 0
ro

and the solution for an initial disturbance of r,(0) with #,{0) = 0 is

K
ry(?) = r1(0) cos A/;‘;g t

PROBLEMS

1. For a central force —K/r®, show that a stable circular orbit is possible only
forn < 3.

2. A body is moving in a circular orbit of radius r, under a central force —K/r®.
If the body is given a disturbance ,(0), show that the angular speed becomes

[ =—fl—|:1 -—%ri(g)cos —-Igt]

2 3
ro ry ro
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4.16 Interception and Rendezvous

Problem 1. (Circular orbits)

We will consider first the problem of two vehicles moving in the same
circular orbit r/R, one leading the other by a specified angle ¢,, as shown
in Fig. 4.16-1. We will let 1 and Z be the pursuer and the pursued

3 (12 + ¢o3)

crige®

Fig. 4.16=1. Intercepting and rendezvous on circular orbit.

respectively. Since the orbit is circular, rv,%/K =1, =0 for both
vehicles, and ¢,, remains unchanged until altered by thrust.

We wish now for 1 to overtake 2 at some position 3, indicated by angle
a3, and to rendezvous with it along the circular orbit. What impulsive
velocity increments are necessary at 1 and 37

The problem is solved in the following manner. First the time required
for 2 to travel to 3 is determined as

i 2t G
BT VK 360°

Vehicle 1 must travel to 3 on a new orbit which will require the same time.
Due to equal radial distances 01 and 03, the perigee for the new orbit must
bisect the angle ¢, + doy. Thus 8§ measured from perigee to 3 is

38(ys + $23), as shown in Fig. 4.16-1.
We must now choose a value of e for the new orbit and, together with 0,

(4.16-1)
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determine # = a/R for the time equation. If e > 1, we use the hyperbolic

formula.
a r\(a r {1l + ecos 6)
—p— ) — — = —_—rn . . 4_ —
"R (R)(r) R( &1 (4.16-2)

From Fig. 4.13-5 we find 7, = t,(VKJa®) and compute the time for
vehicle 1 to travel from 6 = 0 to point 3.

fy=r a—3=7x/?15A/53=8067x/$ (4.16-3)*
h 3 K h K 13 .

If this value disagrees with Y%f,;, a new e is chosen and the procedure is
repeated until agreement is found.

With e and 6 known, rv?/K and § are found from Fig. 4.13-3. Since B is
zero for the circular orbit, the new § is the angle between the two velocity
vectors at 3, and the increment in velocity is determined from the vector
triangle as

Av = V(v cos f — 1,)? + (v sin f)? (4.16-4)

where v; = V/KJr is the circular velocity. Due to symmetry the same Av
is applied at 1 to initjate the maneuver, and at 3 to rendezvous, as shown
in Fig. 4.16-1.

Example 4.16-1

Given two vehicles on the same circular orbit of #/R = 3.0, with vehicle 1
lagging vehicle 2 by 80°. It is desired for 1 to intercept and rendezvous with 2
at a position 3 which is 40° ahead of 2. Determine the transfer orbit and the
required increments of velocity.

We have ¢;, = 80°, and ¢,3 = 40°, so that perigee for the transfer orbit is
6 = 60°, bisecting angle 103. The time for 2 to travel to 3 is

40(2) .
5 = 355 J K(3)/E

= (0.698)(806)(5.20) = 2930 sec

and the half time is 1465 sec.
As an initial guess, we choose ¢ = 2.0, and from Eq. 4.16-2 we find a/R.

1 + 2 cos 60°

From Fig. 4.13-5, 7, = 0.80 for 0 = 60° and e = 2.0. The half time of flight
from 1 to 3 is then

t, = 0.80(2.0)°2(806) = 1825 sec.

3 3
R [(3960)5280] — 806 sec.
(1. 407)1016
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Since this is larger than 1465, the orbit is too slow and we seek a faster one by
choosing a larger e. A few trials result in

e = 3.0

=l e

rv
= 0.938 — =352
K

T, =20 t;, = 1465 sec. p =46°

Fig. 4.16-2. Vehicle (1) intercepting vehicle (2) at (3).

The circular and hyperbolic velocities at 3 are,

K K 1 [K 25930
= /2[R o 22270 15000 ft/sec*
vy /\/V /\/3R 1'7%/‘; 73 15,000 ft/sec
oy = /¥§_34,100ft/sec

and the required incremental velocity is

= 103V/(23.7 — 15)* + (24.58)* = 26,000 ft/sec
The geometry of the maneuver is shown in Fig. 4.16-2.

Problem 2. (Elliptic orbits)

If the orbit on which thetwovehiclesaretravelingisanellipse, the problem
becomes somewhat more complicated because the perigee for the transfer

K (1.407)10%
= ft/sec.
A/ (3560)5280 25,930 ft/sec
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orbit cannot be found by inspection as in the circular-orbit case. Using
the same notation as in Prob. i, the time required for 2 to reach 3 in
Fig. 4.16-3 is shown by the shaded areas subtended by the angle 203.
A maneuver at 1 must put vehicle 1 on a new orbit, and its subtended
angle 103 must result in the same time. Although angle 103 = ¢ is known,
the perigee angle 6; is not known except in the special case r; = r;.

Perigee for

X~ transfer
\  orbit

Fig. 4.16-3. Vehicle (1) intercepting vehicle (2) at (3) on elliptic orbit.

The solution is possible by trial as follows. For the new orbit we have

rg 1+ e€ cosb
r, 14 e cos(B; + ¢)

(4.16-5)

Choosing a value of 6,, the eccentricity ¢ can be found. »n = % can be

r\ {1+ & cos b,
found frOm i (-}E) \'—-e—,z—:l—““
¢ < 1. The angles 0,, 6, + ¢, and ¢’ will establish , and =3 in Fig. 4.13-4
or 4.13-5.  With the value of a/R = n, the elapsed time is found as in

Prob. 1.
When agreement is established between the two elapsed times, the values

of ¢’ and 0, for the transfer orbit will result in rv?/K and ', which can be
found from Fig. 4.13-2 or 4.13-3. The remainder of the solution is then
straightforward.

) where + is used for ¢’ > 1 and — for

Problem 3. (Noncoplanar interception)

Vehicle 2 at ¢ = 0 is at latitude O and longitude 0, traveling in a circular
polar orbit of /R = 2.5 and headed toward the north. Vehicle 1at ¢ =10
is at latitude O and longitude 90° west, and traveling eastward in an
equatorial elliptic orbit of e = 0.50, as shown in Fig. 4.16-4. The above
position of vehicle 1 corresponds to perigee for which r/R = 1.5. Deter-
mine the impulsive velocity increment at 1 to intercept vehicle 2 at 3 when
its latitude is 30° N.
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The procedure for the solution of this problem is very much similar te
that of Prob. 2. The transfer orbit 1, 3 is inclined 30° to the equatorial
plane, r;/R = 1.5, and r/R = 2.5, the angle between r; and r; being 90°.
Perigee for the transfer orbit is again unknown and its position from r,
is 6;.

The elapsed time from 1 to 3 must equal that from 2 to 3, which is

4
2300 @SR 7, 506y = 1670 e

Fig. 4.16~4. TInterception for noncoplanar orbits.

From the general equation of the orbit, we have for the two points on
the transfer orbit,

r—3=2—'5=].666= 1+ e cos b,

o 15 1 4 ¢’ cos (6; + 90°) (4.16-6)

or
0.666 = e’(cos f; + 1.666 sin ;)

Choosing a value of 6,, the eccentricity of the transfer orbit ¢’ can be found
from the above equation. With these two values of ¢ and 6,, we can

compute n from
- ﬂ(_______l + ¢ cos 61) (4.16-7)

a
0 =
R R\ €2 —1

where < is used for ¢’ > 1 and — for ¢’ < 1.
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The nondimensiona!l time r, is next found from Fig. 4.13-5 and, with a/R
known, the elapsed time is computed and compared to the required time.
As a first choice of 0, try 340°. Equation 4.16-6 gives ¢’ = 1.803 and

Eq. 4.16-7 gives n:%: 1.795. From Fig. 4.13-5, =, = 0.15 for

6, = 340° (same as for +20°) and , = 0.80 for ; = 70°, making a total
for the elapsed time of 7, = 0.95. The actual elapsed time is then

3

f=1, % = 0.95(1.795)%#(806) = 1845 sec

Since this time is larger than 1670 sec, the orbit is too slow. A few trials
result in the following:

6, = 338° ¢ =2.20
%= 119 7, =029, 7, =131, 7, =160

t, = 1.6C(1.19)4(806) = 1675 sec
(r_”)= 326, v, =18 /5 =18 /K _ 1.47ﬁ
Kh r 1.5R R
51 = —15°

To find the velocity increment, let z, y, z be radial, transverse, and normal
to the equatorial plane at point 1. Then the components of v; are (see
Fig. 4.16-5):

= in 15° = 0.381
= —p, Si = —(. —_
Y1z it R

K
vy, = v, €08 15°cos30° = 1,23A/_IE

K
vy, = v,C0815°sin 30° =0.711A/E

x

Fig. 4.16-5, Velocity increment required at (1}
of Fig. 4.16-4.
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The original velocity is entirely in the ¥ direction, and since the initial
orbit was an ellipse with e = 0.50, », 0%/ K = (1 + ¢) = 1.50 and v, =
v/1.5K/r, = VK|R.

The =, y, z components of the velocity increment at 1 are then,

Av, = —O.SSIA/Z(
R

/&

Av, =023,/ —
K

Av, = 0.711 / =
R

PROBLEMS

1. Two satellites 1 and 2 are in the same circular orbit of #//R = ¢/R = 2 in the
same plane, but 2 is leading 1 by the angle é;, = 30°. What velocity incre-
ments are necessary to intercept and rendezvous when 2 has traveled through
45°.

2. Repeat Prob. 1 when 2 has traveled 90°.

3. Two satellites 1 and 2 are in the same circular orbit of a/R = n; in the same
plane, but 2 is leading 1 by the angle ¢,,. If 1 fires a retrorocket in the tan-
gential direction, show that, in order for the two satellites to intercept after

2

e,

Prob. 3

1 has completed one revolution of its subcircular orbit, the necessary increment
in the velocity is

i
fv = ”°{1 “A/ 2 T = 3600

where v, is the circular orbit velocity.
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4. If in Prob. 3 the rocket is fired towards the rear so as to increase the velocity,
determine the Av necessary te intercept vehicle 2 on the Nth visit to 1. Hint:
The time for the Nth visit of vehicle 2 at point 1 is

3
I:N+ (1 —%ﬂzn /%no%

5. Two satellites 1 and 2 are traveling in the same elliptic orbit in the same plane.

The orbit is characterized by e = 0.60 and a/R = 3.0. When 1 is at 150°,
K 2 is at 170°. If interception and rendezvous are desired when 2 reaches
: 6 = 210°, determine the transfer orbit and the increments in velocity.

1

Prob. 5

6. Satellite 2 is leading satellite 1 by an angle ¢,, in an elliptic orbit (see Fig.
4.16-3). To overtake 2 in a decreasingly short time, the eccentricity of the
transfer orbit must increase to a large value. Show that in the limit as
e — o, the perigee of the transfer orbit can be determined from the equation

cos 6; — ?cos 07 + ¢12) =0
1

For fast transfer orbits, the actual 8, will be close to the above value.

7. Satellite 2 is traveling east in an equatorial circular orbit of a/R = 2, being at
position longitude 0, latitude 0 at time 7 = 0. Satellite 1 at 7 = Ois at latitude
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90° and traveling in an elliptical orbit in the plane, longitude 0, with a/R = 2
and e = 0.30. If it is desired for 1 to intercept 2 at longitude 330°, determine
the transfer orbit and the components of the velocity increment. The position
of 1 at ¢ = 0 corresponds to perigee for the elliptic orbit.

4.17 Long-Range Ballistic Trajectories
Since the shortest distance between two points on the surface of a

sphere is along a great circle, ballistic trajectories are also considered in
the great circle plane. Figure 4.17-1 shows the pertinent geometry of a

Apogee

vo

.

Bo

Fig. 4.17-1. Geometry of a ballistic trajectory.

ballistic trajectory which is an ellipse with the center of the earth as focus.
Perigee is then inside the earth while the point of maximum height coin-
cides with apogee.

Of interest here is the determination of the range R, the height H, and
the time #, as function of the initial conditions which are r, = R, v,, and
B,. We have at our disposal Eqs. 4.9-7 and 4.9-8 as developed in the
initial-value problem of Sec. 4.9. The eccentricity is determined from the
equation Ro.2 2
e = (70 — 1)c032 B + sin? B, 417-1)
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Fig. 4.17-2. Plot of Eq. 4.17-2 for the ballistic trajectory. (¢ versus fi; with Rv*/K as
parameter.
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Since ¢/2 = 180° — 0, tan 6, = — tan (¢/2), and Eq. 4.9-7 can be
written as
¢ —(Ro?[K) sin B, cos f,

tan ~ =
S = T(RogJK) cos? By — 1

(4.17-2)

Figure 4.17-2 is a plot of ¢ versus 3, with Rvy?/K as parameter. The height
H can be determined from its geometry.

r,=al4+e)=H+R

P

%(1 +e)—1 (4.17-3)

From the equation of the ellipse, we have for 6, = 180° — ¢/2, ry = R.

o (l—ecosé)

B 4.17-4

R (Q—e(l+e ¢ )
which, substituted into Eq. 4.17-3, results in

H e gb)

— = — cos © 4.17-5

R-1= e(l %2 (417-5)

The time of flight is determined by subtracting the time required to go
from perigee to 6 = 6, from half the orbit period and doubling this figure,
which from Eq. 4.13-12 is

523
,,,=2(§I__<_te>
24% 1= 1 — sin
il S 2tan‘1A/ ® tan 16, _ eVl - ésingy (4.17-6)
VK I1+e 1 4 ecos b,

PROBLEMS
i. For Ry/K > 1, show that the launching point corresponds to perigee if
=0
o .
2. For a given initial velocity Ruo?/K < 1, determine the angle f, for maximum
range.
3. Relate the maximum range to the optimum heading angle 8, and specified
velocity Ruvg?/K.
4. For a given range show that the minimum required velocity is related to f,
2 cos 28,
14 cos2f, "

by the equation (Rv*/K)pin =
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5. For a range of 5000 miles, determine the optimum angle §, the height H,
and the velocity Rvg?/K.

. For Prob. 5, determine the time of flight.
7. Discuss the effect of the earth’s rotation on the motion of the ballistic missile.

SN

Distance
traveled o
by target Baliistic

flight

_____ Burnout
point

Powered
flight

Prob. 6

4.18 Effect of the Earth’s Oblateness

Due to the rotation of the earth from west to east, there is a speed
advantage in launching a satellite in a direction with an easterly component.
Such an orbit will precess in a westerly direction due to the earth’s
equatorial bulge, and thus a closed orbit is really not possible. The
revolving satellite is like a gyroscope and, as shown in Fig. 4.18-1, its
angular momentum vector h,, perpendicular to its orbit plane and directed
towards the northern hemisphere, must slowly revolve about the north
polar axis due to the moment exerted by the excess mass over the sphere
near the equator. The rate of precession will depend on the orbit angle
with respect to the equator and, to a somewhat smaller extent, on the
altitude.

The moment due to the equatorial bulge responsible for the precession
of the satellite orbit can be determined as follows:

Referring to Fig. 4.18-2 the satellite m, is attracted towards the mass
element dm of the earth according to the equation,
Km, dm
T

dF = — (4.18-1)

mr
where K = Gm and m is the mass of the earth.
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95
Fig. 4.18-1, Precession of orbit plane due to earth’s oblateness.
Fig. 4.18-2. Satellite m, attracted by element dm of earth,
Resolving r into components,
r=a-—gp
= {a cos @)i + (a sin ¢ cos 6)j —(a sin ¢ sin )k —(ai 4 yj + 2zk)
(4.18-2)

where 6 is the angle between the orbit plane and the equatorial plane and
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%, y, z are the components of p. The moment becomes,

dM = p X dF

i j k
— Kmg dm !
- B v :
(acosp —x) (asingcos —y) (—asingsinf —2)|
_ Kmga dm

po: [(y sin @ sin 6 + z sin ¢ cos 0)i —(z sin @ sin 6 + z cos @Jj
A

—(z sin ¢ cos § —y cos p)k] (4.18-3)
The quantity 1/r® can be obtained by the following steps:

P=@—p)@a—-p=a+p" —2-2

= g2 + p? — 2a(x cos ¢ + ysin ¢ cos § — zsin ¢ sin )
1 1 22 —%
r_§=213'l:1 + (5) ——Z(xcosqa-}—ysingpcos@—zsin(psinﬁ)}

(4.18-4)

and its substitution into the moment equation leads to a complicated
expression for integration. The expression however can be simplified if a
is much larger than p(x, ¥, 2), in which case we neglect the term (p/a)? in
1/r3, expand the remaining terms by the binomial theorem, and retain only
the first terms. We then obtain,

1 1 3 . .

e [1 + P (x cos ¢ + y sin @ cos 6 —zsin @ sin O)J (4.18-5)
and its substitution into the moment equation results in M, A, and M.
The » component of the moment is,

K
M, = ms[f(y sin @ sin 0 + z sin @ cos 0) dm

ma?
3 . . .
+ — | (¥ sin @ sin § + z sin @ cos 6)
a
X (% cos ¢ + y sin @ cos 6 —zsin ¢ sin §) dm} (4.18-6)

where 0 and ¢ are held constant during integration. It is evident that the
first integral is zero due to symmetry of the oblate spheroid. Also all cross
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products of the form xy, 2, yz will integrate to zero due to symmeiry. We
are then left with the integral,

3Km
ma®

M, =

* sin? @ sin 8 cos Of(yz — 22 dm

3Kn;s sin? ¢ sin 6 cos 0 [ f(xz + v?) dm ——f(nﬂ + 29 dm}
ma

_ 3Km,

— (C — A)sin? @ sin 0 cos 6 (4.18-7)

where C and A are the moments of inertia of the earth about the polar
and equatorial axes respectively.

Fig. 4.18-3. Precession of vector h; due to moments M, and M,,.

Similarly, the moment about the ¥ axis is,

—3Km,

M, =
Y masd

(C — A)sin 0 sin @ cos ¢ (4.18-8)

and the moment about the z axis is zero.
M, =0 (4.18-9)

These equations indicate that the moment M, is negative for
0 < ¢ < 7/2,and positive for »/2 < ¢ < m, the cycle repeating itself over
7 to 2. Thus the net moment M, over a complete cycle is zero. The
moment M,, however, is always positive and varying as sin? ¢.

Figure 4.18-3 shows the orbit plane, the satellite m,, and the moments
M, and M, exerted by the earth on the satellite. To determine the preces-
sion of the satellite orbit plane, we note that the angular momentum of the
satellite has the value s, = m,a%p, which is normal to the orbit plane. The
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action of the moment M, on h, is oscillatory and zero over a complete
cycle, but M, requires the rate of change of h, over the cycle to be
cumulative in the x direction.

Measuring the regression of the node line v in the equatorial plane, the
rate of precession ¢ is directed along the —z axis with components 4 sin 6
in the plane of the orbit, and ¢ cos 6 normal to it. The component
1 sin 6 rotates the vector h, to give

hapsin 6 = M, (4.18-10)

3Km,
ma?@yp sin 0 = s

- (C — A)sin 0 cos 0 sin? ¢

from which the rate of precession of the orbit plane becomes,
3K

p = - (C— 4 0 sin?
P ¢n1a°( ) cos 0 sin? @

Since the moment of inertia of a sphere of radius R is #mR? we can

introduce C = ZmR?, where R is the mean radius of earth, and rewrite
Y as

'—6K(‘R)2(C—A) 6 sin® 4.18-11
1/)——-5‘;15;; _Cj_— COs U s1n” @ ( — )

Assuming a circular orbit, the angular rate around the orbit, is a
constant, ¢ = 2m/7, where 7 is the orbit period equal to
2mwa*t
VK
Thus ¢ can be replaced by (27/7)t, and the precession angle measured in
the equatorial plane per revolution of the satellite becomes,

T

6K (C — A\ (R~ T 27
P = ——3( —) = cos 0| sin? —1 dt
5\ C a/ 2w 0 T
6K(C—A) (R)2 72 0
=—{———])—)—=cos
5 C a/ 4ma®

6m(C — A\ (R
={( . )(—6-1)0050 (4.18-12)

The quantity (C — A)/C for earth is 0.0032, so that the node line of the
orbit regresses westward by the amount

R 2
p = 0.0121 (m) cos 0 (4.18-13)
. a,

for each revolution of the satellite around the earth.
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We can compare this equation with the equation given by Blitzer,?
which is

RZ
Y = 277](—) cos i
7

Translated into our notation with J = 1.637 x 1072 (see ref. 5) Blitzer’s
equation is

R 2
Y= 0.01022(——) cos 6
a

which indicates fair agreement for our approximate equation, Eq. 4.18-13.

The reverse problem to the above is the precession of the earth’s polar
axis due to the moment exerted by the satellite on the earth. When the
satellite is a sizeable mass, such as the moon, its influence is a2 measurable
quantity. The problem of the precession of the earth’s polar axis due to
the sun and the moon is taken up in Chap. 5, Sec. 15.

PROBLEMS

1. Examination of Eq. 4.18-7 indicates that no restriction as to the density
variation of earth was imposed; however in letting 2mR? = C just before
Eq. 4.18-11, uniform density is implied. Indicate what would be changed in
Eq. 4.18-12if the density of the earth varied with the distance from its center.

2. If the term (p/a)? in Eq. 4.18-4 is retained to the first term of the binomial
expansion, determine the correction to Eq. 4.18-5.

3. For asatellite launched southeasterly in a circular orbit at an angle of 35° with
the equator and at an altitude of 400 miles, determine the regression of the
node per revolution taking into account the rotation of the earth during the
period.

4. Show that the attraction of a thin spherical shell of constant density is equal
to that of a particle of the same mass concentrated at its center.

5. Assuming that (C — A4)/C = N differs from zero due to a narrow band around
the equator of a perfect sphere, show that the mass of this narrow band must
equal,

“5_enN

where m is the total mass of the sphere plus the narrow band.

REFERENCES

1. Augenstein, B. W., “Dynamics Problems Associated with Satellite Orbit Control,”
Trans. ASME, Series B (Nov. 1959), 281--288.

2. Blitzer, L., M. Weisfield, and D. Wheelon, ‘‘Perturbation of a Satellite Orbit Due to
the Earth’s Oblateness,” J. Appl. Physics 27, No. 10 (Oct. 1956), 1141-1149.



ico INTRODUCTION TC SPACE DYNAMICS

3. Ehricke, Krafft A., “Interplanetary Operations,” Space Technology, John Wiley and

Sons, New York (1959), Chapter 8.

Ehricke, Krafft A., Space Flight, Vol. 1, D. van Nostrand, Princeton, N.J. (1960).

. King-Hele, D. G., and D. M. C. Walker, ““Methods for Predicting the Orbits of
Near Earth-Satellites,” J. British Interplanetary Soc., 17, No. 1 (Jan.-Feb. 1959),
2-14.

6. Moulton, F. R., Celestial Mechanics, Macmillan Co., New York (1914).

7. Ramsey, A. S., Dynamics—Part I, Cambridge University Press, New York (1956),

Chapter 1.

i



Gyrodynamics

CHAPTER 5

5.1 Displacement of a Rigid Body

A rigid body can be viewed as a system of particles where the relative
distances between particles are fixed. The position of a rigid body is defined
by any three points on it, not in the same straight line.

61
3 "
_ 73
_r //
\ /
\ a
\ // 2
\ o/
\/
y 2
2 2"
Fig. 5.1-1. Displacement of a rigid body.

The motion of a rigid body can be described by a transiation of some
reference point O, plus a rotation about some axis through 0. Consider
three arbitrary noncolinear points 1, 2, 3, in the initial and final positions
1/,2', 3, as shown in Fig. 5.1-1. The first point 1 can be brought to 1’ by
a translation so that the new position is 1', 2", 3". Next, rotate about an

1ot
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axis through 1" which is perpendicular to the plane 1, 2", 2, bringing 2" to
coincide with 2'. Finally, rotate about an axis through 1" and 2’, to bring
3" to 3"

We will now show Euler’s proof that the two individual rotations can
be replaced by a single rotation. Draw a unit sphere about point 1’ and
where the two rotation axes pierce it, connect the points by a great circle
as shown in Fig. 5.1-2. Measure off 146, on each side of the great circle at

Fig. 5.1-2. Resultant rotation axis by Euler’s proof.

axis I, drawing two other great circles, and do likewise with angle 6, at
axis 2. Now a rotation of 6, about axis I will bring point a to b, and a
rotation 0, about axis 2 will bring b back to a. Thus 1’g is an undisturbed
line during rotation 6; and 0,, and therefore it must be the resultant axis
of rotation. Note that 1'a is not in the plane containing the axes of
rotation 0, and 6,, which again points out the fact that finite rotations do
not possess the properties of vectors.

5.2 Moment of Momentum of a Rigid Body (About a Fixed
Point or the Moving Center of Mass)

Let body axes z, y, z be attached to the body with the origin O at any
point. The velocity of any point i on the body is then,

V=vtexT (52-1)

where w is the angular velocity of the body.
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The moment of momentum about the origin O of the #, y, z, system is,
hy = Zrix mvo + w X 1)
3

=20 % (0 X r)m; — v X 2 my, (5.2-2)

? ?
If the reference point O is stationary, v, = 0, whereas if O coincides with
the center of mass, ) mx, = 0. Thus, if O is fixed, or a center of mass,

the angular momentum is given by the first term of the above equation,
which can be expressed by the following integral,

h, =fr % (@ X 1) dm (5.2-3)
To evaluate this integral, we note that the first cross product w ¥ r is
i j ok
wXr=lw, o, o,=wz—oyit(vxr— w2
x Yy 2 + (wy — w,2)k

(5.2-4)

Multiplying by dm, we have the x, y, z, components of the momentum of
dm, as shown in Fig. 5.2-1.
The cross product r % (w ¥ r) dm is,

i i k
rX (WX rdn= x y z dm
(02 — 0.0) (05— 07) (0y — w,2)
= ilw,? + 22) — w,(w) — w,@2)] dm
+ jl— o zy) + w2 + 22) — w,(yz2)] dm
+ k[— o (22) — w,(y2) + o fz® + y»)] dm (5.2-5)
which represent the moment about the z, y, 2, axes of the momentum
vectors shown in Fig. 5.2-1. Integrating over the body, we arrive at the
z, ¥, 2, components of the moment of momentum of the body.
hy=nri+ i+ nk (5.2-6)
We now define the moment of inertia of the body about the #, v, z, axes
as

I, =f(y2 + 22 dm I, =J(oc2 + 28 dm I, =j(:c2 + %) dm
and the products of inertia as,

L, =fxy dm I, =fxz dm 1, =fyz dm
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in which case the moment of momentum components along the z, ¥, 2,
axes become,
hy, = Lo, — 1,0, — 1,0,

h, = — Ia:ywac + Iywy - Iyzwz (52_7}

Y
h,=—IL,0,— I, 0, + Lo,

w

{wyy — wyx)dm

/L - 7wy2 - w:y)dm

'

Fig. 5.2-1. Components of momentum (w X r) dm.

The moments and products of inertia can be concisely presented by an
inertia dyadic as follows:*

i, —ijl, —ikl,|

I = —jil, i, —jkI, (5.2-8)
—kil,, —kjl, Kkl

Ly

If we form the dot product of the inertia dyadic with the angular
velocity vector
w = wi+ o,j+ ok

we would obtain the moment of momentum
h=.9 w (5.2-9)

The order of the dot product must be preserved with the following inter-
pretation,

I

fj-i=i(j-)=0

jiei =D =]
* See Appendix B.
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5.3 Kinetic Energy of a Rigid Body

Consider a rigid body moving through space, and attach to it a set of
body axes z, y, z, with its origin coinciding with its center of mass. Then
any point r will have a velocity equal to,

V=Vt wXr (5.3-1)
The square of the velocity is obtained by the dot product of its vector,
=vev=024+ (@ X 1) (W X1+ 2vy (e X1

Thus, the kinetic energy of the body is given as,
T= %fvzdm = 4 mog® + %—f(w X1 (wXx)dn+ v -w xfrdm
= 1 myy? + %f(w X 1) - (w X r)dm (5.3-2)

where | ¥ dm = 0 for the orjgin of the body axes coinciding with the center
of mass. We have thus found that the kinetic energy of translation is
determined as if the entire mass is concentrated at the center of mass as a
particle, and the second term is the kinetic energy of rotation about an
axis w through the center of mass.

Focusing our attention to the kinetic energy of rotation, we examine the
quantity (w ¥ 1)« (w X r). Resolving w ¥ rinto components along the
body axes, the dot product is given by the square of the i, j, k components.

(X1 (X =(wz— 0y’ + (0vr— 02+ (0y — wx)?
= 0 + ) + 0@ + ) + 0 + )
—2w,w,xz —2w,w Yz —2w,w 2y
Thus
2T, o = w2l + 0], + 02, — 20,01, — 20,0,l,,

— 2w,w, 1, (5.3-3)

y ey

5.4 Moment of Inertia about a Rotated Axis

If I, is the moment of inertia of a body about any axis £, with angular
velocity @, we can write

I = Lo (5.4-1)
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Substituting Eq. 5.3-3 into the above equation, we have
0,)2 w,\? 0,2
L, = _””)1 (J)I (—’)I_
% ( w/ * + w/ Y + w] F
‘ \(w
- 2(3) (3’—>1 - 2(3’:’) (ﬁ)l - 2( )(-—”\iw (5.4-2)
w w w w w/

By letting /., L, /;, be direction cosines of the vector w or axis & with
respect to the z, y, z axes, the above equation can be written as

Le = I+ 12, + 120, — 20l 0, — 2l — 2l L, (5.4-3)

Equation 5.4-3 can be concisely written in terms of a double summation
as follows

IEE = z ; léalﬁﬁ[a,b’ (54'_4)

where « and § take on the letters z, y, 2 with [, interpreted as [, = I, [,
etc., and I,z as — 1, —1,,, —1,,. Infact Eq. 5.4-4 can be changed slightly
to apply to products of inertia as well by the equation

I, =3 % leayslas (5.4-5)

Fig. 5.4~1. Components of r in two coordinate systems.

The direction cosines /;, to be used in Eq. 5.4-4 or 5.4-5 can be formed
most conveniently from the transformation matrix between the two co-
ordinate systems. If the two coordinate systems are z, ¥, z and @, ¥/, 2’
with unit vectors i, j, k and 1, ', k', a point in space can be expressed in
terms of either coordinate system as

r=zi+yj+zzk=2"+¢§ + 2k (5.4-6)
as shown in Fig. 5.4-1.
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Scalar multiplication of Eq. 5.4-6 by i, j, and k results in
= {0 + -y + & i)z
y=F D"+ Dy + & -} (5.4-7)
z=({ k2 + (§ -ky + K -k

‘Iwz’ [zy’ lzz‘ '
{IW/ L, zyz} ':y:] (5.4-8)
/ L., L., z’

zx 2y zz

which, in matrix notation, is

X

2
Thus when the transfer matrix between the two coordinates is known, the
elements of the matrix are the direction cosines.

We note further that the equation for the kinetic energy can be expressed
by the dot product of the angular velocity and the moment of momentum,

2T = w - h (5.4-9)
Since h, can be expressed in terms of the momental dyadic (see Eq. 5.2-9),
the above equation becomes
W=w- -5 -w (5.4-10)
Again letting .# = AB, the above double dot product is interpreted as
(- A)YB - w)

which is a product of two scalars and, therefore, a pure number.

5.5 Principal Axes

We define the principal axes of the body, 1, 2, 3, as those about which
the products of inertia vanish, and let 4, B, C, be the moment of inertia
about the 1, 2, 3 axes respectively. The moment of inertia about the
instantaneous axes of rotation £, in terms of 4, B, C then becomes,

I, = Aly? + Bl,* + Clg? (5.5-1)

where /[y, Iy, I3 are the direction cosines of the vector w, or axis £ and the
principal axes 1, 2, 3. Since the axes I, 2, 3 are fixed in the body, 4, B, C
are constants. However, as the instantaneous axis £ is moved, /gy, Iz, [i5
change, and so will the value of I about the £ axis.

Ifwelet p = 1/v/ 1_5, and lay off p and &, and do this for every orientation
of the instantaneous axis &, we would obtain an ellipsoid of inertia.



108 INTRODUCTION TO SPACE DYNAMICS

Dividing the above equation by /. and noting that lﬂ/\/ }; =lhp==x,
leop = ¥, lgp = 2 are the principal coordinates of the equation for the
ellipsoid of inertia, Eq. 5.5-1 becomes,

A2 + By? 4 CP =1 (5.5-2)

PROBLEMS

1. For the slender uniform bar of length / and mass m oriented in the position
shown, determine the moment and product of inertia about each of the axes.

z

Prob. i

2. If the bar of Prob. 1 is rotated about the z axis with angular velocity e,
determine the angular momentum about the three axes.

3. While getting into position for takeoff, a small aeroplane with two bladed
propellers turns about its vertical axis as shown. Determine the x, y, 2
components of the angular momentum of the left propeller. Assume the
propeller to be a uniform slender rod of length /.

z
3 L
o~
T
—
(/—- —_——— ///

T~ ///{/ ~—
\7/‘/4\/4 /‘r 8 \;,
V<177 ~ T
// / Y

5
Prob. 3

4. Find the moments of inertia of six 10-1b weights arranged symmetrically en
the z, v, z axes as follows: * = +5,y = £2,2z = £6.

5. Find the moment of inertia of the configuration of Prob. 4 about an axis
through the origin and the point (1, 2, 2).
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6. A thin disk of radius R is mounted on a shaft which deviates by an angle «
from the normal. Choose orthogonal axes through the shaft and disk and
determine the moment and product of inertia about each axis.

7. Determine the moment of inertia about the &, 5, { axes for a cube of sides ¢,
if { is placed along the diagonal and the £, » axes normal to { are rotated into
a position such that /; = £,. What will be the direction cosines of & and 7
so placed ?

8. Determine the length of a uniform cylinder of radius R such that its principal
moments of inertia are equal.

9. If 4, B, C are principal moments of inertia of a given body, show that
A + B is larger than C.

16. A space vehicle makes a landing on a hillside with velocities v, and v,, just
before impact as shown. If a leg strikes a boulder and the vehicle pivots
about this point, show that the angular velocities immediately after impact

are
my
01. = - 7; v,
yl,, — mzl,
9 _ my Yz Z
Y Iulz - Iyzz v

my 1y, myl,, — mzl,

g =™ 1y; myly, — mzl,
. et L LE

where the @, y, 2z coordinates are oriented with z vertical, = parallel to the
horizontal velocity v,, and y horizontal.

Prob. 10

11. Assume that the moments and products of inertia about the z, ¥, z axes
are known. Determine the equation for the moment of inertia about the
&, 7, { axes by noting that p® = p? — & =p% — (p-i")%,p = i + yj + 2k,
and Iy = | ps® dm, etc.
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13.

14.

15.
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Prob. 11

In the same manner as in Prob. 11, determine the equation for the product
of inertia Iy, Iz, and Iy;.

An airplane of mass M and moments of inertia 4, B, C about principal
axes drops at a uniform rate of ¥ ft/sec, and at the same time spins at the
rate of 10 rpm about an axis which makes equal angles with the three
principal axes. Determine its total kinetic energy.

Show that the moment of inertia of three equal masses 120° apart as shown
in the sketch is equal to 34mi® about any axis in its plane.

Prob. i4

With the #, y, 2 axes passing through the center of mass of a body shown in
the sketch, prove that the moment of inertia about any axis z through the
origin is
I, =% mz1 —n? +y21 —n2 + 2201 —nfp)
2

- z(xz‘yi”xny + LRI, + yizinvnz)]

where n = #,i 4+ n,j + n,k is a unit vector along the axis n. Hint: Start
with
I, = zmi(ri xm) - (r; X n) = zmz‘[riz - {r; - my?]
i i
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Prob. i5

16. Starting with /,,, = 2 m{(ry + ;) x n]-[(ry + r;) X n], derive the equation

for the moment of iéertia about an axis »n’ parallel to n, and displaced by
the vector r.
17. By actually multiplying, using the rule §j - = 0, §j -j = i, etc., show that
h =5 w.
18. Show that
io x il —iw % jl,, —iv x ki,
F=l+w xS 4| —jo xil, jo x i, —jo x ki,

—ko xil,, —ko xil, ko xki,
where . ) ]
iif, —ijl,, —iki,,
—kil,, ~—Kkil,. kki,

19. Determine the total time derivative

dh . .
7 =f 0w+ 5w
with respect to inertial coordinates, and show that it is equal to
dh . ;
7=/ el e fexh

5.6 Euler’'s Moment Equation

We have shown previously that the moment about the mass center is
equal to the time derivative of the moment of momentum about this point.
With h, = A + h,j + hk, we can differentiate, noting that i, j, k rotate
with the body.

M, = [b,] + % h,
= (bt + hj + hK) + @ X h, (5.6-1)
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The cross product w X h, can easily be visualized as the rotation of the
vectors A, hj, bk, due to w,, w,, w,, as shown in Fig. 5.6-1. Thus, by
adding vectors along the z, y, z directions, the above equation becomes,

M, = Mj+ M,j+ Mk

= (b, + b, — )i + (b + 0k, — 0h)i + (b, + b, — o,h)k
(5.6-2)

z

Fig. 5.6-1. Components of moment of momentum and their rate of change.

The component equations, known as Euler’s moment equations, are

M, =h, + o,h, — wh,
M, =h, + wh, — w,h, (5.6-3)
M,=h,+ wh, — oh,

where the z, y, z axes with the origin coinciding with the center of mass
rotate with angular velocity w.

Equation 5.6-1 or 5.6-3 for the moment is applicable to any coordinate
system with a fixed origin or a moving origin coinciding with the center of
mass. The angular velocity e is that of the coordinate system and, if the
axes are fixed in the body, the moments and products of inertia are
constant.

For a body of revolution with moments of inertia A4, 4, C about
principal axes, 4 about any transverse axis is the same, and so we might
choose a set of transverse axes rotating at a speed different from that of the
bedy without introducing a variable moment of inertia with time. We can
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for instance use the node axis system &, %, {, in which case the moments
are,
M = h; + hyo, — hyo
M, = h,, + h.wp — hyo, (5.6-4)
M, = }'25 + h,w — hgw?7

These equations are known as Euler’s modified equations.

5.7 Euler’s Equation for Principal Axes

With the origin of the body axes coinciding with the center of mass, we
can orient the z, ¥, z axes to coincide with the principal axes 1, 2, 3 of the
body to ecliminate the products of inertia terms in the moment of
momentum expressions. We then have,

hy = Aw,  hy=Bw, hy= Cuw,
where 4, B, C, are principal moments of inertia which are constant since
1, 2, 3 are fixed in the body. The moment equations are then,
My = Ady + wyws(C — B)
My, = Biy + wjwg(Ad — C)
My = Ciy + w;wo(B — A4)
which are called the Euler’s equations for principal axes. The general

solution of these equations is difficult, and in the sections to follow we will
consider some special cases which enable an analytical solution.

58 Body with 4 = B and Zero External Moment
{Body Coordinates)

We will consider here a cylindrical disk with axis 3 normal to the
circular face, as shown in Fig. 5.8-1.
The moment of inertia about the three body axes are,

B=A about 1 and 2
and C about 3

Euler’s equation then becomes,
Ay 4+ (C — A)wywy =0
Ady — (C — Awy03 =0 (5.8-1)
Cig =0
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From the third of these equations, we conclude that w; must be a constant.

Wy =" (5.8-2)
Making the substitution,

(5.8-3)
[
2
Fig. 5.8-1. Body of revolution with principal axes 1, 2, 3.
the first two equations can be written as,
(bl + ;\,wg = O
(5.8-4)

Wy — Awy =0

Multiplying the first equation by w; and the second by w,, and adding, we
obtain the equation,

Wi+ ey = 0
or
0, + w,? = wyy? = constant (5.8-5)

Thus the magnitude of the resultant angular velocity vector w is a constant.

o =Vol+ o?+ o =" wy®+ n®=constant  (5.8-6)
Since there is no moment acting on the body, we have,
M=hi=0 (5.8-7)

which requires that the angular momentum vector h be a constant, fixed in
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space. it is evident that h must lie in the plane containing axis 3 and w,
since the component of h in the 1, 2-plane is

Alwd + w,]) = Awyply, (5.8-8)

which has the same direction as the component of w in the 1, 2-plane.
Thus, the plane containing axis 3 and the w vector rotates about the fixed h
vector, as shown in Fig. 5.8-2. The motion can be visualized by the rolling
of the body cone on the space cone, which is fixed in space by the vector h.

Fig. 5.8-2. Body cone rolls on space cone.

The speed of rotation of the plane containing «w and axis 3 about the
line h can be found as follows. Differentiating the first of Eq. 5.8-4, and
substituting from the second, we have,

&y + B0y =0 (5.8-9)
Letting w;(0) and &4(0) be the initial conditions at ¢ = §, the solution of

this equation is,

@,(0)

w; = y(0) cos At + 7 sin Az (5.8-10)
Also, from this set of equations,
. 5 (0
Wy = — % = c,(0) sin At — 5’_1;_5—) cos At (5.8-11)

From the last equation we obtain for t = 0,

@(0)

we(0) = — F
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We note further that
Wyy = Wy + Wy (5.8-12)

where i = 4/ —1 so that, another form of the solution is obtained by adding
w; and w, in quadrature

Wy = [wl(O) — id)lig):’ (cos At + isin At)

= [w,(0) + iwy(0)] & (5.8-13)

= w3y(0) &

These equations all indicate that the vector w;, = V @,% + w,? in the
1, 2-plane, rotates at a speed equal to A radfsec, with respect to
the rotating body axes 1, 2, 3. 11is then the angular velocity of the «
vector as viewed by an observer stationed on the body at the axis of
symmetry.

The angle 6 between h and axis 3 is,

A
tan § = 22 (5.8-14)
Cn
The angle y between w and axis 3 is,
tan y = —% (5.8-15)
n
By comparison we have,
A
tan 6 = Vo tan y (5.8-16)

If C > A4, then y will be greater than 0, as shown in Fig. 5.8-2, and h will
lie between axis 3 and w. If C < 4, y will be smaller than § and « will lie
between h and axis 3.

The equations derived in this section all refer to the body axes which are
in motion with the body. They do not tell us how the body moves in space.
However, the following conclusions were obtained.

1. The vectors w, h, and axis 3 lie in the same plane.

2. In the plane of w, h and axis 3, the angle 0 between 03 and h is
constant.

3. The angle y between 03 and e is constant.

4. The vector h is constant or fixed in direction and magnitude.

5. The vector w has constant magnitude 4 wy? +

6. The plane containing the three vectors rotates relative to the body
axes at an angular speed A.
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5.9 Body of Revolution with Zero Moment, in Terms of
Euler’s Angles

We will consider the previous problem of Section 5.8, by introducing
the Euler angles u, 0, ¢, in order to establish the motion with respect to
fixed axes. Since his fixed in space, we will orient it along the OZ axis, in
which case ¢ becomes the angular velocity of the node line and the spin
axis about the OZ direction. We also had 8 = 0 from the previous section,
so that Eq. 3.5-1 becomes,

wy, = PsinOsin g
wy = 9 sin 0 cos ¢ (5.9-1)
wy=¢ +Ppcosf=n
Differentiating with 6 = 0, the angular accelerations are,
@y = P@ sin O cos ¢
hy = —P@ sin § sin @ (5.9-2)
wg =0
Substituting into the first of Eq. 5.8-1, we obtain,

Avpe sin 6 cos ¢ + (¢4 sin 6 cos ¢ + ¢ sin 6 cos § cos p)(C — 4) =0
(5.9-3)

Thus, the precession velocity in terms of the spin velocity ¢, C, 4, and §
becomes,
Co

V= (4 — C)cos b (5:9-4)

Equation 5.9-4 states that the roll axis (also plane containing z and w)
rotates about a fixed OZ or h axis with a speed of 4 proportional to the
angular velocity of spin ¢. If C > A, the spin must be negative, since 3
was drawn in the positive direction. Thus if C > A4, the spin is opposite
in sense to the precession, and we call the case retrograde precession. If
C < A, then ¢ and v have the same sense, and we have direct precession.
Thus a flat disk spinning about an axis perpendicular to its plane will have
retrograde precession, whereas a slender rod spinning about its longitudinal
axis will have direct precession. The space and body cones for the two
cases are shown in Figs. 5.9-1 and 5.9-2. It should be noted also that,
when C > A4,

¢ | 1
(4 — C)cosf =
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Space cone
{fixed)

Space cone
(fixed)

Fig. 5.9-3. For steady precession « is the vector sum of 9 and ¢.

Therefore,

v>¢
As 6 —90°, 9 becomes very large compared to ¢. Since 6 = 0, the
resultant angular velocity e is the vector sum of ¢ and ¢, as shown in
Fig. 5.9-3.
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PROBLEMS

1. Show that a thin disk thrown spinning with its plane nearly parallel will
make two wobbles to every cycle of spin.

2. A thin disk thrown into the air is seen to wobble so that its normal generates
a cone of 20° twice per second. Determine the rate of spin and the total
angular velocity vector with respect to the inertial coordinates.

. A thin disk is spun about an axis making an angle y with the normal to the
disk and then released. Assuming the disk to be moment free, find the
half-angle of the cone generated by the disk normal, and the time required
for one complete rotation of the normal around the cone. Is the precession
direct or retrograde?

4. A cylindrical disk has a thickness equal to R/2 where R is the radius. If
it is spinning and precessing with its normal generating a cone angle of 15°
with a fixed direction in space, determine the cone angle in space generated
by the angular velocity vector. If the magnitude of e is 107 rad/sec, deter-
mine its component w,, in the plane of the disk.

5. In Prob. 2, determine the equations for the angular velocities about the body
axes 1, 2, 3, where 1 and 2 are in the plane of the disk and 3 is normal to it.

6. In Prob. 2, determine the equations for the angular acceleration about the
axes 1, 2, and 3.

7. Letting m be the mass of the disk of Prob. 4, write the equations for the
vectors w and h, and determine the kinetic energy of rotation.

8. A uniform disk of radius R and mass m is mounted through its center to a
shaft so that its normal makes an angle « with the shaft. If the shaft rotates
at speed » between bearings a distance / apart, determine the bearing
reactions.

W

AN &
A1
J

N\

Prob. 8

9. A thin rectangular plate of sides @ and b is mounted on a shaft in the plane
of the plate through its center. The shaft makes an angle « with the long
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side 5. Determine the bearing reactions when the shaft rotates at speed w.
The distance between bearings is .

Let =, y, z be the principal axes through the center of gravity of an airplane,
with 4, B, C as principal moments of inertia. Show that in order for the
airplane to make a turn of radius R about a vertical line, with speed ¥ it
must bank at an angle ¢ = tan™! V"%/Rg and supply a rolling moment in the
same direction as 0, equal to

i Ve .
i(C ~A)R7251n29

z
y

Prob. 10

Determine the gyroscopic moment necessary for the airplane of Prob. 10
to spin with speed ¢ about the vertical OZ axis, when the nose of the air-
plane is inclined at an angle « below the horizontal.

If the spin % takes place about an axis through the center of gravity making
angles «, 8, y, with respect to the z, ¥, 2z axes of the airplane, write the differ-
ential equations for the moments M, M,, and M.

A slender rod of mass m and length /is welded to a shaft at its 14 point at
an angle 6. Determine the bearing reactions when the shaft rotates with
speed o, and the distance between bearings is Zc.

1 —

[’ [4

/i

Y c

2

Prob. I3

A missile with C/4 = 144 is spinning at speed n = 10~ rad/sec and precess-
ing at an angle § = 5° with a fixed direction in space. Determine the preces-
sion speed ¥ and the angle between the resultant angular velocity vector
and the longitudinal axis. Draw the body and space cones. What can you
conclude regarding the precessional speed of slender bodies ?
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5.10 Unsymmetrical Body with Zero External Moment
(Poinsot’s Geometric Solution)

In the general case of a body without an axis of revolution, the principal
moments of inertia are unequal, so that Euler’s equations for no external
torque become,

Aoy + (C — B)wyws = 0

Bary + (A — C)wywg = 0 (5.10-1)

Cog + (B — A)ywywy =0
where 1, 2, 3 are body-fixed axes coinciding with the principal axis. The
solution of these equations involve elliptic functions, and is taken up in
Sec. 5.11. The following is a geometric discussion of the solution due to
Poinsot.

With no external torque, the kinetic energy and the moment of
momentum about the center of mass C are constants.

h = constant (5.10-2)
No work is done on the body, therefore,
T = constant (5.10-3)
The expression for w and h are,
w = wi + W] + wsk (5.10-4)

h = Aw;i + Bw,j + Cozk (5.16-5)
from which we obtain,

w h = Aw? + Bw,? + Cw,® = 2T = constant (5.10-6)
h = A%w? + B?w,® + C?w,? = constant (5.10-7)

With h drawn in a specified direction, its unit vector is h/A, and the
component of w along h will be given by

h
ON = w - - = — = constant (5.10-8)

Thus N is a fixed point along the direction of h, as shown in Fig. 5.10-1,
and the end of the w vector must lie in a plane through N perpendicular to
ON. Theline ON is referred to as the invariable line, and the perpendicular
plane the invariable plane. Thus the end of the vector w must move in this
invariable plane.
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Letting the coordinates of w be &', %', {', we have w; = &, w, = 7, and
w; = {’. The equation for 27 may then be written as

&2 77'2 {2
- = =1 5.10-9
(V2T/4)2 * (V2T/B)? * (V2T|C) ( )

which is called the Poinsot ellipsoid. Figure 5.10-2 is an illustration of the
ellipsoid.
Th

Fig. 5.10~2. Poinsot ellipsoid.

We next examine the inertia ellipsoid which was previously described

asthelocusof p = 1/V/ T laid off along the w vector. Lettingthe coordinates
of pbe &, 7, {, the equation for the inertia ellipsoid from Eq. 5.5-2 becomes,

52 /,]2 €2

e — — =1 5.10-10
(V'1]4) - (V1/Bp " (V1jCyr ( )
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We thus see that the Poinsot ellipsoid is proportional to the inertia

ellipsoid with its coordinates equal to V/27 times the coordinates of the
inertia ellipsoid.

The Poinsot ellipsoid can be shown to roll on the invariable plane with
its center a distance ON = 27/h from it. Starting with the equation,

2T=w-h (5.10-11)

and remembering that h and T are constant, we can obtain the following

differential relationship.
d2T)=dw-h=10 (5.10-12)

Since the vanishing of the dot product of two vectors dw and h requires
that the cosine of the angle between them be zero, we conclude that dw and
h are perpendicular to each other. With the end point of «w moving in the
invariable plane, any change dw of w is perpendicular to h, and since the
lTocus of e (&', %', {') corresponds to the Poinsot ellipsoid, it must be tangent
to the invariable plane. Thus to an observer stationed to a fixed co-
ordinate system, the motion of the body is described by the rolling of the
Poinsot ellipsoid (or inertia ellipsoid with &, %, { coordinates increased by

4/2T) on the invariable plane.

If we wish to examine the motion from the point of view of an observer
stationed on the moving body, the invariable plane will now appear to
move with respect to the body. From the angular momentum equation,
Eq. 5.10-7, we can rearrange the terms to form the angular momentum
ellipsoid as follows.

2 2 2
A P S
(WA~ (h/B)* ~ (BC)?
The curve traced by the end of the w vector is then defined by the inier-
section of the Poinsot, ellipsoid Eq. 5.10-9, and the angular momentum
Eq. 5.10-13, eliipsoid.

The instantaneous axis w passes through the point of contact between
the Poinsot ellipsoid and the invariable plane. It therefore generates
simultaneously two cones, one in the fixed space, and the other in the body
or the Poinsot ellipsoid. These cones, called the herpolhode and the
polhode cones respectively, are shown in Fig. 5.10-3.

Since w is common to both the Poinsot ellipsoid and the momentum
ellipsoid, the equation for the body cone can be obtained by subtracting
Eq. 5.10-9 from 5.10-13 and multiplying by A2.

A(A hz 2 ( hz 2 ( h2 2 0
—_— ’ B - — ’ C —_—— 2 =
2T)§ +B 2T)’7 e 27*)g
(5.10-14)

(5.10-13)
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This equation indicates that for the body cone to be real, #%/2T must lie
between the greatest and least values of 4, B, and C. For instance, if we
let 4 > B > C, then #?/27 must satisfy the relation,

h2
Az—==C
27T

Herpolhode cone

Polhode cone

Fig. 5.10-3. Poinsot ellipsoid rolls on the invariable plane s.

To find the polhode curves, we let the Poinsot ellipsoid intersect the
pothode cone. The form of these curves is best visualized by looking at
their principal plane projections, obtained by eliminating in turn one of
the coordinates between Eqs. 5.10-14 and 5.10-9. The three equations so
obtained are,

2
A(A — O)&2 + BB — C)y'? = 2T(% - c)

’ ! — h2
A(A — B)E? — C(B — O)2 = 2T(§:~r-— B)

B4 — B? + C(4 — O)% = ZT(A - ;;) (5.10-15)

If #3/2T = C, the first equation can be satisfied for & = 5" = 0. The
polhode curve then degenerates to a point on the {’ axis.
If B3/2T = B, we obtain from the second of the three equations

! [A(A=B)
Z= JMC(B — (5.10-16)

which indicates two planes passing through %’ axis. The &'’ and the #'{’
projections from the other two equations, are ellipses.
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If #%/2T = A, the third of the three equations can only be satisfied if
7' = {' = 0, and the pothode curve degenerates to a point on the £ axis.

If B2/2T lies between B and C, the polhodes lie between the planes of
Eq. 5.10~16 and the {’ axis. Their &'y’ projections are ellipses.

If 4%/2T lies between 4 and B, the polhodes lie in the central part of the
ellipsoid between the planes of Eq. 5.10-16. Their #'{’ projections are

Fig. 5.10-4, Polhode curves.

ellipses and their £'{’ projections are hyperbolas. The general nature of
the polhode curve for the various cases are shown in Fig. 5.10-4.
If we write Eqs. 5.10-6 and 5.10-7 in terms of momentum components,
hy, hy, hg, they become
b ke kg

=27 10-17
Tt E (5.10-17)

B 4 h? 4 hg? = 2 (5.10-18)

and their simultaneous solution give the intersection of the Poinsot
ellipsoid, Eq. 5.10-17, and the momentum sphere, Eq. 5.10-18, in terms
of the momentum coordinates. Since Egs. 5.10-14 and 5.10-15 are also
solutions to the same problem, we need only to rewrite these equations in
terms of Ay, hy, and ;. Thus Eq. 5.10-14 rewritten in terms of momentum
coordinates is

1 h2 1 A2 1%)
N ) e a2 (1 === a2 =0 (5.10-
(1 AZT)M'+_(1 BZT)2 +'( caT) ™ (3.10-19)



126 INTRODUCTION TO SPACE DYNAMICS

Figure 5.10-5 is a plot of Eq. 5.10-19 showing the locus of the h vector on
the momentum sphere for various values of #2/2T, where 4 > B > C, and
A > h2T > C.

Fig. 5.10-5. Locus of k on momentum sphere.

5.11 Unequal Moments of Inertia with Zero Moment
{Analytic Soiution)

When the moments of inertia 4, B, C are unequal, the general solution
of Eqgs. 5.10-1 results in elliptic functions. We take advantage of Eqgs.
5.10-6 and 5.10-7 which are integrals of the Euler equations, and obtain

B2 — 2TA = B(B — Awy? + C(C — Aoy (5.11-1)
i — 2TB = A(A — B)w? + C(C — B)w,? (5.11-2)
B2 — 2TC = A(4 — C)w? + B(B — Cwy? (5.11-3)

If we assume 4 > B > C, Eq. 5.11-1 is always negative, Eq. 5.11-3
is always positive, and Eq. 5.11-2 may be either positive or negative.
From Egs. 5.11-1 and 3, we write

) hz—:zTC{ B(B — C) 2}
wl = — LL)2
A4 — C) ®—2TC
(5.11-4)
w2_2TA—h2{ (A-—-B)(iﬂ—ZTC) B(B — C) w2}
2T =0 B — C/\214 — B2/ (B2 = 27C) *
We now let
_ [BB—0)
Y=Nm@_—21c™
(5.11-5)

A — B\ (h? - 2TC
= 0<k<i
k A/(B—C)(ZTA—hZ) -
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W —21C
= L TR 5.11—
s A/A(A—C)v Y (5.11-6)

[2T4 — i
=\ Gea = ﬂ)«/l e (5.11=7)

Substituting these into the second of Eq. 5.10-1, we obtain

so that

o = ht —27C
*“NBB—-0C) 7
(5.11-8)
(C — A) A/(h2 — 2TC)2TA — h?) v
= P — (1 — k%2
Jec— VTP
which is recognized as an elliptic integral of the first kind,
— O)2TA — i? Y di

Nt=u=A/(B O)2TA “z:f Y (5.11-9)

ABC o V({1 — (1 — k)

where ¢ is measured from the instant when w, = 0. On letting ¥ = sin ¢

- )] { )Y
f«/f:m Ak (5:11-10)

and u becomes a function of the modulus k and the amplitude ¢. Con-

versely, ¥ is a function of u = Nt and k, and is available as a tabulated
function for 0 < k < i, where N is defined by Eq. 5.11-5.

y = Fnlu, k) (5.11-11)

Thus from Eq. 5.11-5 the solution for w, is

hz
- { -
Wy = JB(B C),V n(Nt, k) (5.11-12)
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Likewise, it can be shown that the solution for the angular velocities about
the other two axes are

: _27C
W, = J W = 27C i, k)

A4 - C
(—lﬁ (5.11-13)
274 —
Wy = _N/a;i———C) Dn(Nt, k)

where the ¥n and Dn functions are related to the &n function by the

equations,
CnPe =1— Fnx

DnPx =1 — kK2Fn*x
These solutions correspond to the case h® < 2TB which is required for
0<k<l

(5.11-14)

1 s r
N N | \,?— Z
) NN\ | @) e
y SN o\ | v !
p \\ [ sin A\N -~ n(Ne3) | l
/ b/
0 N\ 168 N\ 3.37 Vo /f50s L le7a N
0
0 x| 7| \ 3 //‘ o /| [
2| | 2,/ | /|
\ /|
LN LN\ /
1 ‘ N ! N ‘ / |
k=3 ') cosg™ I /\( 1 7 |
| NN Lo N\ s
-1 ! ~ i ~7 I
| } @/n(Nt,%)/ { ! |
|
A
| |
| | | | |
| |
| \
| | | !
! |
‘ i [ |
1 !
e ~
” A
// i \\
y g sin g N ~Fn(u,k)
/ \
4 \
15 K 2K 3K JiE
\ /)
\ /
\ /
AN /
~ /
-1 \\ //
Fig. 5.11~1. Plot of elliptic functions.

Fig. 5.11-2. Plot of elliptic functions.
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For small values of £ — 0 (i.e., 4 approaching B), the elliptic functions
approach the trigonometric functions,
Fn(Nt, 0) = sin (Nr)
€n(Nt, 0) = cos (Nt)
Dn(Nt,0) = 1.0
Thus when 4 = B, the angular velocities reduce to the form:
wy = fsin (Nt)
w, = f cos (N)
Wy =71
which agree with the results of Sec. 5.8.
1

05— —

0 i
e 05K K

Table of y = sin ¢ = Fn{u, k) Taken from Peirce’s Table of Integrals
3rd Revised Ed. p. 122

] ¢ dé
Ordinate, Abscissa = u = Nt = L V1 — k%sin® ¢
Fn(u, k) =
¢ sin ¢ k=0 k=05 k=0707 k=0866 k =0.9848
0° 0 0 0 0 0 0
10° 0.1736 0.111 0.1637 0.0943 0.0814 0.0556
20° 0.3420 0.222 0.2080 0.190 0.1646 0.113
30° 0.500 0.3333 0.3140 0.289 0.2515 0.174
45° 0.707 0.500 0.477 0.445 0.3945 0.278
60° 0.866 0.666 0.645 0.616 0.563 0.413
75° 0.9563 0.834 0.821 0.802 0.765 0.617
90° 1.000 1.000 1.000 1.000 1.000 1.000
K = 1.686 = 1.854 = 2.156 = 3.153

Fig. 5.11=3, Plot of elliptic function ¥n(u, k).
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To show the effect of 4 #* B, a plot of the elliptic function for k = 14
is compared to the trigonometric functions in Fig. 5.11-1. Ify =sin¢ =
Sn(u, k) is plotted against u = Nt for various values of k, with » nor-
malized to unity at ¢ = 90°, the plot of Fnly, k) will appear as in Figs.
5.11-2 and 5.11-3.

5.12 Stability of Rotation about Principal Axes

1If we write Euler’s equations for no external moment in the form,
Ady = (B — Clwywg
By = {C — A)wiwg (5.12-1)
Cay = (A — Byow,w,
we find that,
w; = constant if w, = w; =0
wy = constant if w; = w3 =0
wg = constant if w; = w, =0
indicating that permanent rotations are possible about each of the principal
axes. We will now show that these permanent rotations are stable about
the axes of maximum. and minimum moments of inertia, and unstable
about the axis of intermediate moment of inertia.

We will assume constant rotation about one of the axes, say axis 1, and
allow a small perturbation to determine its stability. We then have an
initial condition w; = wy, w, = wg =0, and a perturbed condition,
W, = wy + €, With wy and wg small. The linearized equations are,

Aé =10
By = (C — A)wywg (5.12-2)
Cag = (A — B)wyw,
Differentiating the second and third of Eq. 5.12-2, we obtain,
A— B4 —C
b4 AT BU=O

BC o'y =0

5.12-3

.  (A=B4-0C | ( )
w3+———TC—————w0 wy =0

which are stable provided (4 — B)(4 — C) is positive. We see that this
condition is satisfied provided 4 > B, and 4 > C (4 a major principal
axis), or B> A4, and C > A4 (4 a minor principal axis). When 4 is an
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intermediate value between B and C, (4 — B)(4 — C) is negative, and
small values of w, and w; will increase. The first of Eq. 5.12-2 requires
that the small perturbation e remain constant, and, hence, if axis 1 is
either a major or minor principal axis, the rotation is stable. If axis 1 is
an intermediate axis, w, and w; will increase, resulting in an unstable
oscillation. The above conclusions can be simply demonstrated by drop-
ping an eraser spinning about each of the principal axes. Situations
requiring modification of these conclusions are discussed in Sec. 7.6.

PROBLEMS

-

. Determine the ellipsoid of inertia for the configuration of Prob. 5.5-4.

2. Determine the ellipsoid of inertia for a solid uniform cylinder of radius R
and length 2R. What is its moment of inertia about a line passing through
its geometric center and the perifery of one end.

3. Consider a spinning body with 4 > B > C. With initial conditions w; = p,,
wy =0, wg = ry, find w,, w,, and w,; for a motion characterized by one of

the plane polhodes

oo _ o, A/A(A — B)

Po ¢B - 0)
Show that, with ¢ approaching oo, the motion tends to a permanent rotation
about axis 2.

4. Show that, for a body with principal moments of inertia 4, B, C, the polhodes
are closed curves while the herpolhodes generated on the invariable plane
are generally open curves.

5. Derive the equations for ;, ®,, s, when A* > 27TB and 4 > B > C.

6. Discuss the stability of rotation of an unsymmetric body in the moment-free
case in terms of the polhode curves of Fig. 5.10-4.

7. Solve for the exact solution of a simple pendulum oscillating through large
amplitudes. Express the equation for the period in terms of an elliptical
integral and its series approximation.

8. For i?[2T < B, where A > B > C, the angle 6; made by the h vector and the
hy axis is defined by the equation (see Fig. 5.10-5)

sin 0, = }l Vi + hy?

Show that the value of 6, varies between

. _ [BC [T 1
S %max = M B—C\C ~ W27

L, _ [ AC [T 1
S0 % = A= \C T BT

Hint: Rewrite Egs. 5.10-15 in terms of /4y, Ay, hs.
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9. Derive the equations for w,, w,, wy when C > B > 4 and examine the con-
ditions A% < 27B and h? > 2TB.

5.13 General Motion of a Symmetric Gyro or Top
Figure 5.13-1 shows a symmetric gyro spinning about axis { and

supported by two gimbals. The inner gimbal allows a pitching rotation of
the spin axis about the horizontal bearings &, while the outer gimbal is free

(b} {(c)

Fig. 5.13-1. Symmetric gyro-angular momentum about gimbal axes.

to rotate about the vertical Z axis. The gyro is then pivoted about the
stationary geometric center of the gimbal system, and the center of mass
does not coincide with the fixed center O.

We will now define precession and nutation in the following manner.
The rotation ¢ of the horizontal axis & (node axis) about the vertical Z
axis is called precession. If the angle ¢ is held constant, the spin axis will
generate a cone due to precession. The rotation § of the inner gimbal
about the node axis & is called nutation. The term signifies a nodding of
the spin axis. In the general case, both precession and nutation may exist
simultaneously.

We will at first neglect the mass of the gimbals, in which case we would
have only the spinning wheel free to rotate in any manner about the
stationary geometric center O, as shown in Fig. 5.13-15. The system is
then identical to that of a spinning top pivoted about a fixed point O,
and subject to a gravity torque W/ sin 0 about the axis & If / = 0, we
have the special case of a gyro free to rotate about the center of
gravity.
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It is convenient here to write the moment equations about the cartesian
coordinates through the geometric center with the line of nodes & as one of
the axes. We will let the moment of inertia of the wheel about the node
axis system &, #, and { be 4, 4, C. The angular velocities of the &, 7, {
axes and the angular momentum about them are,

w; =0 he = Af
w, = 9 sin § h, = Apsin 0 (5.13-1)
wy = 1 cos 0 hy = C(¢ 4 v cos 0)

where ¢ is the spin angle of the body axes 1, 2, referenced to the node axis &.
The components of the moment equation,

M=[hl+wxXh (5.13-2)
can be immediately written down by examination of Fig. 5.13-1c.
M, = h, + hypsin @ — hypcos 6
M, = h, + hgjcos 6 — hb (5.13-3)
My = h; + hf — hapsin §
Substituting for the components of h and M, these equations become,

Wisin § = A6 + C(¢ + v cos By sin 6 — A2 sin 6 cos §

d . .
0=Agt(¢sin0)+A9y)cosﬁ— Cl(gp + 3 cos 0)

d
0= C— (¢ + i cos ) (5.13-4)

The last equation indicates that ¢ + 9 cos 0 is a constant, and we will let
it equal #n.
n=¢ + pcosf (5.13-5)

With this substitution, the first two equations of Eq. 5.13-4 can be inte-
grated with proper integrating factors. We will, however, consider an
alternative approach based on certain integrals of the equations of motion
which are constant. These are the conservation of total energy, and the
conservation of angular momentum about the vertical Z axis which is
moment-free.
If we examine the equations for the angular velocities about the body

axes,

w, =0 cos ¢ + ysinfsin g

w, = —0 sin @ 4 v sin @ cos ¢ (5.13-6)

wg=¢ +yYcosl =n
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we would find that by adding the squares of the first two, that the square
of the resultant velocity in the equatorial plane, in terms of Euler’s angles is

.2 + w? = 62 4 4%sin? 6 (5.13-7)

Since w, is constant and equal to n, the kinetic energy can now be
written as, )

T = 3Cn? + LA(G* + ¢?sin® 0) (5.13-8)

Referencing the potential energy to the level of the origin of the coordinate

system,
U= Wicosf (5.13-9)

and the total energy E, which must be a constant, becomes
E = }Cn? 4+ LA(62 + ¢?sin®6) + Wicos 0 (5.13-10)

which is one of the first integrals of the differential equations of motion.
With the moment about the Z axis equal to zero, the momentum
hz = h;cos 6 + A, sin 6 must be a constant,

hy = Cncos O + Ay sin? 0 (5.13-11)

This equation could also be obtained from the Lagrangian approach since
the generalized coordinate v is a cyclic coordinate with M, = 0 (see
Chap. 9) Solving for 4 from the above equation,

h, — Cncos 6
Asin® 6
and substituting into Eq. 5.13-10, we obtain the following form of the

energy equation,
Cn* A% (h, — Cncos 0)2
F——_—_— =22 Yz 2"
2 2 * 24 sin?0
Equation 5.13-13 is entirely in terms of 6, and its solution substituted into
Eq. 5.13-10 completely describes the motion of the system.
We now make the following substitution of symbols:

Y= (5.13-12)

+ Wicos6  (5.13-13)

2 (E an) tant
= - —— on

o Y 2 a constan

8 2wl tant

= — a constan
A
hy

= .= a constant
A
Cn

= — 2 constant
A

u = cos B a variable
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which enables Eq. 5.13-13 to be written as,
asin? § = 62sin® 6 + (y — N cos 6)2 4 Bcos 6sin2§ (5.13-14)
In terms of u, the equation becomes,
#? = (a0 — puy(I — u?) — (y — Nu)? (5.13-15)

The solution of the above equation is given by the following integral
which can be evaluated in terms of elliptic functions.

w0 du
t =f (5.13-16)
w0V (o — fu)(1 — ) — (y — Nu)?
The mathematical solution resuiting from the above elliptical integral is
difficult to interpret, however; fortunately it is not necessary to carry out
the above solution to evaluate the behavior of the gyro. If we let,

= f(u) (5.13-17)

Equation 5.13-15 can be written as,
f@) = (& — fu)(t — 13 — (y — Nu)? (5.13-18)
and the roots of this equation will tell us a great deal about the’'motion of

the gyro.

Although u = cos 6 is limited between 41 for the physical problem,
mathematically # can extend outside this region. For large values of u, the
dominant term in f(u) is fu, thus f(u) must be positive for large positive
u, and negative for large negative u, as shownin Fig. 5.13-2. Alscatu = 1,
the first term drops out, leaving,

(&) = —@ F Ny

it is evident then that f(u) at « = £ 1 must always be negative. Looking
at the expression for f(x) in terms of 6,

f@) = % = §25sin? 0 (5.13-19)

we find that, for real values of 6 and 6, /() must be positive. We therefore
conclude that, for the physical problem, u = cos §, must always lie between
u, and u, for which f(u) is positive.

We note next that for § > 0, § must be zero at u; and u,, which requires
that the spin axis O move between the bounding circles %, = cos 6; and
#, == cos 0,, as shown in Fig. 5.13-3.

The type of curve traced by the spin axis in the region ¢; and 0, depends
on the relative values of y and N. For example, Eq. 5.13-12 can be
written as,

.y — Nu
YET R
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and since u is less than 1 between u; and u,, the sign of ¢ depends on
y — Nu. Iy = Nuy, then ¢ must be zero at the upper bounding circle and
positive for § greater than #,, as shown in Fig. 5.13-4. To obtain the
curve of Fig. 5.13~-5, ¢ must change sign for some value of u between u; and

. Thus for this case, y — Nu, = 0 for u, < u; < u;.

flu)
-1.0 1.0 /
/ - ul\ \/
180° 90° o [

Fig. 5.13-2, Cubic equation representing motion of symmetric gyro.

Initial conditions

If a gyro or top is started at # = 0 with 6 = 6, and 6 = ¢ = 0, the
values of the two constants of the system, £ and 4, are found from Egs.
5.13-12 and 5.13-13, to be,

hy = Cn cos 0,

E — 3Cn? = Wicos 6,

Substitutinginto Eqs. 5.13-12 and 5.13-13, the equations for the precession
and nutation are,

. N(cos O, — cos )
Y=y

sin% 6
. N2
6% = (cos B, — cos 6) [ﬂ ey (cos 8, — cos 6)] (5.13-20)
These equations both agree with the initial conditions imposed on the
system. The second of the above equations indicates that the right side of
the equation must always be positive, therefore 6, must correspond to the



Fig. 5.13-3. Oscillation bounded between 6, and 0, with y > Nu,.

Fig, 5.13-4. Oscillation bounded between 8, and 0, with y = Nu,.

~ 'Y:NUi —
Trug<ui<urTT

Fig. 5.13-5. Oscillation bounded between 0, and 6, with y = Nu;, where uy < 4; < 1.
137
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highest elevation of the spin axis, or the upper bounding circle. The lower
bounding circle is found by letting & = 0 and solving for cos f. The result is

N2 A/ N2 ’N2>2
0=— 1 0o 5.13-21
cos 2% + /1 ﬁ cos Gy + (25 ( )

It can be shown that the sign before the radical must be negative. For
ipstance, since cos 0, is less than 1, the radical is greater than

/\/1—1\;2+(];r‘82)2 1 — ];[; A/1 ZZCOSG +(N/3)2—0030—%]~£

Thus if the positive sign is used, this would require that,

cos 6 > 1

which is an impossibility. Thus 6, corresponding to the lower bounding
circle is given by the equation

cos 0y = —];/—; —A/l ]:; cos Gy + (2;)2 (5.13-21)

5.14 Steady Precession of a Symmetric Gyro or Top

In the previous section it was shown that the spinning top pivoted about
a fixed point is able to move in such a manner that its axis of symmetry O,
occupies a zone between ¢, and 6, corresponding to the roots of f(u) = 0
at u; and u,. It is evident then that as u; and u, approach each other, the
annular zone between ¢; and 6, will narrow until eventually they merge to
a single value 6, as shown in Fig. 5.14-1. Physically, this is the angle of
steady precession which can be initiated by the initial conditions, 6 = 0,,
6 =0,and y=19, "

The analysis for this special case is probably one of the simplest cases of
the spinning top, which will now be investigated. Although the problem
can be approached mathematically from the two equations,

fwy =20
df(u)
du =0

it will be more instructive to examine the problem from a physical basis as
follows.
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For steady precession, § = 0, and the angular velocities about the &, 7,
{ axes, shown in Fig. 5.13-1¢, are
w; =0
w, = 1 sin
w, = 1 cos §

The angular momentum about the corresponding axes are,

flu)
! . I /
-1 0 Us +1 u
Fig. 5.14~1. Steady precession corresponding to u; = u, = u,.
he =0
h, = Ay sin 6 (5.14-1)

hy = C(@ + Y cos ) = Cn
and the moment about the & axis becomes
M, = hypsin 6 — h, 4 cos 6
= Cny sin 0 — Ay?sin § cos 6 = Wisin 6 (5.14-2)

Cn wi
P — )+ — =0 5.14—
¥ (A cos 0)1'0 + A cos 0 ( 2

or

The two precessional speeds are then given by the equation,

. Cn A/( Cn )2 Wi
- - 5.14-4
Y12 = 5 os 6 + 24 cos 0 Acos 6 ( )

provided the spin is great enough to keep the radical of the above equation
positive. This requirement is satisfied if,

4AWI cos O
> J—

2
n foc)

(5.14-5)
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Further insight to the problem is obtained by plotting M, versus 4 from
Eq. 5.14-2, as shown in Fig. 5.14-2. The curve is a parabola and for any
value of M, there correspond two precessional speeds. When M, = 0, the
precessional speeds are zero and 4. This value of the precessicnal speed
is given by the equation,

Cn Co
- = 5.14-6
Vo Acosf (A — C)cos ( )
M,
_____ ~ |
—~-—I ——-—lr—~—-~ | ;
: p - > ¥
0 121 Y, va Yo

Fig. 5.14-2. Constant moment M results in two possible precessional speeds %,
and 9,.

which agree with that of the moment-free gyro (see Eq. 5.9-4). The
precessional speed corresponding to the peak moment is

b, = 5.14-7
¥» = oA cos 0 (5.14-7)
and the corresponding peak moment is
1 CZ 2
s = 3~ 106 (5.14-8)

For intermediate moment M,, the two precessional speeds 1, and ¢,
are referred to as the slow and the fast precession. In general, the fast
precession is not attained due to the high kinetic energy required, and the
precession of a spinning top is usually slow precession.

Limiting cases
For % to be real, it is necessary for the terms under the radical of Eq.
5.14-4 to be greater than zero, or,
C?n? > 4WiA cos 0

If 6 = 90°, Eq. 5.14-5 indicates that the minimum required # is zero.
However, Eq. 5.14-4 indicates that ¢ then is indeterminate. This limiting
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case can be resolved for n greater than zero by the elementary consideration
of Fig. 5.14-3. The rate of change of the angular mementum vector 2, =
Cn, is equal to the moment M, = W,

M, =h
Wl = Cnyp

he=Cn §=90°

Cnl:b

Fig. 5.14-3. Limiting case § = 90°.

The whirling speed 9 for 0 = 90° is therefore equal to,

wi

=& (5.14-9)

and as long as # is finite, 9 will also remain finite.

The same result can also be obtained from Eq. 5.14-3, for as cos — 0,
the term ? is negligible compared to the other two.

For 0 = 0°, the required value of n from Eq. 5.14-5 must satisfy the
equation,

2
n ==/ Wi (5.14-10)

in which case we have the sleeping top. Equation 5.14-10 is often used to
determine the spin of a missile or a projectile necessary for stability.
Referring to Fig. 5.14-4, as long as the spin axis O coincides with the
velocity vector of the missile, the drag force will also coincide with GC.
However, if the spin axis deviates slightly from the velocity vector by a
small angle 6, the drag force, which acts at the center of pressure, a distance
! ahead of the center of mass, will have a moment R/ sin § about the center
of mass. Thus this problem is identical to that of the sleeping top with W/
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replaced by RI. The missile or projectile will hence be stable if the spin is
great enough as established by,

n > ‘\/m,

(TlN

Fig. 5.14-4. Spin stabilization of missiles and projectiles.

PROBLEMS

1. A symmetrical gyro is mounted on two weightless gimbals. What are the
expressions for the moment of momentum about the &, 7, {, and Z axes.
Write the differential equation for the moment about the above axes.

2. For the symmetrical gyro or top, with moment due to gravity, determine\i_he
equation for the phase plane plot 4 versus u, and express the equation for
the period of nutation in terms of f(u).

3. The condition for the sleeping top, # = cos 0° == 1, can be satisfied by either
of the curves shown below. Show that (a) is stable and (b) is unstable by
considering 2 small variation of the curves as indicated by the dotted lines.

fAu)
7
w /)
0 /// \\\.— / “
(a) (b)
Prob. 2

4, Xf the stability of the sleeping top is indicated by (@) in the Fig. for Prob. 3,
deduce the relationship # = (2/ YV W4 by noting that,

=1 J@u) = (—0sin0)?® =0
o
J_Z'%Q =0 and dj;:) = negative

5. Show that the equation for the steady precessicn of a top can be written as

oy i/ ;IZ)Z’~ Wi cos 6
V1.2 = 50 A \24 A
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6. Show that for large n, the lower and higher precessional speeds become

_V/l . Crn
T T st

Why is the lower precessional speed independent of 67

7. For steady precession, show that the angle between the momentum vectior b
and the spin axis is given by the equation,

1 . 4WAlcos G
tanam:itano P2 /1 =

C%?

where the minus sign must be used for the slow precession.
8, Show that for large n, the angle « corresponding to the slow and fast preces-
sional speeds are,
AWlIsin 6

tan ay, = tan 0

9. What is the expression for « corresponding to the minimum value of #
consistent with steady precession?

10. Determine the conditions necessary for small oscillation of the spin axis of
a gyro, between two annular circles 0, and 0,, such that ¢ is the same at the
two circles.

11. The end of the spin axis of a top spinning about a fixed pivot describes on a
sphere the curve shown. If Cr/d = N is given, determine the following
quantities in terms of IV,

_hz
v =7 (@
2wl
15 = 7 (b)
(0
(@)

Show in general that a motion with the sharp cusp at 6, > 6, cannot take
place.
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12. A thin disk of radius » and mass m has a stem of length a which is pinned
to a vertical shaft as shown. Show that if r < 2a, it will be unstable if

4 . ..
P2 > @2%-172 . Show also that it will be stable at all  if r > 2a.

Prob, i2

13. A fiywheel with axes z, ¥, z has moment of inertia 1, 7, = I,, and is spinning
with high speed w. If it is oscillating in pitch and yaw with the center of
gravity stationary, set up the equations of motion with restraining moments
equal to K,6 in pitch and K,y in yaw.

Prob. 13

14. The ore crusher wheel of weight # and radius R has moments of inertia C
and A4 about its polar axis and an axis through O parallel to the diametric
axes. The spin axis #z on which the crusher wheel is free o rotate, precesses

at speed 9 about the vertical OZ axis.
{a) show that the spin velocity of the wheel with respect to the axle is

¢ = —%(ZSil‘lG + R cos 8y

(6) Show that the velocity of the center of the wheel is equal to

vy = —R(¢ + ycos )
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i5.

16.

17.

18.

19.

20.

Prob. 14

For the ore crusher of Prob. 14, write the equation for the moment about
the pin O, and show that the normal force between the wheel and the
inclined track is
F=Wsing + 11,&2[9(1 — cos 26) + ésinzejl
2 R )

From the resuit of Prob. 15, show that the crushing force F has a maximum
or minimum between 6 = 45° and 90°, or between 6 = 135° and 180°. Since
the force due to gravity is a maximum at 6 = 90°, we can reason that the
maximum occurs for 6 = 45° to 96°, or actually between 0° and 45° with the
horizontal. Determine the optimum axle tilt above the horizontal for a
crusher of the following dimensions.

R = 18 in. { = 3 ft (from center plane of wheel
to pin O)
b =12 in. ¥ = 100 rpm

Determine the velocity and acceleration of the top of the crusher wheel for
the dimensions given in Prob. 16.

The general equation for the symmetrical gyro is given by Eq. 5.13-18.
Show that

[ = ‘—1% =24 = —2(62cos 6 — §sin 0)

For steady precession 6 = § = 0, which requires that f(u) = f'(w) =0.
From these two equations show that the steady precession is defined by the
quadratic,

N B
2_NoLf o
v u v 2u
with the following restriction .
N > V2Bu

A gyro of weight mg, spinning with angular speed # is tied to a string of
length /; and precesses around the vertical axis with constant speed Q. If
C and A are moments of inertia about the spin axis and its normal through
the center of mass, determine the three equations of motion.
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Prob, 20

21. The outer frame of a toy gyro is symmetric about the three axes through its
geometric center, and has a moment of inertia C,. If when the rotor is
spinning with speed ¢, the outer frame alse spins at a different speed ¢, in
the same direction, write the new momentum and moment equations for
steady precession. i

Prob. 21

22. If the outer frame of the toy gyro is a single ring in one plane, the moment
of inertia about an axis normal to the plane of the ring will be 2C,. How
does this affect the equations of Prob. 217

5.15 Precession and Nutation of the Earth’s Polar Axis

In Sec. 4.18, we derived the equations for the moment exerted by the
earth, due to its oblateness, on a satellite revolving around the earth.
According to Newton’s third law, the satellite must exert an equal and
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opposite moment on the earth, but, due to the large mass of the earth in
comparison to that of the satellite, its effect is measurable only on the
satellite motion.

The moment equations from Sec. 4.18, with oppesite signs for moment
exerted by the satellite on earth, are,

3K
M, = — ”325 (C — A)sin® g sin 0 cos §
ma
3K . .
M, = n;s (C — A)sin 0 sin ¢ cos ¢ (5.15-1)
ma
M, =0

These equations apply to any two bodies oriented as in Sec. 4.18, and,
therefore, are applicable to the sun and earih, or the moon and earth.
The fact that the earth’s polar axis is inclined from the normal to the plane
of the ecliptic by 23° 27" results in a moment exerted by the sun on the
earth as shown in Fig. 5.15-1.

Fig. 5.15-1. Moments M, and A, exerted by sun on earth.

The angular momentum vector of the spinning earth is CL, and the
moment M, causes the end of the vector CQ te move in the same direction
and, therefore, change the angle 6. Since M, is oscillatory with net result
per cycle equal to zero, its effect is to produce an osciliatory nutation of
zero net angle per cycle.

The moment M, is oscillatory but cumulative along the negative x axis,
which requires a net precession per cycle. Letting ¢ be the precession rate
normal to the plane of the ecliptic, the component v sin 6 along the
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negative y direction will rotate the angular momentum vector C(2 in the
direction M, to give

CQypsinG = M, (5.15-2)
The precession rate from Eq. 5.15-1 is then
3Km; (C— A
L s - ~
P oy ( C )cos 0 sin ¢ (5.15-3)

The quantity Km /m = Gm,in this equation, where m, and m are the mass
of the sun and earth respectively, can be eliminated from the equation of
the central force between the sun and the earth as follows.

Gmgn  Kmy (2#)2
= ma|—
Z

(5.15-4)

a? T

Also the average value of sin? ¢ for 0 < ¢ < 2w is }4, so that the average
precession rate per year due to the sun is given by the equation,

3 277)2(6‘-,4)
poy = — m | — 6 A5
Yy ZQ(T, o8 (5.15-5)

where ( is the spin rate (relative to inertial space) of the earth, 7 is the
period of the earth around the sun, 6 = 23°27', and (C — A4)/C = 0.0032
for the oblateness of the earth.

Equation 5.15-3 applies also to the earth-moon system, where m, now
becomes the mass of the moon. However, in eliminating the quantity
KmJma?, the attractive force between the earth and moon given by Eq.
4.6-4 must be used as follows.

Gmm, _ ( mm ) a(z_w)z (5.15-6)

a? m =+ my T

Thus (Kmyfma®) = [m,/(m + m))(27/7)? and the equation for the average
precession rate of the earth’s polar axis per revolution of the moon around
the earth becomes,

, 3 om, (2P (C—4
Yav = — m o ms(7> ( C )COS 6 (5.15“‘7)

PROBLEMS

1. The earth’s spin rate is 2 = 27 x 366.25 radfyear. Show that the earth’s
polar axis precesses 0.0000765 rad/year due to the sun.

2. The mass of the moon is 14, that of earth, and its period is 27.32 days. Its
orbit plane 6 varies between 18° 19" and 28° 35’, with an average value of
23° 27'. Determine the precession of the earth’s polar axis per year due to
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these equations have simple solutions only for certain special conditions
which are;

6 ~90° and w,large

2~90° and w,—0, ¢ large

G~ 0° and o, small, ¢ large
The first case represents a rolling of the disk with its plane nearly vertical;
the second case corresponds to the upright spinning of the disk about its
vertical diameter; and the last case represents the disk spinning with its

face nearly horizontal.
Y4

>y

Récosé

Résing Is)

%,
Ual

é\g

Fig. 5.16-2, Components of velocity.

Rolling of a disk with plane of the disk nearly vertical

Consider the disk rolling with the plane of the disk nearly vertical. Here
the angular velocities § and 4 will be small in comparison with ,. Also
sin 8 = 1, and cos § = «, where « is the complimentary angle « = (7/2) —
6. We can therefore replace 6 and § by —a and —4 respectively. The
force and moment equations can then be written as,

fiR = Ca, (5.16-14)
Ay = Cwi (5.16-15)
—As — Cogp = —fzRo + R (5.16-16)
—f. = mRay, (5.16-17)
£ = mR& + o) (5.16-18)

Sz —mg=0 (5.16-19)
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From Egs. 5.16-14 and 5.16-17, we have,

(C + mR¥aiy =0
Therefore,
@, = n = constant (5.16-20)

With the initial conditions ¢ = 0, and x = 0(i.e., disk started in a straight
path with its plane vertical), we integrate Eq. 5.16-15 to obtain,

Ay = Cna (5.16-21)

We next substitute Egs. 5.16-18, 5.16-19, and 5.16-21 into Eq. 5.16-16
and obtain,
Cn®(C R?

y - ng:ioc =0 (5.16-22)

This equation indicates that the plane of the disk wobbles in and out of
the vertical, provided the spin is great enough to satisfy the inequality,

mgAR
= T(C + mR®

2

(5.16-23)

Equation 5.16-21 also indicates that 4 is proportional to «, and hence the
precession also wobbles sinuscidally. The disk then rolls in a wavy line
which is nearly straight.

Upright spinning of the disk

We next consider the case where the main motion of the disk is a spin
about the vertical axis. Due to some disturbance, the disk will move in a
small circle, but it is evident that w, will be small and ¢ large. 6 will,
however, remain nearly 90°, so that again sin 6 o« 1 and cos 6 =~ «, where
o is a small angle.

With these approximations, the moment and force equations become,

J:R = Cay, (5.16-24)
Ay =0 (5.16-25)
Therefore 9 = constant.
— At — Cop — Ay = —f,Ra + f.R (5.16-26)
—f; = mR{d, — &) (5.16-27)
S = mR(o + &) (5.16-28)

fr—mg=0 (5.16-29)
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From Eqs. 5.16-24 and 5.16-27, we have,
(C + mRYd, = mR%yp (5.16-30)

With initial values of w, and « equal to zero, we integrate the above
equation,
(C + mRBHw, = mR>a (5.16-31)

Substituting Eqs. 5.16-28, 5.16-29, and 5.16-31 into Eq. 5.16-26, the final
equation becomes,

(A + mRs + [(4 + mR%Y? — mgRle. =0 (5.16-32)
Interpreting this equation, the spinning motion is stable as long as,
mgR
A+ mR?

P>

(5.16-33)
With this inequality satisfied, the disk oscillates sinusoidally with a small
angle « about the £ axis which is spinning around the vertical axis with
speed .

Disk spinning nearly horizontally

Spin a coin about a vertical line and watch its final stages when the plane
of the coin is nearly horizontal. You will be able to detect from the sound
that the frequency increases very rapidly during the last stage of oscillation.
You can also observe that the point of contact with the table spins around
a circle of diameter nearly equal to that of the coin, and that w, is very
small (i.e., the face on the coin is rotating very slowly). The { axis is nearly
vertical so that 0 is very small. However, the end of the { axis is precessing
around the vertical very rapidly so that 4 is very large.

With these assumptions, the moment and force equations become,

fiR = Coy, (5.16-34)

A6 + 2490 = 0 (5.16-35)
A — Ay*0 = —f,R + [, RO (5.16-36)
—f; = mRay, (5.16-37)

S = mRogp (5.16-38)

fz — mg = mRé (5.16-39)

From Egs. 5.16-34 and 5.16-37 we find that «, must be a constant.

(C+ mRHp, =0
w, = n = constant (5.16-40)
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From Eq. 5.16-35 we obtain,

P 9
r=2. (5.16-41)
P 7
Integrating with initial conditions +, and 6,, we obtain
j i
L= 2
Yo Oo
Therefore,
g2
P = (—) (5.16-42)
Oy

Substituting Egs. 5.16-38, 5.16-39, and 5.16-42 intc Eq. 5.16-36, we

arrive at the differential equation for 0.

A0yt
G3

" f,2

(A4 + mRH0 = + (—ng + mR*y, %) (5.16-43)
Due to 8 and 68 in the denominator, the acceleration f increases as 0
approaches zero. Equation 5.16-42 indicates that the precession also
increases to infinity as f goes to zero.

PROBLEMS

1. Determine the least spin about a vertical axis for a 50-cent coin by making the
necessary measurements,

2. Determine the equation for the Jeast spin about the vertical diameter of a
circular hoop of radius R. Compare with that of a solid disk of same radius.

3. Determine the least rolling velocity of a 50-cent coin.

+a

. Determine the least rolling velocity of a circular hoop of radius R.

5. With vg, vy, vz given as in Fig. 5.16-2, verify the accelerations of Egs. 5.16-11,
5.16-12,5.16-13 as a = [¥] + @ % v, where the components of w are wg = 0,
wy =0, and wy = .



Dynamics
of Gyroscopic Instruments

CHAPTER 6

6.1 Smali Oscillations of Gyros

If the gyro or top of Fig. 5.13-1 is given a slight disturbance from its
steady state, we can show that the oscillations about the steady values will
be harmonic.

We can begin with Egs. 5.13-4, which are the moment equations about
the node system coordinates shown in Fig. 6.1-1.

Wisin § = A + Cmip sin 6 — A4? sin 0 cos f
0 = Aysin 6 + 2490 cos 6 — Cnb
0= Csn (6.1-1)
Letting the steady-state values of 6 and v be 0, and 4, and designating the
deviations about the steady values by 6 _ and ¢ _, the instantaneous values
of 6 and ¢ are,
=10+ 06_
Y= + 9P
For small oscillations we can make the following approximations.
0 = 0..Gho + ) = 0.9,
sin 0 =~ sin 6, + 0, cos 6,
cos =< cos O, — 0_sin G,
i55
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Substituting these expressions into the second of Eq. 6.1-1 and neglecting
products and squares of the small deviations, we obtain,

A sin 6y + 240 _tpycos Oy — Cnf_ =0 (6.1-2)
Integrating,

e b
A sin Gof dp_, = (Cn — 24, cos Oo)f de ..
0 0

At sin 8, = (Cn — 243, cos 0,)0._ (6.1-3)

V4
|
|

-—-‘
|
!
|
!
|
|
|

Fig. 6.1=-1. Angular momentum along node system coordinates.

Likewise, from the first of Eq. 6.1-1, we obtain,
Af_ — A(o? + 2909 )(sin Gy cos Oy — 6 sin® 0, + 6., cos? 6,)
+ Cn(yy + 9. )sin 0y + 6. cos 0,) = Wi(sin 6, + 0_ cos 6,) (6.1-4)

However, for steady precession 0 is zero, and the steady components of

Eq. 6.1-4 are,
— Ayt cos O, + Cnypy = Wi

Thus by striking out these terms in Eq. 6.1-4 and introducing Eq. 6.1-3 to

eliminate 9, we arrive at the second-order differential equation in §_:
A2, + [(Cn)2 — dAWIcos By + A2p2(1 — cos? 610, =0 (6.1-5)

The nodding oscillations are therefore sinusoidal with period equal to,

2
_2m A (6.1-6)

o V(Cn)2 — 4AWIi cos B, + A%p,2(1 — cos?® 6)
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If nis very large, the nutation period reduces to,

27A
o 6.1-7
To == Cn ( )
The precession period is also the same since, from Eq. 6.1-3,
. Cn — 243, cos 60)
= | —mD "9 6.1-8
e ( A sin 0, ~ ( )

and ¢, is proportional to 0 _.

When cos 6, = 1, we have the sleeping top and, in order for the denomi-
nator of Eq. 6.1-6 to be real, (Cn)? must be greater than 44Wi. Thus,
again, we verify the stability requirement for the sleeping top, which is,

2 e
A AW
n>C

6.2 Oscillations About Gimbal Axes

Figure 6.2-1 shows the two gimbal gyro with the mass center coinciding
with the geometric center of the gimbals. We wish now to write the moment

Z

Fig. 6.2-1. Symmetric gyro with gimbal axes & and Z.

equations about the gimbal bearing axes. Neglecting again the mass of the
gimbals, the moments of inertia about the &, #, { axes are 4, 4, C, of the
wheel.
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The angular velocities and angular momentum about the &, #, { axes
are the same as in Sec. 5.13, and the moment equations about the &, », {
axes are rewritten in the following form.

M, = Af + Cnysin 0 — Ayp?®sin 6 cos 0
M, = A(3 sin § + 290 cos 8) — Cn (6.2-1)

d ...
M§=CE((p+1pcost9)

The moments M, and M, can be resolved along the vertical Z axis and in
the horizontal plane. The Z component is (i.e., M, = 0),

My = M, sin 6 + M,cos 8 = M, sin 0

) . . 6.2-2)
= A sin® 0 4 2440 sin 0 cos § — Cnb sin

These nonlinear equations can be linearized under certain simplifying
assumptions. Usually the spin ¢ is very large in comparison to 4 and 6.
The spin ¢ is then approximately equal to » which is a constant of large
magnitude. Neglecting the squares and products of the smaller quantities

 and 0, the simplified equations of interest are,
M, = Af + Chy sin 0. ' (62-3)
M, = Aysin? § — Cnbisin 0

Several interesting solutions of the above equations are possible
depending on the type of excitation. We can first examine the steady
precession condition,

0 =0,
P =

The above equations then become,
My, = Cmjy sin B,

6.2-4
Mgy =0 ( )

which requires a constant torque Af, about the horizontal gimbal axis,
as found previously in Sec. 5.14.

We can now consider the problem where the spin axis under steady
precession is given a disturbance by a moment M?).

We will assume small oscillations and introduce the equations,

6="6,+ 0. sin @ = sin 0, + 0, cos 0,
P =1+ ¥ cos 6 == cos i, — 0_, sin 6,
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Again neglecting products of the small oscillatory terms, Eqs. 6.2-3 become,

. C . . Mt M.
6.+ En (0. cos Oy + g sin Oy 4 9 _ sin 0p) = _‘_Q_jj__co

. (6.2-5)

P, sin 0y — = 6. =20

Eliminating the steady-state terms, Eq. 6.2-4, from the above, and letting
Cnf{A = p, we have the final form of the differential equations for the
disturbance about the steady precession:
. . M)
0. + p(pb . cos By + 9 sin ) = — (6.2-6)
¢ sin 0 ~—p6'~_ =0
The solution of these equations is most conveniently obtained by the
use of Laplace transforms with f_ and % _ as dependent variables.!®
Since initially 6 = 0, 6 = 0, and 4 = vy, 0._(0) = §_(0) = 4_{0) = 0,
and the transform equations are,
(& + pi <08 0 B_(S) + (p sin 0) 5(s) = T
P¥o o/ UAS) T (P SI Vo) Y A (62*7)

—p0_(s) + (sin By () = 0

By Cramer’s rule, the equations for € _(s) and ¢ _(s) are,

1 _
v Mds) psint,

. 0 sin 0, (6.2-8)
0.(s) = - -
‘ (s + pipg cos 0,)  psin O,
—p sin B,
|-
(5* + pyp, cos O) Y MLs)
- o —p 0
v~ = (s> + pyycos By) psinb, |
—p sin 6,

which may be solved for any excitation M1), and any angle &,

Exampie 6.2=1
When the spin axis is at rest at 0, = =/2, an impulse is applied to the spin axis,

resulting in an impulsive moment Mg} = ™M d(t), where §(¢) is a delta function
with the unit per second and M is the moment impulse in lb-in. sec. From
Egs. 6.2-8, we have

_ M 1
Ols) = A 2 + 2
- M 1
Fls) =L

A 52 + p?
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and their time solutions are,

0.t = % sin pr 6.4 = %cospt

M . M
P (1) = = sin pt p () = ZP (I — cos pt)
The actual position of the spin axis at any time is then equal to

x M
o) = — + = sir
(0 5 + r sin pt

M
=1"(1 —
w(t) (1 — cos pt)

These results can be interpreted as folows. Assume first that the spin
axis is stationary so that vy, = 0. The moment impulse M suddeniy
shifts the angular momentum vector Cr along the equator by an angle

Fig. 6,2~2. Motion of spin axis due to delta function impulse (initial moment is zero).

M]|Ap = M|Cn. The spin axis however cannot change instantaneously,
but develops a downward velocity of 6_(0) = M/A from the equatorial
position. Thus the rotation of the spin axis around the new resultant
angular momentum vector generates a cone of base radius M, as shown in
Fig. 6.2-2. This is, of course, consistent with the conclusions of Sec. 5.8
which indicates that, with zero moment (with a delta function moment,
the moment is zero at all ¢ except ¢ = 0), the angular momentum vector is
constant and stationary, and the spin axis will precess around it.

If next we consider an initial steady precession with the spin axis at
0y = /2 due to a constant moment M, , the resultant angular momentum
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vector h will be above the equator by the moment component Ay, The
moment impulse M will again suddenly shift the resultant h horizontally by
an amount M along the latitude 2 = A4y,/Cn, as shown in Fig. 6.2-3. At
time ¢ = O+, the spin axis will have angular velocity components 6(0) =
M|A vertically, and v, horizontally. Their resultant will however be

Fig. 6.2-3, Motion of spin axis dues to delta function impulse (initial moment is
contant, with steady precession ).

normal to the radial line from the h vector, as shown in Fig. 6.2-3. Thus
the h vector of approximate length Cn will precess steadily along the
latitude 1 = Av,/Cn with angular velocity 4, while the spin axis will
rotate around h in a circle of radius VM2 4 (47y)% The result is a com-
bined nutation and precession, and the curve described by the spin axis
depends on the relative magnitudes of the initial velocity components
M|A and 4, This behavior is somewhat similar to the problem of the
disturbed top, the difference being that we have here imposed a constant
moment about the node axis &, whereas in the problem of the top, the
gravity moment will change with 6. For small disturbances, however, the
motions are identical.

PROBLEMS

1. With the axes initially at rest with 0 = #/2, a constant moment is applied to
the & axis. Determine its solution.

2. Repeat Prob. 1 if M is a delta function M 5().
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. With the system initially at rest at an angle 6, a constant moment is applied

to the OZ axis. Determine its motion, assuming Cr to be very large.

. Consider C¢ to be the only angular momentum of importance for ¢ large,

and determine the time required for the { axis to rotate from the honzonm;
to the vertical position due to a constant moment M, about the Z ax

. A satellite with spin moment of inertia C and equal transverse moment Of

inertia B = A has at the initial moment three collinear vectors, h, », and k,
aong the spin axis. To change its attitude, an impulsive torque M,, = M 8(t)
is applied to the transverse pitch axis. Determine the relative position of the
three vectors immediately after impulse and the subsequent motion of the
satellite.

. Show that the three vectors of Prob. 5 can again be made collinear by

applying an equal xmpulswe torque M, = M &(¢) in the same direction
after a half-cycle of precession, thereby producing an attitude change of
tan~* (28/Cr) with no precession (see Fig. 6.2-2), Determine the spacing
in time of the impulses.

. It is proposed to change the attitude of the spin axis of a satellite with

angular momentum % = Cn by an angle of 90° with a series of NV equal
impulses, ending up with the h, «, and k vectors collinear. Determine the
magnitude of the impulses and their time spacing.

. Starting with Eq. 3.5-4 for the transformaticn between the body angular

velocities w,, »,, @,, and the Euler angular rates, v, ¢, 0, show that the
general solution "For the Euler angles are given by the equations,

(2
6 =0, +f(w1, COS @ — w, sin @) dt
0

¢ : \
w, Sing + w, Cos
=g + z_l.g.__._/___(p 4t
0 sin 6

ri
P =g, +J ¢ dt
(8]

<
|

. For small oscillations with ¢ = constant, discuss the solution for 6 and w»

of Prob. 8 as infiuenced by the value of 8, which may be arbitrariiy chosen.
Why is 6, = =/2 desirable for small angle solutions?

With §, = =2 in the equations of Prob. 8, solve Prob. 5 for ¢ and ¢ by
first determining the angular rates about the body-fixed axes  and y.

Assume that the rotor of Fig. 6.2-1 is misaligned so that its normal (axis z)

"makes an angle « with the spin axis {. Let x be an axis normal to both z

and {, y the third axis of the z, y, z set, and show that the angular velocities
along z, ¥, z, are;

w

» =0 cosg + sinGsing

w, = —0sinpcosa +ysinbcospcosa + (¢ + 3 cos 6)sin o

w, = 0singsin « — 4 sin 6 cos @ sin « + (¢ + ¢ cos 6) cos «

Since the moments of inertia of the rotor are 4, 4, C, the angular momentum
along #, ¥, z are; h, = Awy, h, = Aw,, h, = Co,.
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Prob. [

12. Resolve the angular momentum 4,, A, &, of Prob. 11 along the gyro gimbal
axes &, Z, and {, assuming o to be small (see Fig. 6.2-1).

6.3 Gimbal Masses included (Perturbation Technique)

Referring to Fig. 6.2-1, the moment of inertia of the rotor about the &,
7, § axes were 4, 4, C. In addition, we introduce the moment of inertia of
the gimbals as follows. The moment of inertia of the inner gimbal about
the &, #, { axes are A,. B,, C, respectively. The moment of inertia of the
outer gimbal about the OZ axis is C,.

Noting that the &, #, {, axes rotate with angular speeds 6, ¥ sin 0.
9 cos ¢, and noting the masses which rotate due to these components, the
moment of inertia about the three axes are,

L=A+4,
I, =4+ B, (6.3-1)

The direction cosines of the OZ axis with respect to &, %, {, are [, = 0,
lg, = sin 6, i;, = cos 6, so that the moment of inertia about the Z axis
becomes,

Ip = Co+ Id" + L1+ It
= Cy+ (4 + B,)sin? 0 + C,cos? 0 (6.3-2)
We pext determine the angular momenta about the &, #, { axes, which are,
he = (A + A)0 (6.3-3)
h, = (4 + B)ypsin 6 (6.3-4)
hy = C(¢ + 9 cos 0) + Capcos 6 (6.3-5)
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The moment about the { axis can be separated into two parts, thus:
My =h; — hgpsin 6 + h,0
d , d, . o
=C;J,;(¢+1,ucos@)+ Cz‘gt('ﬁcose)'i‘(Bi—Ai)@lpsmG
= Mg' + ME” (6.3_6)

where M, = C(d/dt)(¢ + 1 cos 0) is the moment on the rotor axis, and
M," is the moment due to the forces exerted on the inner gimbal axis by

Fig. 6.3-1. Moments on inner gimbal and rotor.

the outer gimbal, as shown in Fig. 6.3-1. We will assume M, to be zero,
in which case the rotor angular momentum will be a constant.

C(p + v cos §) = Cn = constant 6.3-7)

The angular momentum components along &, 9, {, shown in Fig. 6.3-2,
can be resolved along the &', %', ' axes by noting the vertical and hori-
zontal components of 4, and 4,. The 4, and h,. components now rotate
about the OZ axis with angular speed ¢, as shown in Fig. 6.3-2. The
components of h along the &, 7', { axes are,

hy = (4 + A4)0 (6.3-8)
h, = h,cos 6 — h,sin 0 = (4 + B,)y sin b cos 0
—(Cn+ Capcos)sinf (6.3-9)
hy = h,sin 6 4+ h; cos 6 + Cop = (4 + B,y sin® 0
+ (Cn + Cgpcos B) cos 0 + Coyp (6.3-10)
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We can now write the moment equations about the {" and £ axes as
follows:

My = My = hy = (4 + B)(§ sin? 6 + 2y sin 6 cos 6)
— (Cn + C,ypcos )6 sin 6
+ (Csp cos § — Cyapb sin 6) cos 6 + Cyip
=[Cy, + C;cos?20 + (4 + B,) sin? 0]
+ 2(4 + B, — Cyy0 sin 6 cos 6 — Cnl sin 6
di, .
I+ _ cdsing
z0 + Y 7 Cnb sin
d .
= (I zy) — Cnb sin 0 (6.3-1D)
My =hy — hyp
= (4 + A)§ + Cnysin 0
+ [C;, — (4 + Bpli®sinfcos § =0 (6.3-12)

We next investigate the problem for which the axes are initially at rest,
and the inner gimbal axis in position 0, is given an initial angular velocity

Fig. 6.3-2, Resolution of angular velocity and angular momentum.

6(0) = o, by an impulsive moment in the form of a delta function about
the £ axis. The time ¢ = 0 is referenced to the instant after the impulse, in
which case M, = M, =0, and the initial conditions are y(0) =0,
#(0). = 0, 0(0) = 6, 6(0) = . We can safely assume that 4(0) = 0, since
the initial velocity o results in a gyroscopic moment about the Z axis
(through reaction of & bearings) which is not impulsive.
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With the outer gimbal axis unrestrained, M, = 0, and Eq. 6.3-11 can
be written as,
d(I )y = Cn sin 6 d (6.3-13)
Integrating and noting that /,3 at t = 0 is zero, we obtain the equation,
I = —Cn(cos 0 — cos 6) (6.3-14)
We now make the small oscillation approximation,
0=10,+0._
sin 6 =~ sin 6, + 0_ cos 0,
cos O == cos Gy — 0_ sin 0,
sin 6 cos 0 = sin 0, cos Gy + 0_(cos? 0, — sin? 6,)
and rewrite Eqs. 6.3-2, 6.3-14, and 6.3-12 as Eqgs. 6.3-15, 6.3-16, and
6.3-17
I, =[Cy+ (4 + B)sin® 0, + C, cos? G,]
+20 (4 + B, — C,)sin 6, cos 0, (6.3-15)
= Iy + 20 (A 4+ B, — C;)sin 6, cos 0,
Iy — (Cnsin 6)0 , + 20 _y(4 4+ B; — C)sinf,cos 6, =0
(6.3-16)
(A4 + A)6_ + (Cnsin 6y
+{(Cn cos 6)0 __p — (4 + B, — C))[sin 0 cos 0,
+ 0 _(cos? 8, — sin 6g)]y?} = 0 (6.3-17)
Equations 6.3-16 and 6.3-17 are nonlinear due to the last term in each
equation. They can be solved by the perturbation technique?-3.® which will

be illustrated by the following simple example. Consider a first-order

nonlinear equation
¥+ ay + by* =0 (a)

where the coefficient 5 of the nonlinear term is a small quantity. We will
now consider a similar equation

J+ ay + pby? =0 ®)

which differs from. the previous equation by an additional factor g which
may be any positive number. If the solution of Eq. b is found, then the
solution of the previous equation, Eq. 4, is found by letting u = 1.

We seek now a solution in the form,

Y="Yo+ My + Ly + - ©
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Substituting ¢ into b we obtain,
(o + mi + s + ) + alyp + pyy + Y + -0 )
+ ublyo + iy + pyp + - =0 (d)
Rearranging, this equation can be written in terms of equal powers of u as
follows:
(o + ayo) + wyy + ayy + bye® + 12y + ays + 2bygy)
+ 00+ ) =0 ©

We note now that, if g = 0, we obtain y, as the solution of the linear
equation. The solution ¥, is called the generating solution, and it can be
fitted to the initial conditions of the problem. If u is allowed to increase
from zero, Eq. e can be satisfied only if the coeflicients of y raised to the
various poewers are zero. We thus obtain the following equations,

Y1+ ayy + by =0 )
Y + ayy + 2bygy, = 0, etc. (g)
which can be solved for v, ¥,, etc.

We will now apply this technique to Egs. 6.3-16 and 6.3-17, but will
carry out the solution only to the first-order correction. Since Eq. 6.3-16
and 6.3-17 already have the symbot 0,, we will let the soluticn to the linear
equation (correspending to y,) be 0y, and 9. The linear equations are
then,

Ispos — (Cn sin 6,)0g, = 0 (6.3-16a)
(A + A)by + (Cnsin )y, = O (6.3-17a)

Eliminating v, we obtain the equation

(Cn sin 0y)?

6‘ e =
oo + A+ A 00

0 (6.3-18)
Letﬁng
Cn sin 6,

YTV + A €

the generating solution fitting the initial conditions is,

6(0
O = % sin ot (6.3-20)
i 60
g = E’E_ﬂ“_@{_.( ) sin wz:l (6.3-21)
Iy 1)
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We next consider the first-order correction corresponding to y; in Eq. f.
From the generating solution we determine the nonlinear terms

6(0)2Cn sin 6,

600¢00 ——_—2]—— 'n2 wt
C B 40
SR [
0

which, substituted into Egs. 6.3-16 and 6.3-17, results in a new set of
differential equations,

Iy, — (Cnsin 6,)6;
24 + B, — C,)sin? 0, cos 6, Cnf(0)2

= — ; - sin?wr  (6.3-16b)
0 w

6(0) Cn sin 6,
(4 + A)0, + (Cnsin Oy, = —(Cn cos ) — ( ) n sIm .
0

6(0)Cr sin 6,2

+ (4 + B, — C;) sin G, cos 60( ) sin® wit (6.3-17b)

wli

We will now eliminate ;. From Eq. 6.3-16b we obtain

é—( I )
L7 \Cnsin 6, ¥

46(0)(A + B; — C,) cos 6, sin 0,
+ I
Q

] {cos® wt — sin® wi)

Substituting into Eq. 6.3-17b, we obtain the differential equation for ;.

[ o4+ 4 G(o)cﬂ2
Cn sin 6 w

Zj] Yy + (Cnsin Og)yy = [:

[(A + B, —C ) sin® 6y cos B, sin f, cos 0,
]()

] {1 — cos 2wt)

LT40(0%(A + B, — C;) sin B, cos 0] cos 2wt (6.3-17¢)

A+ A4

1
In examining this equation, the solution of the homogeneous equation
for 9y is again harmonic of frequency w as given by Eq. 6.3-19. The
particular solution will have harmonic terms of frequency 2w and, in

addition, a constant term equal to the constant term on the right side of
the equation divided by the coefficient of ¢, on the left side. We are
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interested in the constant term since it resuits in a steady drift which
rotates the outer gimbal according to the equation y, = 9.1,
The constant term of the solution is
6(0)2Cn

o= = sy [(4 4+ B, — C))sin® §, cos 6, — I, sin O, cos 0]
0 0

Substituting for /, from Eq. 6.3-15, it reduces to

6(0)2Cn(C, + C; 6
b, = — (0*Cn(Cy + C,) cos b, (6.3-22)

; 2022

It is evident, then, that the outer gimbal oscillates and drifts in a negative
direction, a phenomenon referred to as “gimbal walk.””® It should be

o

noted that gimbal walk cannot take place at 6, = 90° or if the moment of
inertia (C, 4+ C,) is zero.

PROBLEMS

1. The periodic solution for Eq. 6.3-17¢ is
P = o 4 fcos 2wt
Evaluate the coefficient j.
2. Discuss the solution of a nonhomogeneous equation,
i+ ay + by" = f(0)
by the procedure of Sec. 6.3.
3. Solve the nonlinear differential equation,
my + ky — by® = Fsin pt

by the perturbation method outlined in Sec. 6.3. The solution with the use
of only two terms, y = y, + pyy, is

_ + 3ba® sin pt — a3 in 3oz
v=1¢ 4m(w? — p?) mp 4mfw? — 9p?) S op
where
F ., Kk
a = m and w® = Z

4, Show that if only the first term y = a sin pt of Prob. 3 is substituted into the
differential equation, the amplitude relationship

b P’ F
Ima®” ( Tt T et
is obtained. Letting the ordinate v = (3b/4mw®a® be plotted against g,

discuss the solution for the amplitude a versus p/w, where w? = k/m.

5. For the problem of Sec. 6.3, investigate the equation for 0 and establish
whether there is a unidirectional motion about the node axis.
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64 The Gyrocompass

The requirement of a gyrocompass is to point north at any latitude at
any time. The high-speed, two-gimballed gyro, with a pendulous weight
w on the -7 axis to give it moment w/ cos § about the £ axis when the axis

n 2 sin A
Z |

Fig. 6.4=}. Gyrocompass and angular velocity components.

is tilted above the horizon, as shown in Fig. 6.4-1, will satisfy this require-
ment.

In Fig. 6.4-1, the rotation of the earth from west to east is indicated by
the angular rotation vector £ pointing in the northerly direction. Its
numerical value is £ = 27/(24 x 3600) = 7.27 x 10~5rad/sec. At any
latitude 4, Q will have components in the meridian plane, equal to { cos 4
horizontally, and £ sin A vertically.

With the Z axis of the gyrocompass in the local vertical direction, in
order for the [ axis to remain in the meridian plane, and hence point
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north, the outer gimbal must precess steadily by an amount ¢ = £ sin 4
and in addition have an angular velocity £ cos 4 about the - axis perpen-
dicular to the outer gimbal plane. We assume that the gyro is constrained
to move in this manner, and investigate the moment requirement satisfying
the motion.

Letting 6 = 90° — «,, where «, is a small angle above the horizontal
plane at latitude 4, the angular velocities of the &, #, { axes are,

w, =0
o, = (sin A cos oy — cos 4 sin o) (6.4-1)
w, = £(sin 4 sin oy + cos 4 cos &)

Assuming the spin to be very large, we can neglect all other components
of h. With M, = 0, ¢ = constant. The required moment about the &
axis, is

M, = (Cpo,
wi sin ay = CeLl(sin A cos ay — cos A sin o) (6.4-2)

Dividing by sin «,, the required inclination of the spin axis above the
horizon is,
CQd sin A

wi + Cgld cos A 6:4-3)

tan oy =
which depends on the latitude 7.
The moment required for the angular velocity € cos A about the -%” axis

is supplied by the reaction of the bearings on the outer gimbal axis Z.

6.5 Oscillation of the Gyrocompass

If the axis of the gyrocompass is disturbed from the meridian plane, as
shown in Fig. 6.5-1, the oscillation which takes place will have two
components, one perpendicular to the meridian plane and the other in the
meridian plane. Both oscillations will have the same frequency, and so
the end of the axis of the gyrocompass will describe an ellipse.

Letting  be the angular deviation of the spin axis out of the meridian
plane, and o its inclination above the horizontal, we will assume both these
angles to be small, in which case the angular velocities about the &, 7, {
axes will be,

w, = —a — Qycos A

w, =+ Qsin A — Qo cos 1 (6.5-1)

n

w; = (P + Qsin A + Q cos A
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We will also assume the spin to be large and the angular momentum about
the & and # axes to be negligible in comparison.

h, = C¢ = constant for M, =0

he=h,=0
The moment equations of interest are then,

M, = —hw, = Cg(a + Qpcos ) =0 (6.5-2

M, = hyw, = Co(yp + L sin 1 — Qa cos 1) = wla >-2)

where w/ is the mass unbalance of the pendulous weight on the —# axis.
Rearranging these equations, we have

o+ (Qcosh)py =0

. (6.5-3)
(Cp)y — (Wi 4+ C cos L)oo = —Cpfd sin 4
z
n
Qsin A
¢ hy=Co Q cos A
North ! =0
° B :jl B Btl/’ o = —
&
7
3
West
Fig. 6.5-1. Vector components for the gyrocompass.

Eliminating y between these equations, the differential equation for «
becomes
it Wl 4+ Cofd co.s A€ cos 1) o

= Q%gin Acos 4 (6.5-4)
Co

with the general solution,
CopQd sin 4
wl + Cg2 cos A

p= JWIQ cos A + ;Cq')Q2 cos? 4 ~ A/wl;Q c.os A (65-6)
Co Co

o = C; sin pt 4+ C, cos pt + (6.5-5)
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From Eq. 6.5-3, the equation for vy is,

—P .
- = — 5-17
Y= Geosd (Cy cos pt — C, sin pt) 6.5-7)

These equations indicate that the spin axis oscillates horizontally about
the meridian plane and vertically about the stationary angle «,, given by
Eq. 6.4-3. The frequency of oscillation, Eq. 6.5-6 is a function of the
latitude 4, and is very small due to C¢ in the denominator. The frequency
p approaches zero, as the gyrocompass nears the north polar axis, where
the reliability of the instrument diminishes.

High-frequency oscillation

In addition to the slow oscillation given by the foregoing equations,
there is a high-frequency oscillation which was not revealed because the
angular momentum about £ and # were assumed to be zero. By adding
I and —1L# to Egs. 6.5-2, we have,

M, = Co(é. + Qpcos 1) + [,y =0

M. = Co(yp + Qsin A — Qo cos 1) — L& = wix 6:5-8)
Rearranging, and letting,
a= CpLlcos i
b = wl+ CgQ cos A
the above equations become,
¥+ %d + %’” =0
Cp . b CgQsink ©39)
TRYTRT TR

Assuming harmonic oscillations, ¢, the natural frequencies are given by
the determinant,

b Cq
K A L
o £ CO
Ly 218
77 Pty

n n
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(Coy + al, + bl} ab
4 n 2 — I'e _1
P [ I =+ T =0 (6.5-10)

Since (Cg)® is very much larger than al, or b1, the natural frequency
equation simplifies to

e G I o, )

(6.5-11)

The two frequencies are, therefore,

Q2 cos M cos A 2
AU R T L C )P
&

2 -

=gy T Co

We find then that p, corresponds te Eq. 6.5-6, and an additional high-
frequency oscillation of frequency p, is introduced. With A, = h, = 0,
po = o0 did not enter into the previous solution. The amplitude of the
high-frequency oscillation, however, is extremely small, and hence, the
slow oscillation at frequency p; is generally the only one detectable.

Effect of damping

Damping for the slow oscillation of the gyrocompass can be provided
by introducing a mement about the % axis as follows. We move the
pendulous weight w a distance e to the east of the center line so that its
coordinate (£, 9, {) = (—e, —/, 0). The equation for the moment about
the axis is then modified as foliows:

M, = Cop(d 4 Qy cos 1) = —wea (6.5-13)

or,
wea

= —LQypcos I — — (6.5-14)
Cg

Differentiating the equation for M, (second of Eq. 6.5-8 without L4 term),
and substituting for ¢ from above and « from M,, we arrive at the
following differential equation for y:

[ + Cgf2 cos )2 cos A () sin A
i+ (oo)y 4 WIH e Dt pRIE (5515)
Co Co Co
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The effect of the offset e is then to damp the y oscillations and shift the
equilibrium positicn to the east by the angle,

we tan 4

R i — 6.5-16)
Yo wi + CoL) cos A ( g

Compass heading error due to vehicle motion

When a vehicle carrying a gyrocompass moves in a northerly direction
along a meridian with velocity v, an angular velocity /R pointing west,

| .—Meridian

5 cos §

Fig. 6.5-2. Angular velocities in horizontal plane due to vehicle motion v.

where R is the radius of the earth, is introduced. By combining this vector
with the horizontal component of the earth’s rotation Q cos 4, the resultant
angular velocity in the horizontal plane deviates to the west by an angle

v/R
7= Qcos A

and the gyrocompass will now point in the direction of the resultant,

introducing a heading error of y.
If the vehicle is traveling in a direction making an angle § with the

meridian plane, v can be replaced by v cos 8 to give,

v cos @
y:RQcosl—}- vsin 0

where the effect of the component v sin 6 is neglected due to the fact that
it is small in comparison to £ cos 4.
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PROBLEMS

1. Resolve 2 = Cg along the vertical and horizontal directions, so tha} we have
the vector diagram shown. Derive Eq. 6.4-3 from this configuration.

zZ{

Qsin A
Cosina

Qcos\
n

—TJ Cocosa

Prob, |

2. Determine the reactions on the outer gimbal bearings & for the gyrocompass
of Sec. 6.4 (see Fig. 6.4-1).

3. If the gyrocbmpass axis ¢ is clamped at the angle «,, show that the frequency

of oscillation becomes,
Cgd cos 4
n

4. The following data are given for a gyrocompass.

C = 3.0 in. 1b sec?
A = 1.80 in. 1b sec?
¢ = 1000 rad/sec
wl =75 1b in.

Determine p,, p,, and «, for any latitude 1.

Il

It

5. Determine the gyrocompass heading error for a ship traveling at a constant
speed of 15 knots in a direction N 20° E at latitude 48° N. Would the head-

ing error be different if the ships direction were N 20° W ?

by

6. Derive the equation for the heading error of a gyrocompass, taking into
account the latitude component v sin 6 of the carrier vehicle.

7. A gyropendulum is a spherical pendulum with a spinning disk with angular
momentum Cr along its pendulum length /, as shown in the sketch. Letting
A4 be the moment of inertia through O perpendicular to /, show that the
moment equations for small angles are,

Cng + A6 = — Wi
Cnb — AP = Wip
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Cn

Prob, 7

8. Show that the gyropendulum of Prob. 7 has natural frequencies given by the
equation,
5 (C® + 2AWID) + CaV C® + 4AWI
Pre = 5

Approximate equations for the lower and higher natural frequencies,
neglecting the term A Wi/C%?, are,

_wi d _Cn

Pr=¢, °n P2 =

9. The gyropendulum of Prob. 7 is mounted on a vehicle traveling in the «

direction (a great circle) with velocity ». Show that the pendulum must tilt
through a small angle ¢ about the x axis according to the equation,

_ Cnv
~ WIR
where R is the radius of earth.
Cn
@
— = ;%
v
ay
l
X
w

Prob. 9
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10. If the vehicle of Prob. 9 accelerates along the » axis so that dv/dr = a,,

show that
dy  Cna, Cn R
x~wr ™ wmT /\/ 7

The lower natural period of the pendulum, according to Prob. 8, now
becomes,

7'1=27rCWn[=277A/—§=84.4min

which is called the Schuler period, after Max Schuler of Germany, who
extensively studied the problem.

6.6 The Rate Gyro

High-speed gyros serve as basic elements in many instruments for
guidance and control of moving vehicles. Figure 6.6-1 shows the essential

Z

ilnput axis

Fig. 6.6-1. Rate gyro.

elements of a rate gyro. The inner gimbal supporting the spinning wheel
is restrained by a spring which permits a limited rotation about the outer
gimbal which is fixed in the vehicle. The Z axis about which the vehicle
turns is called the input axis, and the axis of rotation of the inner gimbal is
called the output axis.

If the vehicle makes a steady turn about the input axis at a rate ¢, the
rate of change of the angular momentum vector Cr is Cny, which requires
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a moment equal to it about the output axis. This moment is supplied by
the torsional spring of stiffness K, as the output axis tilts by a small
angle 0, as shown in Fig. 6.6-1. Equating the two moments, we have,

Cnip = KO
or
6 = %’ " (6.6-1)

and the output angle 6 is proportional to the rate of turn v of the input
axis or the vehicle itself.

The output angle  is in general read clectrically by a pickoff device.
One such device is the E-pickoff shown in Fig. 6.6-2. The middle leg of

460~

Fig. 6.86=2. E-pickoff on shaft.

the E is supplied by an alternating current, generally of 400 cps. The two
outer legs of the E are wound in opposition, so that when the armature,
attached to the cutput axis, is centered about the middle leg, no voltage
appears across the opposed outer coils connected in series. When the
armature is displaced due to 6, the magnetic flux path is unbalanced,
resulting in a voltage reading in the outer coils.

In the undamped instrument, the output axis will overshoot the steady
angle § and oscillate about it. To prevent this undesirable condition,
damping is generally provided, and its behavior can be established from
the following differential equation,

Ab 4 b + KO = Cuep (6.6-2)

where 4 is the moment of inertia of the wheel and inner gimbal about the
output axis, and ¢ the coefficient of viscous damping. Thus the transient
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characteristics of the instrument can be obtained from the homogeneous
equation,

6 4 2¢wh + % =0 (6.6-3)
where

K
w=\= undamped natural frequency

{= L= damping factor
Cer

Cer = 2V/KA = critical damping

6.7 The Integrating Gyros

If the torsional spring restraining the output is replaced by a viscous
damper, the instrument becomes an integrating gyro. Equating the rate
of change of angular momentum to the viscous damping torque,

Cny = cb
or

Cn Cn
= |pdt = -
] cfwt . (6.7-1)

Thus the output angle § is proportional to the integral of the input angular
rate which is the input angle itself.

6.8 The Stable Platform

The principal function of the stable platform is to maintain a space-
fixed angular reference. It is an essential part of an inertial gnidance system.
The platform makes use of the property of the gyroscope, that a torque
about an input axis (excluding the spin axis) produces an angular velocity
about the orthogonal (output) axis. In general, three single-degree-of-
freedom gyros oriented in mutually perpendicular directions are mounted
on the platform, as shown in Fig. 6.8-1. The platform, in turn, is mounted
on two gimbals which allow it three degrees of angular freedom. If the
platform is perfectly balanced and the bearings are frictionless, no torque
will be experienced by the platform, and its orientation will be maintained
regardless of the motion of the carrier. However, due to unbalance and
friction which cannot be eliminated entirely, disturbing torques will be felt
by the platform. It is the function of the gyros to sense this disturbance
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Yaw
torquer

Fig. 6.8-2. Single-axis platform to maintain angular orientation about y axis.

and, through a servo system, counteract the disturbing torque to produce
essentially a torque-free system.

The understanding of the dynamics of the stable platform can be obtained
by a discussion of the single-axis platform shown in Fig. 6.8-2,% where the
y axis is the input axis and the # axis (rotation of the spin axis) is the output
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axis. A disturbing torque 7, about the y axis will rotate the spin axis, and,
therefore, h through the angle 6, and the applied torque minus the inertia
torque about the y axis must equal the rate of change of the angular
momentum h according to the equation,

T, — Jb, = ho (6.8-1)

where J, is the moment of inertia of the platform, and the gyro with its
frame about the y axis. In the above equation, small angie approximation
is used for the right side which is justified since 0 is seldom allowed to
become greater than 1°.

The precession 6 which is developed by T, results also in a torque
equation about the x axis as follows:

— T, =10 — h¢, =0 (6.8-2)

where I, is the moment of inertia of the gyro and its frame about the = axis.
Using the Laplace transform notation &0 = s 6(s), the two equations
can be written as

T(5) = 7,5* $,(s) = hs 6(s)

- - 6.8-3
Ls% 0(s) = hs ¢,(s) ( )

Eliminating ¢,(s), we obtain the equation
o) _ _ HUL 654

T(s)  s[s? 4 (B2)J,1,)]

which defines the transfer function between the output 6(s) and the input
disturbing torque 7,(s).

The anguiar velocity 6 of the gyro relative to the platform is sensed by
the electric pickoff, amplified and fed to a servomotor which applies a
counter torque 7, opposing the disturbing torque 7,. Generally the

platform inertia J, is large so that the nutation frequency VL, (see
Eq. 6.3-19) is negligible. The approximate transfer function is then equal
to,

0(s) _h

= 6.8-5
T(s) JLs3 ( )

which enables the platform servosystem to be represented by the block
diagram of Fig. 6.8-3, where A(s) is the transfer function of the electric
pickoff, amplifier, and the servo motor. With A(s) known, the stable
platform’s dynamical behavior can be studied for stability and drift
characteristics.

The three-axis stable platform can be considered to be an assembly of
three single-axis platforms similar to those of the previous section, but
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mounted in a single stable unit, as shown in Fig. 6.8-1.4 The analysis is
more complex due to coupling between the three rotations. For the
discussion of the inertial guidance system, it is sufficient to assume that

T, Iy-T| Py A 8

I.s

Afs)

Fig. 6.8-3. Block diagram for the single-axis platform.

there is a platform which will successfully maintain a given orientation in
space.

6.9 Three-Axis Platform (Resolution of Motion)
The analysis of a three-axis platform is more complex owing to coupling

between the three rotations and the necessity of resolution of the platform
pickoff signals because of nonalignment of the gimbal and platform axes.

Fig. 6.9-1. Coupling in three-axis platform.

Figure 6.9-1 shows the angular momentum vectors of the z, y, z gyros.
Letting 0, 0,, 6, be the outputs of the z, y, z gyros due to rotations ¢,, ¢,,
¢, of the input axes, the pickoff of each gyro must be,

Oy = b, — ‘?Sa/
g, =0,+ ¢, (6.9-1)
o, = ez - 961!
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With the gimbal axes lined up with the platform axes, the counteracting
torques called for by the pickoff signals are of the form,

To(s) = A(5) 0,(s) = A,(N0,(5) + ¢u(5)] (6.9-2)
where 4,(s) is the transfer function of the y servosystem. Thus the behavior
of the single axis platform is modified by the coupling term of the form

A5) $ul5)-

Ty 1 by B By
Tos
Ay(s) ?1“
Ty oM 8
Ax(s)
T, (2 6
Az(s)

Fig. 6.9-2. Block diagram of three-axis platform

The block diagram of the three-axis platform consists of the three
uncoupled circuits of the form shown in Fig. 6.8-3 with additional
connections corresponding to the coupling terms, — A,(s) ¢,(5), 4,(5) b.(s),
and —A,(s) ¢,(s), as shown in Fig. 6.9-2.

Assuming that the outer gimbal axis, originally parallel to the platform
x axis, is attached to the vehicle, as shown in Fig. 6.9-3, and assuming that
the vehicle is roll-stabilized, the motion of the vehicle in pitch and yaw will
cause the gimbal axes to deviate from the platform axes. It is evident
then that the platform torques T,, T,, T, must now be resolved along the
displaced gimbal axes where the torque servomotors act. Since the
countertorques are proportional to the platform pickoff signals, the
proper torques about the new gimbal axes are found by resolution of the
platform pickoff signals along the gimbal axes.
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With the vehicle roll-stabilized, we first allow the vehicle to nose down

through a pitch angle @,. Letting the new gimbal axes be indicated by

z o
~

S
—_ \\k\

/ Pitch through ——
,\\ingle &,

i

|

.
L

—— e

//
Rollaxisk

///-—__“\-

—

B %, >

— = o /

/

r‘ —
r v s
i aw through /x e
@ \\// angle @, -
\

-
Pitch 1\ b

— ///////Pitch axis

(e

Fig. 6.9-3. Gimbal rotation requires resolution of torque.

primes, the components of the platform pickoff signals along the gimbal
axes are

Oy = 0,c08 D, — 0,8in D,
o, = 0,
0, =

0,5in O, + o, cos D,

Next allow a rotation @, in yaw about the 2’ axis, and resolve g, along
the pitch gimbal axis and the new roll axis,

Gpon = O S6C @,

Tpiten = — 0 tan @,
The resulting signal about the new gimbal axes of roll, pitch, and yaw due
to both @, and @, are, then,

Oy,

on = (0, cos @, — d, sin @) sec D,
Opiten = —(0,cos @, — 0, sin D)) tan @, + ¢,
(0, sin ®, + g,cos ®)) = o,

Oyaw =
which can be expressed in the following matrix notation.
0

roll

cos D, sec®, O
Opiten | = | —Ccos @, tan @, 1 sin @, tan P,
Oyaw sin @, 0

—sin @, sec @,][ @

cos (I)y
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The function of the resolver is then to resclve the platform pickoff signals
Oy Oy 0, 10 the components 6,011, pitens Fyaw along the displaced gimbal
axes housing the roll, pitch, and yaw servomotors.

6.10 Inertial Navigation
Navigation is the science of directing a vehicle to a destination by

determining its position. In inertial navigation this task is accomplished
without observation of landmarks, celestial bodies or radic beams.

To integrator

§
é

Fig. 6.10=1. Accelerometer and integrator.

A vehicle moving in space possesses six degrees of freedom, three
translational and three rotational. Consequently, six sensors are needed.
The stable platform discussed in Sec. 6.8 offers a reference for the rotational
motion, whereas the accelerometer is an instrument capable of detecting
translational motion. In fact, the three gyros of the stable platform and
the three accelerometers oriented in mutually perpendicular directions can
supply all the information for establishing the motion of a rigid body, and
the high degree of accuracy with which this is being done has made
inertial navigation a practical reality.®>7

Figure 6.10-1 shows a schematic of an accelerometer and integrator.
Acceleration along its axis displaces the mass against the spring according
to Newton’s equation F = ma, where F is the spring force. The displace-
ment of the mass which is proportional to the acceleration is picked off by
a potentiometer and integrated to velocity and displacement of the vehicle.

The accelerometers are mounted on a table which is always maintained
normal to the local radius of the earth. This is accomplished by means of
a computer and a clock which rotates the table relative to the stable
platform, as indicated in Fig. 6.10-2. In some cases the accelerometers
are mounted directly on the stable platform which is torqued to the normal
position.
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To obtain an understanding of how the inertial navigator works, we
assume that the vehicle starts at the equator and that the plane of the stable
platform is horizontal with the arrow pointing in the N polar direction.
If the vehicle moves towards the north along 2 longitude, and the accele-
rometer table is always kept normal to the geocentric radius 7, the N-§
accelerometer will measure the acceleration g, (see Fig. 6.10-2). The

- Stable platform ¢

Computer

Fig. 6.10=2, Components of an inertial navigator.

proper rate of rotation of the table about the y axis is then w, = v,/r,
where v, is determined from the first integral of a,. The latitude motor B
then rotates the table at a rate w, to keep the N-S line on the table normal
tor.

Due to rotation of the earth towards the east, the E-W¥ line of the table
must be rotated by the longitude motor 4 to unwind the earth’s rotation.
Since during the motion of the vehicle the orientation of the stable platform
remains fixed in inertial space (towards the N star) the required rotation
of the accelerometer table about the » axis of the stable platform at any
latitude is Q or 15°/hr.

To this rotation must be added the rotation about the platform z axis
due to the E-W motion of the vehicle relative to the original longitude. By
integrating the output of the E-W accelerometer and dividing by r cos 4,
the additional rotation to maintain the E-W line of the table normal to
is w, = v,[r cos A.

These computations are performed by a computer which must be an
integral part of the inertial system. Thus the inertial navigator must



188 INTRODUCTION TO SPACE DYNAMICS

consist of the stable platform, accelerometers with integrators, a computer
to compute the proper angular rates of the table due to vehicle motion, a
clock to unwind the earth’s rotation, and the servomotors to actually
carry out these functions.

6.11 Oscillation of Navigational Errors

The accelerometers mounted on the vehicle measure only the non-
gravitational force F,, acting on the vehicle, and therefore one must add
to it the gravitational force F, in order to determine the total force which
determines the acceleration 2, of the vehicle.

F,+F,=ma, (6.11-1)

For example if the vehicle is resting on the surface of the earth, the verticle
accelerometer will indicate the upward force (thrust) of the ground on the
vehicle, or F,,, = W. To this must be added the gravitational attraction
of the earth on the vehicle F, = —W which results in the zero acceleration
of the vehicle.

Arng By ‘fdt |fdt T

| |

ag

g-computer

Fig. 6.18=1. Simplified block diagram of gravity and position computation.

Equation 6.11-1 can be expressed entirely in terms of acceleration by
dividing by m
a,=A,, +a, (6.11-2)

where A, is the nongravitational (thrust) acceleration indicated by the
accelerometers. The vehicle position is then found by a double integration
of the vehicle acceleration a, as shown by the simplified block diagram
of Fig. 6.11-1. The gravitational acceleration a, which depends only on
the position r is computed and added to the output of the accelerometers
to give the vehicle acceleration a,.

It is evident that an accelerometer error would result in incorrect
rotation rates of the accelerometer table which would result in a position
error, an incorrect value of a,, and a deviation of the accelerometer table
from the normal to the true geocentric radiusr. These errors are oscillatory
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for subsatellite speeds, and we will now investigate their nature.

We will define the correct position of the vehicle by a vector r refer-
enced to inertial coordinates with origin at the center of earth. We will
also define another set of coordinates z, y, z with origin coinciding with
the correct position of the vehicle and with the z axis parallel to r as
shown in Fig. 6.11-2. Thus the angular velocity of the vehicle is specified

y

/’ .

Fig. 6.11-2. Vehicle position indicated by r. Origin of z, y, z coinciding with vehicle.

by w,, w,, w, respectively and the xy plane is always normal to the local
geocentric radius r.
We now assume that the position of the vehicle is in error by

Ar = Axi + Ayj + Azk (6.11-3)

and examine first the error in a, = —g. Since g is inversely proportional
to the square of the distance from the center of the earth, the incorrect
components of g computed from r + Ar are

2 2A
N

r+ Az

8= —gérf = —w2 Az (6.11-4)
Ay

8y = _gT = '_wo2 Ay

where —g is the correct value and wy? = gfr.
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The acceleration error of the vehicle can be determined from the general
equation for acceleration by replacing r by Ar.

ha, = [A% 4+ w0, Ay + ww, Az — (02 + ©,2) Ax + &, Az — o, Ay
+ 2w, Az — w, Al
+ [A§ + v, Ar + 0,0, A2 — (02 + ©,2) Ay + @, Az — @, Az
+ 2w, A% — w, AD)]j
+ [AZ + w0, Az + 0,0, Ay — (02 + 0,2 Az + &, Ay — b, Az
+ Aw, Ay — o, Ax)]k  (6.11-5)

Substituting these quantities into the error equation,

its component equations can be written as

d> d
|:d_t2 + w2 — (0,2 + wf)} Ax = AA, + (2&)2 % + o, — wwwy) Ay

d
— (2% = + o, + wxwy) Az (6.11-6)

d2 2 2 2} —_ ( d 3 )
ot — @2 + 03] by =84, + (20,0 + 6.~ 0,0.) A

d
- <2wz—t + @, + wzwy) Az (6.11-T)

vdt

2
[Z—tz — 20,2 — (0,2 + a),ﬁ):l Az = A4, + (2w

d
+ i, — wmwz) Ax

d
— (260”_1‘ + a, + wywz) Ay (6.11-8)

To interpret these equations, assume the vehicle to be traveling with
velocity v in the y direction along a great circle at constant altitude. Then

w, = o, =0, and w, = —vfr. The above equations reduce to,
d2
(a’_t2 + cooz) Az = AAd, 6.11-9)

d? , U d .
=+ (of =5 ) | by = 84, + (20, 2 + o) A2 (6.11-10)

d? g, U A d ) A
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The first two equations have solutions which are harmonic oscillations of
frequency w, = vV §/? and Vw,® — (1*/r?). The solution of the third
equation is hyperbolic and Az must diverge.

For ordinary altitudes, the period as computed from wy is,

3560 x 5280 .
T—-ZﬂTA/—~—-27TA/ 7 % G = 84 min (6.11-12)

and the inertial system is often referred to as the 84-min Schuler pendulum.
As v approaches orbital speeds for satellites, wy? — (v%/r%) will approach
zerc and the desirable oscillatory nature of the position error disappears.

In addition, we might mention briefly the error introduced by the
deviation from normal of the acceleration table. If the table tilts by a small
angle ¢ = ¢,1 + ¢,§ + ¢k, the error in the accelerometer output will be,

(6.11-13)
PROBLEMS

1. An aircraft directional gyro has a spin angular momentum of # = 3.0
Ib-in./sec. If the drift rate is specified as 0.01°/hr, determine the torque
producing the drift.

2. An inertial system is to guide an airplane traveling at a speed of 600 mph
to a destination of 1000 miles with an accuracy of 14 mile. Determine the
allowable drift rate.

3. Assume that for the single-axis stable platform of Fig. 6.8-2 there is damping
and spring stiffness restraining the rotation of the output axis. Write the
equatxon for the torque about the output axis.

4. Write the subsidiary equation for the single-axis platform including damping
and spring stiffness, and draw the new block diagram.

5. For the single-axis platform of Prob. 3, determine the transfer function
6(s)/¢(s) and discuss the special cases when: (a) damping = 0; (b) spring
stiffness = 0; {(c¢) damping and spring stiffness = 0. Indicate the type of
gyro obtained in each case.

6. For case (c) of Prob. 5, obtain the transfer function 7,/T}, where T, and T,

are the disturbing torque and the servo countertorque, and discuss the
influence of A(s) on the system.

7. Obtain the stiffness characteristics of the single-axis platform by examining
the transfer functions Ty(s)/6(s) and T(s)/¢(s).

8. A three-axis stable platform has gyros mounted as shown in the sketch.
Identify which are the z, y, and z gyros and determine the equations for the
pickoff signals, using ¢; for input and 6; for output.
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Prob. 8

9. If the three-axis platform has gyros arranged as shown, identify the =, ¥,

10.
11.

i2.

13.

and z gyros and determine the equations for the pickoff signals.

Prob. 9

Draw a block diagram for the dynamics of the platform of Prob. 9.

If the platform of Prob. 9 is mounted on a missile with the roll-stabilized
axis along the « axis, determine the equations for the resolver signal along
the servo roll, pitch, and yaw axes due to angular rotations @, and @,,.

.An airplane with an inertial navigator is headed in the direction N 60° W

at latitude 32° N, at speed 600 mph. Determine the angular rates about the
meridian and latitude axes due to the moticn and the required angular rates
of the accelerometer table.

A rocket ship guided by an inertial navigator is traveling along a great circle
route at constant altitude of 100 miles and at a speed of 12,000 mph. With
the horizontal axis v oriented along the flight path, discuss the nature of the
navigational errors and calculate the frequency of the oscillatory error.
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[,

10.

11.

12.
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Space Vehicle Motion

CHAPTER 7

7.1 General Equations in Body Coordinates

For rockets and space vehicles it is often necessary to consider the
general problem of the spinning body under thrust. The concern here is
the body attitude and the motion of the center of mass. We will first
consider problems where the rate of mass variation is small enough to be
negligible.

To outline the problem at hand, we will consider a rigid body and define
a set of body-fixed axes =, y, z rotating with angular velocity w, and with
the origin coinciding with the center of mass. Although it is always
desirable to let the body axes coincide with the principal axes, this is often
not possible, so that, in the general case, the moments and products of
inertia will be defined as

IL,=4 I,=D
I,=8B IL,=E
I.=C I,=F
The angular momentum (Eq. 5.2-7) in the above notation becomes
h = (4o, — Dw, — Ew )i + (Bw, — Fo, — Dw,)j
+ (Cw, — Ew, — Fo )k (7.1-1)

and the moment equation about the body axes

M=h+wxh
194
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can be written out in terms of the components given by Eq. 5.6-3 as
M, = (Ao, — Dd, — Ed,) + (Co, — Ew, — Fo,)o,

— (Bw, = Fo, — Do)o,

M, = (B, — Fo, — Dw,) + (4w, — Dw, — Ew o,

— (Cw, — Ew, — Fu,)o,

M, = (Cw, — Eb, — Fo,) + (Bw, — Fo, — Dw,)w,

— (Aw, — Dw, — Eo,)w,

(7.1-2)

We next let the velocity of the center of mass be expressed by the
equation

v=ui+vj+ vk (7.1-3)
and the force as
F=Fj+ Fj+ Fk (7.1-4)

Since the #, ¥, z coordinates are rotating with the body, the force com-
ponents in the z, y, z directions are determined from the equation

4
F= mlid—:il +w X my (1.1-5)

to be
F, = m(v, + v,w, — v,0,)
F,=m@, + v,0, — v,0,) (7.1-6)
F,=m(, + v,0, — vmwy)

If the resultant of the above forces does not pass through the center of
mass coinciding with the origin of the z, y, 2, axes, Eqs. (7.1-2) and (7.1-6)
become coupled owing to the moment of the force. Also these equations
define the motion of the body only in terms of the linear and angular
velocities referred to body axes, and their solution and transformation to
displacements and angles relative to inertial coordinates are problems of
considerable difficulty which can be accomplished only under simplifying
assumptions.

7.2 Thrust Misalignment

We will consider first a simple problem of a spinning missile with a
misalignment of the thrust line. We will assume that the missile is
symmetric so that the z, y, z, axes coincide with the principal axes 1, 2, 3
with I; = I, = 4 and I; = C. With 4 = B, we can rotate the 1, 2 axes
so that one of these axes, say 1, is perpendicular to the plane containing
the thrust and axis 3, as shown in Fig. 7.2-1.
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Euler’s equation for the missile is then

Ady + (C — Awgwy = My (7.2-1)
Awy — (C — A)w,w; =0 (7.2-2)
Cairy =0 (7.2-3)

Fig. 7.2-}. Thrust misalignment resulting in moment M,.

The third equation tells us that w; = n, a constant. Although C is
generally less than 4 for missiles, we let

cC—4
A= 7.2-4
= (7.2-4)
as in Sec. 5.8-3 and rewrite the first two equations as
M,
iy + Ay =—> (7.2-5)
A
g — Ay, =0 (7.2-6)

For the solution of these equations, we will use the technique used in
Sec. 5.8 of adding w, and w, in quadrature. Multiplying Eq. 7.2-6 by
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i=v-, adding it to Eq. 7.2-5, and letting wy, = w; + iw,, the two

equations for w, and w, are replaced by one

Mi(t)
A

Using the method of Laplace transformation, its subsidiary equation
becomes

(1.2-7)

g — Iy, =

@12(0) My(s)

@ya(5) = P Ry (7.2-8)
and its solution given by its inverse is
. It ,
w1a(t) = wia(0)e™ + 7 f My()e* =) dr (7.2-9)
0

The separation of this equation to w, and w, is easily accomplished by
noting its real and imaginary parts.

PROBLEMS
1. From Eq. 7.2-6, w; = (1/A),. Substitution into Eq. 7.2-5 results in
i
iy + Py = i My(1)

Solve this equation for w, and show that

@5(0)
A
2. From w; = (1/)k, and the solution of Prob. 1, determine the solution for

w4(1).

3. Note that the procedure of Prob. 2 encounters differentiation of an integral.
b

4
Let ¢(f) = f F(r, ) dr = f M(<)sin A(t — 7) dr and use
0

a
dp() fb oF db da
_dt = ; Ft-dT +F(b,t)7t' F(a, t)z‘

t
wo(t) = wy(0) cos At + sin Az + % fMl(r) Sin At — 1) dr
0

The result is
d [t ¢
— | M) sin At — ) dr = lf My(7) cos Mt — 7) dr
dt 0 0

4. Separate the Eq. 7.2-9, w;, = w; + iw,, into its real and imaginary parts and
verify the solutions for w, and w, of Probs. 1, 2, and 3.

5. A symmetric body, 4, A4, C, is damped with moments about the body-fixed
axes as follows: M; = —kw,, M, = —kw,, M; = —kw,. Show that the
angle between the spin axis, (axis 3) and the angular momentum vector is

o
tan@-%aexp kI i
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6. A symmetrical satellite with moments of inertia 4, 4, C is spinning with
angular velocity w about the axis of C. If a constant torque M, is applied to
the transverse body-fixed pitch axis, show that the angular velocity of the

satellite is
w, =n

) M A
— AL 1 Pl
o) = w,(0)¢ B (1 — &%)

7.3 Rotations Referred to Inertial Coordinates

The solution of the previous problem is in terms of body-fixed co-
ordinates which are rotating. In order to transform from the body-fixed
coordinates to the inertial coordinates X, Y, Z it is necessary to introduce
Euler’s angles. From Eq. 3.5-1 the transformation is

w, = v sin 0 sin ¢ + 6 cos ¢
wy = 1 sin f cos ¢ — 0 sin (7.3-1)

w; =1pcos + ¢ =n aconstant for M; =0

Adding w; and @, in quadrature,

Wiy = w; + iwy = (0 + iy sin He ™17 (7.3-2)
From wg
. h—=9
=— 7.3-3
¥ cos 0 ( )

which, substituted into Eq. 7.3-2, results in
g = [0 + i(n — @) tan Ole~i? (7.3-4)

Although this equation relates the angular velocity w,, about the body-
fixed coordinates in terms of Euler’s angles referenced to inertial axes,
further simplification generally requires a small angle approximation for 0.
Such an approximation is often justified when dealing with rockets and
missiles whose spin axis must not deviate greatly from a fixed direction of
flight.

When 6 is small tan § can be replaced by 6

wy = [0 + i(n — §)fle™* (7.3-5)

At this point we introduce a complex angle of attack, proposed by H.
Leon*5, which uncouples Eq. 7.3-5.

By = B~ (7.3-6)
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Differentiating
Oy = (0 — igh)e (1.3-7)
Equation 7.3-5 can then be written as
brp + inflyy = oy (7.3-8)

so that when w,, is a known function of time we have a first-order ordinary
differential equation in 0, to solve. It must be remembered however that
the above procedure is limited to problems where @ is smalil.

Z

Fig. 7.3=-1. Velocity components in transverse plane tilted by angle 6.

At this point the significance of the term e %% appearing in the various
equations should be pointed out. For example, consider Eq. 7.3-2,
which is .

w1 = Wy + iwy = (6 + iy sin Gle 7
All of the components in this equation lie in the tilted transverse plane

which are shown in Fig. 7.3-1.
Writing e %? = (cos ¢ — i sin @), w;, becomes

wyy = (6 cos ¢ + v sin O sin @) 4 (3 sin 6 cos ¢ — 0 sin @)
(7.3-9)

The real and imaginary parts of this equation are, however, equal to the
components of § and v sin § along axes 1 and 2. Thus the multiplication
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of the components (6 + iy sin 6) along the node coordinate system by
e " results in o, + iw,, the components along the body-fixed axes rotated
through an angle ¢ from the node axis. It follows Jogically then that, if we
multiply the components w; + iw, along the body axes by €'?, we should
obtain the vector wy, in terms of the node axis components as follows:

(@) + i0,)e" = " = (6 + iysin6) = »,,  (7.3-10)

We can now attach physical significance to the complex angle of attack
61, = Be~. Since 6 is multiplied by e ™%, 8, is resolved into components
along the body-fixed axes 1 and 2. (Although an angle is strictly not
representable as a vector, we have assumed ¢ to be small, thereby
justifying its vector presentation.) To restore 6 along its node axis we
multiply ;5 by €%, i.e., 0 = 0,,¢°?. Furthermore, if we wish to examine 6y,
in terms. of inertial components, we need only to multiply 6 by e¥
(assuming vy measured in the XY plane to be equal to that measured in the
tilted plane for 6 small), or

fe = (,5¢"")e”
= (Pt (7.3-11)
~ Glzeint
where

<p+wgf(q>+1pcos 0) dt ~ nt

Example 7.3-1
For a body of revolution 4, 4, C, under moment-free condition, the complex

angular rate from Eq. 7.2-9 is
Wy = wip(0)etH (@)

where 1 = nl(C — A)/A]. Substitution into Eq. 7.3-8 results in the differential
equation for the complex angle of attack

Oy + inby = wy5(0)e™ @)

Letting 6y,(s) be the Laplace transform of 6;,(¥), the subsidiary equation becomes
_ 0

f,5(s) = 12(0) w15(0) ©

s +in (s + im(s —id)
From its inverse, the solution for 6,,(¢) is

t

611) = O15(Q)e™ + ang(O)ein" f el dr
0

eg—int

e [l — eitn+iy] (d)

= 015(0)e™t + iw,(0)

~which is referred to body-fixed axes.
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To examine the angle of attack in terms of the inertial axes, we multiply by
£ to obtain

Oxy (1) = 65(0) + z wm( ) — eitnt 0]

12( )

z;‘—l’lﬁg [l —cos(n+ M (&

= [ 12(0) + sm (n + l)t}
The real and imaginary components of 6,,(¢) are along the X and Y axes, the end
of the vector Oy () prescribing a circle of radius {w,(0)]/(z + 1) about the
center 0,5(0) + i[w,,(0)})/(n + 1), as shown in Fig. 7.3-2.

w13(0)
n4 A v)j
0,Z
012(0)
Oxy
t=0 -
(n+ Mt
X

Fig. 7.3-2. Inertial components of angle of attack 6.

7.4 Near Symmetric Body of Revolution with Zero Moment

When the geometric axes =, y, z corresponding to yaw, pitch, and spin
of a missile are not principal axes, the solution in terms of such body
coordinates will require the solving of the general Eq. 7.1-2. These
equations do not lead to a simple solution, even for small products of
inertia, and it is desirable to take a different approach.

We recognize first that every body has a set of principal axes 1, 2, 3.
For the near symmetric body, the principal axis 3 deviates only by a small
angle # from the spin axis 2, as shown in Fig. 7.4-1. Without loss of
generality, the transverse axis x can be chosen normal to the plane 203,
and the other two axes 1 and 2 are defined by the angle ® between axis 1
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and the transverse axis  which intersects the planes 1, 2 and zy. Since
both the 1, 2, 3 and =, y, z axes are body-fixed axes, f and © are constants,

If we assume that the principal inertias /; == [,, then elementary
solutions are available in terms of principal axes 1, 2, 3. The motion of the
geometric axes x, ¥, z can then be obtained by a transformation of
coordinates with 5 and @ known.

Fig. 7.4-1. Principal axes 1, 2, 3 displaced from missile axes z, y, z. Axis x is normal to
plane 203.

We will assume that the moments and products of inertia about the

missile axes z, y, z are
IL,=A L,=D
I, =8B I,=F
I,=C I, =F

They are related to the principal moments of inertia [;, f, f; by the
equations of Sec. 5.4 as follows:

A =120 4+ L2y + 12, =L cos>D + Lsin2 @
B=1Isin?® + [, cos* D + 2,
C = Lp%sin® ® + L,f%cos> @ + 1 (4-1)
—D = L L+ Lolels + Lglals = (I — 1p) sin @ cos @
—E = (I, — L) sin ® cos ®
—F = (I; sin? ® + [, cos® P)f — (I,
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The direction cosines used in the above equations are obtained from the
matrix transformation between coordinates =, y, z and 1, 2, 3 with lengths
2, y', 2 along it (see Sec. 5.4). Since f is small, the approximation
sin f = B and cos § =1 is used:

x cos @ —sin @ 0 2
y|=|sin®cosf cos@cosff —sinfi ||y (7.4-2)
z sin®sinf cosPsinf  cosf 2

If we assume I; = I, Egs. 7.4-1 reduce to the following
A=1 D=0
B =1 + B, E=0 (7.4-3)
C= 52]1 + I F= —ﬁ(ll - 13)

and the angle g becomes
B = (7.4-%)

To solve for the angular velocities, we first write down the trans-
formation from the missile axes to the principal axes, assuming § to be
small:

wl] cos® sin® fsin®)[ o,
wy | = | —sin® cos® fcosD || o, (7.4-5)
N J 0 —p 1 w,

Adding w; and iw,, where i = v/=1, we obtain the complex angular

velocity
Wyp = Wy + iC()2 = [(a)w + lwy) =+ iﬁa)z]evi(D

=~ (w,, + ifn)e™*® (7.4-6)
1

where @, o~ n. By multiplying Eq. 7.4-6 by ¢'®, this equation may also

be written in the inverse form
gy = We'® — ifn (7.4-7)
Figure 7.4-2 shows the relationship between the missile axes z, ¥, 2, the
principal axes 1, 2, 3, the inertial axes X, Y, Z, and the line of nodes &.
The missile axis « is normal to axes 3 and z, whereas the line of nodes & is
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normal to axes z and Z. The position of the missile axes z, ¥, 2 is obtained
by starting with the missile spin axis z coinciding with Z and perferming
three rotations as follows: (1) rotation of  about Z; (2) rotation of ¢
about £; and (3) rotation of @ about the spin axis z. The principal axes
1, 2, 3 are then referenced to the «, y, z axes by the fixed angles § and ©.

Fig. 7.4=2. Principal axes 1, 2, 3 referred to missile axes z, ¥, 2, which, in turn, are
referred to node axis & and inertial axes X, ¥, Z.

From Ex. 7.3-1 we have the solution for the moment-free body in
terms of the principal axes with I, = 7,,

w1y = ap(0)e™ (7.4-8)

~in . @ (O) —1ini i(n
B = 015(0)e ™4 Zn_li—i el — eitnthr (7.4-9)

where A = n[({; — L)/I;]. From Eq. 7.4-6, the initial value w,(0) is found
to be .
w12(0) = [w,,(0) + ifnle™® (7.4-10)

Substituting Eq. 7.4-10 into Eq. 7.4-8, and Eq. 7.4-8 into Eq. 7.4-7, we
have ‘ ‘
= w,,(0)e™ — ifn(l — &™) (7.4-11)

Wy

which transforms the complex angular rate solution to the missile axes
x, y’ z'
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As discussed in Sec. 7.3, 0, = 6e~'? resolves 0 into components along
the body-fixed axes z, y. It is also noted (see Fig. 7.4-2) that the angle § is
a vector along axis z so that the components of 6 and § along the z and y

axes are
(Bcosp + f) — i(fsin @) = e~ + B

=0, +f (7.4-12)

To reference 0, + f to the principal axes 1, 2, we multiply by e ~*® and
designate it as 0y,:

bya = (B + Be™® (7.4-13)
Multiplying Eq. 7.4-13 by ¢'®, we obtain its inverse
Oy = 01’ — B (7.4-14)
Substituting for 6;, from Eq. 7.4-9,
6,y = 10,5(0)e ™ + i%e;m [1 — & Met® _ B (7.4-15)

However, from Eq. 7.4-13,
01(0) = [6,,(0) + Ble™*? (7.4-16)
so by substituting from Eqs. 7.4-10 and 7.4-16 into Eq. 7.4-15,

wmy (0) e —int

1 — i(n+A)t
n+ A [ ¢ ]

Opy = O, (0)e ™™ + i

—int __ _L I - (n+A 1 7.4-17

Bl = s e L — (7.4-17,

Equation 7.4-17 expresses the angle 6 between the missile spin axis and

the inertial Z axis as a vector in the transverse plane with components

along the rotating » and y axes, with z real and y imaginary. To examine

this vector in the transverse inertial plane XY, we multiply 0,, by e™! to

obtain

,,(0) 4 A . n o

0 =6 (0 . Ty 1— a(n 4 AN [ __ pint z(n—H)tJ
XY ”()-l_ln-i-ﬂ[ € ]+ﬂn+l € +n+le

(7.4-18)

Comparing Eq. 7.4-18 with Eq. 7.3e, we find that the vector § in the
inertial plane has an added term due to . In addition to the precession
speed (n + A), the effect of the product of inertia has introduced a
component fei™ which rotates at the spin speed n. The result is a motion
of the spin axis indicated by a curve, as shown in Fig. 7.4-3.
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Fig. 7.4-3. Possible motion of spin axis projected cn inertial plane X, Y.

PROBLEMS

Assume that the fuel consumption rate of a given missile with 4 = 10C is
small enough to justify a constant mass analysis. If the thrust misalignment
in the body coordinates is a constant and equal to Te, where T is the thrust
parallel to the longitudinal axis, and e is its offset, determine the equation
for the complex angular velocity wy,.

. When 6, the angle between the principal axis 3 and an inertial axis Z is

small, it can be represented as a vector. Along what axis do we represent
this vector, and how do we resolve it into components along the rotating
body axes with spin velocity ¢. How do we resolve it into components along
the inertial XY axes.

. If we assume the velocity vector V of the center of mass of a missile to be

fixed in space, determine for the moment-free missile the angle between V
and the angular momentum vector h.

. Defining the angle of attack of a missile as the angle between the longitudinal

axis and the velocity vector V, show how this varies for the moment-free
missile.

. For a body of revolution (A4, 4, C), the motion under moment-free conditions

is described by a constant precession angle 6, the plane containing the angular
momentum h, the angular velocity w, and the spin axis 3 rotating about the
fixed h vector at a rate v = C¢[[(4 — C)cos 6} = Cn/(A cos 6). Show that
the results of Example 7.3-1 are consistent with this requirement provided
615, the angle of attack is small.

. If the missile of Prob. 1 is spinning at a rate n = 2= rad/sec, determine the

complex angle of attack relative to inertial space, and plot the results in the
XY plane.

. If the geometric axes x, ¥, z of a near symmetric missile deviates from the

principal axes I, 2, 3 by the angles f and @, where f is a small angle between
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10.

11,

12.

13.

the z axis and the principal axis 3, show that the assumption of 7; o~ I,
results in ® = ». Physically what does this mean?

. Show that in the general case for small 5, where ® may not be =, Eq. 7.4-1

can be solved for f as
5 = FD + EB - O)
N Fb

. The principal moment of inertia ratio I/I; for a near symmetrical satellite

is given as 1.20, and the principal axis 3 is tilted from the geometric axis 2
by the angle # = 0.05 rad. If the spin rate n = 2 rad/sec and [w,,(0)]/n =
14, determine the complex angle of attack relative to inertial space and
show how the geometric axis z is moving in a plane normal to the velocity
vector.

Using the equation for w,,(t) of Prob. 6, p. 198, in Eq. 7.3-8 shows that the
angle 0y referred to inertial axes is given by the equation

1045(0) . M, A . n )

0w = 0.0 IRV — ettty L L T pint elln+ae

xy = 00 4 V= id v Y
Body axes «, ¥, and z initially coinciding with the inertial axes X, ¥, and Z are
given the following sequence of rotations. Rotation 0; about z followed by
rotation 6, about the displaced ¥ axis and a rotation 6, about the final position
of the z axis. Derive the transfer matrix expressing the body axes in terms of
the inertial axes, and its inverse.
Assume angular velocities 6, 6, and 6; about axes z, y, and  in the sequence
given by Prob. 11, and write the equations for the angular velocities w, w,,
and w; about the final position of the body axes z, y, z

/ (20.3

Prob. 12

Referring to the figure of Prob. 12, assume the missile to be symmetric so
that I, = I,, and determine the equation for the attitude deviation 6, + i,
of the longitudinal axis due to a constant yawing torque M,
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14. A space vehicle of moment of inertia £}, I, and 7, is in a circular orbit with
constant angular velocity w, about the axis 2 to maintain the direction of
axis 1 always tangent to the orbit as shown in the sketch. Assuming small
disturbances 0, 65, 0, derive the differential equation of motion for the
torques about the body axes 1, 2, and 3.

Prob. i4

15. Assume the body axes I, 2, and 3 of the space vehicle of Prob. 14 to deviate
from the orbit axes 1/, 2’ and 3’ by angles 0,, 5, and 0, in the sequence
specified in Prob. 11. Using the procedure of Sec. 4.18 and a spherical earth,
show that the gravity force on the space vehicle results in torques about the
body axes equal to

3K .

M, = 2R} (I3 — L) sin 26, cos? b,
3K .

M, = SR (I3 — I) sin 26, cos 6,
3K

My =

512-0—3 (Iy — L) sin 26, sin 0,

where K = Gm, and R, is distance from the center of earth to the vehicle
center of mass.

7.5 Despinning of Satellites

In the design of satellites it is often necessary to provide means for
reducing the spin of a spin-stabilized satellite while in orbit to allow proper
functioning of instruments. Figure 7.5-1%* shows a simple device,” used in
the Pioneer III lunar probe, which is capable of reducing the spin to zero.
1t consists of a small mass m on the end of a light cord wrapped around

* To maintain symmetry two such masses are released.
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the symmetrical spinning body. With the satellite spinning with speed w,
about its axis of symmetry, the mass m is released. The cord will now
unwind and the angular speed of the satellite will gradually decrease.

L

Fig. 7.5-1. Despinning device for a satellite.

When the cord is completely unwound, it is released and allowed to fly
away. By choosing the length of the cord properly, the spin of the satellite
can be reduced to any value less than the initial value.

» 6 _r
X
R

x

Fig. 7.5-2. Unwinding of mass 7.

The device may be analyzed as follows. Since m is small, the body may
be assumed to spin about the geometric axis of symmetry of the body 0,
with moment of inertia I and angular velocity w. We attach the X, ¥
coordinate axes to the body and allow a second set of axes x, y to rotate
relative to the body so that the y axis always passes through the tangent
point of the cord, as shown in Fig. 7.5-2.
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We will assume that initially m was in contact with the cylinder at the
X axis, in which case the length of cord extending beyond the tangent
point is equal to the arc length Ré. The position of m is then,

r = RHi + Rj (7.5-1)
Since the axes z, ¥ are rotating with speed (w + ¢;)k, the velocity of m is
v=i4+(o+kXr
= Rl + (w + ¢p)RP} — (w + PRI
= —Rwi + R {w + ¢)j (7.5-2)

The angular momentum of the mass m is,

h=1r¥%my
= (R$i 4 Ri) %X m[—Rwi + Rp(w + $)i]
= mR¥w + ¥ w + Pk (7.5-3)
and the total angular momentum is
H = {{o + mR¥w + ¢¥w + ¢k (7.5-4)

The system kinetic energy 7" is the sum of the kinetic energy of the

satellite and m.
T = tw? + fmv?

= }o® + m{(Ro)* + [Ré(w + $)IF}
= Haw? + imRYw? + ¢Xw + ¢)?] (7.5-5)
Since the system has no external forces and no dissipation of energy, the

kinetic energy and angular momentum must remain constant and equal to
their initial values. Letting the spin rate at ¢ = 0 be g,

T =3I + mR)o? = Ho? + ImRw? + ¢¥w + ¢)?] (7.5-6)

H=(+ mR)w, =Iov+ mRqw + ¢Xw + ¢)] (1.5-7)
Dividing through by mR®? the two equations become,
Cg* — @) = ¢¥( + ¢)* (7.5-8)
Clwg — o) = ¥ w + ¢) (7.5-9)
where
C= ! +1 7.5-10
= (7.5-10)

Dividing the first equation by the second, we find,
o+ wy=w + qS
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Therefore,
e = P
wot = ¢
which tglls us that the mass m unwinds at a constant rate. Substituting for
¢ and ¢ in Eq. 7.5-9, the spin rate at any time becomes

= 0o ST < (S 2 7.5-12
S Vo) A Ve 7512

(7.5-11)

Fig. 7.5-3. Despinning of satellites,

The spin may be reduced to any desired value w, by choosing the proper
length of cord, and releasing it when completely unwound. If /; is the
length selected, the terminal vaiue of ¢ is,

I
= L 7.5-13
¢ = (7.5-13)
and from Eq. 7.5-12,
C — <f>f2> {CR2 — Zﬁ)
= Y R —_— L 7.5-14
wf wG(C + ¢f2 w@ CR2 + lfg ( )
Solving for [, the required length of cord is,
Wy — @
1=RJCJL—J 7.5-15
) P (7.5-15)
If the terminal angular velocity is to be zero, /, becomes,
I,=RVC
i
=/\/AR2 + — (7.5-16)
m

For symmetry, two cords with masses 2¢m can be used as shown in Fig.
7.5-3, the result being the same as that for one mass of value m.

Example 7.5-{

The Picneer III lunar probe was launched with an initial spin rate of 400 rpm.
It was desired to reduce this to 5.5 rpm by using a yo-yo with two weights of
0.2 oz each.
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For Pioneer 11

gl =921bin?
R = S5in.
92

From Eq. 7.5-15 the proper length of cord is,

400 — 5.5 .

7.6 Attitude Drift of Space Vehicles®

The attitude of a body of revolution spinning in the absence of external
forces is not a constant when energy dissipation takes place. Elastic
vibrations, induced by gyroscopic action, result in a dissipation of energy
and a change in the precession cone angle f. In this section we examine
the effect of energy dissipation on the spinning body and evaluate the
time required for a body of given configuration to undergo a specified
change in attitude.®

The moment-free motion of an unsymmetric body with principal
moments of inertia 4, B, Cis an unsteady periodic precession and nutation
about the resultant angular momentum vector h fixed in space. Steady
rotation is possible only about the principal axis of maximum or minimum
moment of inertia, the principal axis of intermediate moment of inertia
being unstable.

For a body of revolution 4, 4, C, the moment-free motion is a steady
precession of the spin axis at a constant angle § about the resultant angular
momentum vector h fixed in space. Steady rotation is again possible
about the axis of maximum or minimum moment of inertia, and the axis
of intermediate moment of inertia does not exist.

In either case, the axis of maximum or minimum moment of inertia is
considered to be stable in that, if the spin axis deviates slightly from the
resultant angular momentum vector, there is no tendency for this
deviation to grow. This statement is true only for a perfectly rigid body
in the absence of external moment.

In an elastic body, deformation between particles will always take place,
resulting in some dissipation of energy. When the dissipation of energy is
taken into account, we must revise our statement of stability in that it is
possible for a small deviation of the spin axis to grow into a large one and,
eventually, to resultin a complete change in attitude of the body. For such
bodies, only the principal axis of maximum moment of inertia is stable,
and the axis of minimum moment of inertia is one of unstable equilibrium.
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These facts were actually observed in the Explorer I satellite,® which
was spin-stabilized about the longitudinal axis of minimum moment of
inertia. The flexible antennas of the satellite provided an excellent source
for energy dissipation, and in one revolution around its orbit (approxi-
mately 90 min) the Explorer I was observed to be tumbling at an attitude
of 6 = 60° instead of spinning about its longitudinal axis at 6 = 0. The
remedy for this behavior is obviously to shorten the longitudinal dimensions

Fig. 7.6-I. Coordinate system of body axes 1, 2, 3.

of the satellite so that the moment of inertia about the longitudinal spin
axis is greater than that about the transverse pitch or yaw axis. However,
the problem still exists for missiles which are long, slender bodies and
inherently unstable about the spin axis. Here the important question is
how long can the spinning missile coast in a moment-free condition
without an appreciable change in its attitude.

Energy considerations of stability

We will now examine the basis for stability from an energy point of
view. For a body of revolution with principal moments of inertia 4, 4, C,
as shown in Fig. 7.6~1, the moment-free motion is that of steady precession
described by the equations

Co C wy

)= = — 7.6"‘1
¥ (A—C)cos) Acosb ( )

wy = ¢ + P cos
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Since the moment is zero, the angular momentum vector h is a constant
and we can write for the square of its magnitude the equation

B = A¥w? + 0,3 + Cw,? (7.6-2)

We next examine the kinetic energy of rotation, 7, which is given by
the equation

2T = A(w® + %) + Cowg? (7.6-3)
Muitiplying Eq. 7.6-3 by A4 and subtracting from Eq. 7.6-2,
h* — 2TA4 = C(C — A)wy? (7.6-4)

and since Cowg = ki cos 8, we obtain the relationship for cos 8 in terms of
h and T as follows

hZ
B2 — 2TA = o (C— A)cos*0 (7.6-5)

Equation 7.6-5 indicates that 6 remains constant provided T and
h are constant. However energy dissipation under zero external moment
is possible, in which case T must decrease while /# remains constant.
Differentiating Eq. 7.6-5, we obtain

. RC .
T = E(Z — I)(sin 0 cos 0)6 (7.6-6)

and with T a negative quantity, 0 is negative for C/4 > 1 and positive
for C/A < 1. Thus the principal axis of minimum moment of inertia is
one of unstable equilibrium, and a small deviation of the spin axis will
increase due to energy dissipation when C/4 < 1.

Dissipation of energy

Assuming an elastic body, the energy dissipated per unit volume per
cycle of stress can be assumed to be

yo?
Yo 7.6-7
°E (7.6-7)
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where y is a hysteretic damping factor establishing the fraction of the

elastic energy which is dissipated as shown by the shaded area in Fig.

7.6-2. Dividing by the time 7, per cycle of stress, and integrating over the

entire structure, the rate of energy dissipation can be found. Thus the

equation to be solved is of the general form

yo? 2 (C ) . .

~—dV = —{— — 1](sin 6 cos ) 7.6-8

f 2E1, c\z ~b)esin ) (7.6-8)

In examining the source of cyclic stressing, free vibrations can be

discarded since they will soon damp out. Steady cycling of stress is

Fig. 7.6-2. Energy dissipated by hysteresis damping.

however induced by the gyroscopic precession, and these stresses are
repeated at the rate ¢ and 2¢, as we will presently show.

The excitation for the cyclic stress is the acceleration. Choosing an
arbitrary point on the structure and orienting the plane 1, 0, 3 through it,
the position vector for the specified point is

r= & + 2k (7.6-9)

With 6 small, the angular velocity and acceleration of the coordinate axes
1,2, 3 are

w = (¢ sin 6 sin @)i + (4 sin 6 cos @)i + (¢ + v cos Dk  (7.6-10)
© = ¢y sin 0 (cos @i — sin @j) (7.6-11)

Substituting into the general vector equation for the acceleration

a=sa +taltoX(wWXD+oXr+2wX[v] (7.6-12)



216 INTRODUCTION TO SPACE DYNAMICS

and noting that the following quantities are zero
a,=[a]l=[]=0
the result after some algebraic reduction is
a = [—Z(¢? + ¥?) + &y?sin? O sin® ¢ — 2&gyp cos O 4+ 2492 sin 6 cos 0 sin g]i
+ (&% sin? 0 sin @ cos @ + 2y sin 6 cos 0 cos @)j
+ (&g sin 0 sin @ + £ sin 0 cos §sin ¢ — zy?sin? )k (7.6-13)

A somewhat more convenient form of Eq. 7.6-13 results by eliminating ¢
and .

2 \2 2
a= wﬁz{—f(g) + 5(5) sin? 0 sin ¢ + E[(%) — IJ cos?

(j) sin 6 cos 0 sin <p}
cy )
o 5 - s1n2651n<pcos<p+z Yl sin 6 cos 6 cos ¢ |}
C2
+ wozl: 5(——) (-— — 2) sin 6 cos 0 sin ¢ — z(A) sin? B]k

(7.6-14)

Since the only time-varying quantity in Eq. 7.6-14 (assuming 0 to be
negligible) is ¢ = ¢, it is evident that the cyclic stress is repeated at a rate
¢ and 2¢. It should be pointed out that, for slender bodies like missiles,
C|A4 is small compared to unity, and the predominant variable acceleration
term is

C .
a = 2w2& (Z) sin 6 cos @ sin gk (7.6-14a)
which is repeated in the time

2 21

o= T (¢l Ay cos 6 (7.6-15)

Example 7.6-1

As an example of the simplest kind, we will consider two solid disks connected
by a flexible tube, as shown in Fig. 7.6-3. We will let C; and 4, be the moments of
inertia of each disk about its own polar and diametric axes. The gyroscopic
moment required by each disk is

M, = Cy(¢ + 1 cos By sin § — A;3% sin 6 cos 6 (a)
Since the moments of inertia about the center of mass of the body are
C =20,

A 22 24y + mi®
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Equation a can be rewritten as
M, = (@ + 3 cos O)y sin 6 — ApZsin 6 cos 8] + myl%? sin 6 cos 0

The first term, however, is the moment about the center of mass which is zero and
from which Eq. 7.6-1 is obtained. We are thus left with

M, = mI%)®sin 6 cos 0
= Flcos 6 ®
where F = m,;/® sin 6 is the centripital force of the precessing disk.

Fig. 7.6-3. Satellite configuration, displacement, and moment distribution.

The effect of M, and F on the flexible tube is shown in Fig. 7.6-3. At point z
along the tube, measured from the center of mass, the bending moment is

Z

Mz = Mg? (C)

and the expression for the maximum stress becomes

M, L2 &
c = lz = myl%? j75in 6 cos 0
1 c¥ z &

—_ 2§ =~ 2”2 sin 6 i} d
5 ml (A)wo ;7 5in 6 cos (@

which is repeated at the rate given by Eq. 7.6-15. The rate of energy dissipation
as given by the left side of Eq. 7.6-8 is then

2 £\2 4
%—fr—E-('”i 5) V(%) (g - 1)%5 §in2 60 cos® 0 (&)

and the rate of change of the attitude angle 6 becomes
y (meEVV(CY |
=Y (") 2= 6 cos? 6
487TE( 7 ) C\4) P Smbcos
= Ksin 6 cos® 6 (N
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A plot of Eq. fis shown in Fig. 7.6-4. Since 0 is zero for 6 = 0, tumbling cannot
be initiated unless the initial value of 6 is finite. However § = 0 is never attainable
in practice for many reasons, and 6 will build up when C/4 is less than unity. By
differentiating Eq. £, 8 can be shown to have 2 maximum at § = tan™ 1/ V2 =
35°20°. Due to cos® 6, § will diminish to a small value near 6 = 90°, and an
infinite time will be required to reach this angle.

0.2 —~

0 ! r ! 1
0 20° 40° 60° 80° 90°

Fig. 7.6-4. Variation in the rate of tumbling.

For small values of §, Eq. fis approximately equal to

0 = Ko ()
and the time required for the attitude angle to change from 6, toc 6, is
1. 6,

Numerical example

Let the two solid disks be aluminum, ¥4 in. thick and 24 in. diameter,
and the flexible tube be 0.032 in. stainless steel, 6 in. in diameter and 24 in.
Iong. The quantities required for the computation of K are:

C = 8.16 1b-in.-sec?

A == 20.44 1b-in.-sec?

m = 0.1136 lb-in.~T-sec?

¥V = 14.5 in.? = volume of flexed tube
= 3.0 in.

I=27]int
= 12.0 in.

E =129 x 10° Ib-in.~2
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Assuming y = 0.05 and e, = 50w/sec, the value of K is 662 x 10° Thus
for the body to undergo an attitude change from 1° to 10°, the time
required, as calculated from Eq. 4, is

2.303
= —@f X 108 == 3480 sec
= 58.0 min
PROBLEMS

1. A satellite has 2 moment of inertia of I = 1.20 Ib-in.~sec? about its spin axis.
It is desired to reduce the initial spin of 200 rpm to zero by two weights of
140 1b each wrapped around a section having a radius of 10in. Determine the

proper length of cord.
%%\
|
I
I

Prob. 2

2. In Prob. 1, determine the speed of the 5%5-1b weights as they fly off. Asshown
in the sketch, the pin holding the string will slide out when the string goes
beyond the tangent to the circle.

3. It is proposed to despin a satellite by four weights of mass m each, hinged by
stiff arms as shown in the sketch. Show that the spin is given by

o = wo(Cy + 4mirg?)
Cy + 4mlry + Isin )2

Prob. 3

4. Determine the i, j, k components of the acceleration of m in Prob. 3.
5. Verify the relations given by Eq. 7.6-8.
6. Verify Eq. 7.6-14.



228 INTRODUCTION TO SPACE DYNAMICS

7. Equation 7.6-5 can be written as

s (C -
= - 0
T = ZCI} + y 1) sin’ ]

Plot T versus 8 for — f <0 <= When (a) C/A > 1; (b) C/4 < 1, and discuss
its stability.

8. For a symmetric body A4, 4, C acted upon by moments M;, M,, M; about
body axes 1, 2, 3, show that the dissipation rate of energy is equal to

1 1 . d
oM + w,My; + oMy = i - (“’1 + o) + 3 Cdt

9. Show that the hysteretic damping factor y of Eq. 7.6-7 is related to the
structural damping factor o by the relationship « = /2.
Hint: The work done per cycle by a damping force F, for harmonic oscillations

is W = nF X, where X is the amplitude leading the damping force by 90°.
The structural damping force can be taken as iakz, where k is the stiffness.

7.7 Variable Mass

In the previous sections we have limited our discussion to a constant-
mass system. In many cases the mass variation rate is large, which
requires us to consider the problem of variable mass.

[ PR (1) ————e Y AV

= [ . N

Fig. 7.7-1. Momentum of the system at times t and ¢ + Ar.

Newton’s second law, F = p, which states that force is equal to the time
rate of change of momentum, is intended to apply only to a system of
definite mass. However, the equation can be applied to a system of
varying mass provided the same mass is examined for the change in
momentum at two instances of time.

We will consider a mass i moving with velocity v at time ¢, and assume
that our system is accumulating mass continually at a rate 1 (if the system
is losing mass as in a rocket, #1 is negative). We will define our system to
be the mass m + Am at time ¢ as shown in Fig. 7.7-1. Itsinitial momentum
at time ¢ is

P =mv+ vsAm (7.7-1)
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where v, is the initial velocity of Am before it is acquired by m. The
momentum at time ¢ + At is

P+ Ap = (m 4+ Am}v + Av)

7.7-2
=mv+ mAv+vAm ( )

where the negligible second-order term (Am)(Av) has been omitted.
Subtracting to determine the change in momentum and dividing by At,
the equation for the variable mass system becomes,

av dm
F=m—6§+(v—v0)—

- (7.7-3)

Fig. 7.7-2. TForces on a rocket.

Equation 7.7-3 indicates that the force ¥ is expended in accelerating the
mass m and changing the momentum of the acquired mass from v, dm to

v dm.
dm .
For rockets u— = T is the thrust exerted by the jet, where u =

—(¥v — v,) is the velocity of the gas jet relative to the engine.* Thus the
equation for the rocket in rectilinear motion, Fig. 7.7-2, can be written as
dv
F4+T=m— 7.7-4
7 (7.7-4)
where the external forces of gravity and aerodynamic drag can be included
in F. If the rocket is not spinning or turning and T acts through the center
of mass, the moment on the rocket is zero, and we are concerned only
with its translational motion.

7.8 Jet Damping (Nonspinning Variable Mass Rocket)
When a nonspinning rocket rotates about a transverse axis, as shown
in Fig. 7.8-1, the ejected gas acquires a momentum component —lw

*u is the velocity of the jet relative to the nozzle. When it is positive we have a
retro-rocket. #ris negative for any rocket.
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perpendicular to the longitudinal axis, where m is the mass of the rocket at
any time, m = dm/dt is its rate of change (m is negative), and /w is the
transverse velocity of the nozzle exit due to rotational velocity w. Letting
the transverse rotational axis coincide at all times with the center of mass
and letting the moment of inertia of the rocket about this axis be 7 = mk?,
where k is the radius of gyration about the transverse axis, the moment M

T— o
§

Fig. 7.8-1. Jet damping of nonspinning rocket.

about this axis must supply the change in angular momentum of the rocket
and the ejected mass as follows;

d
M = 7 I — mlPow (7.8-1)
Substituting for I and carrying out the differentiation,
dw d
- T iy x} 2o b g2
M Idt +w<mdtk +km) mi%w

_ (7.8-2)
=TI — w[m(zﬂ — k?) — mg;k{‘

Assuming the applied moment M to be zero and g;kz to be negligible

(i.e., burning proceeds radially), this equation can be solved in the
following manner:

do (1% — k%) (12 ) dm
(2] (6m)
w) == 1)
lﬂ
2 ()t -
o (mo) (1.8-4)
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Thus with an initial angular rate of w,, the angular speed w decreases if
l{k is greater than unity and increases if //k is less than unity. Since in

2.0

18 |~ —

16 — N =

14 — =

2

12— 1
1.0

1.0

§le

08— |
i5
06 |- ~
04 -

0.2 |- _

0 f I \
1.0 0.8 0.6 0.4 0.2 0
m
mo

Fig. 7.8-2. Change in pitch angular rate of nonspinning rocket due to jet damping.

most configurations //k > 1, the angular speed decreases and the action
of the jet is that of a damper. Figure 7.8-2 shows how the angular speed
changes with mass ratio for various values of //k.

7.9 Euler's Dynamical Equations for Spinning Rockets?®

The statement that the force is equal to the time rate of change of
momentum can be applied to problems of varying mass provided the
momentum of a definite mass is examined for its rate of change. The
result is the rate of change of the momentum of the varying mass plus the
rate of momentum transfer from the varying mass. The moment of the
force about its center of mass is then the time rate of change of the moment
of momentum which, can be written as

M = [h] + «» X h + rate of angular momentum transfer
from the variable mass system (7.9-1}
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Consider a general motion of a symmetric rocket with body axes z, y, 2
fixed in the rocket with the origin at the center of mass. The jet is con-
sidered to be ejected through a cluster of nozzles, the center of each being
defined by the vector r; = ;i + y,§ — /k, as shown in Fig. 7.9-2.

o —

x

Fig. 7.9-1. Jet damping of spinning rocket.

With the #, y, 2z axes coinciding with the principal axes of the rocket, the
angular momentum components are

hy, = Lw,
h, = Lo, (7.9-2)
h,=1ILow,

where I, I,, and I, are instantaneous values of the principal moments of

@ oy

inertia. The rate of change of the angular momentum of the rocket is

[h] + © X h
which results in the components
jacwz + [xwm + ([z - ]y)wywz
Lo, + Lo, + (I, — L)w,w, (7.9-3)
Lo, + Lo, + (I, — L)o,w,

In considering the angular momentum imparted to the jet, the cluster of
nozzles is assumed to be symmetrically located relative to the z axis. If all
the angular velocities of the missile are zero, the angular momentum
imparted to the jet is zero. The velocity of the nozzle exit due to w,, w,,
and w, is shown in Fig. 7.9-2. Multiplying these velocities by their mass
rate of flow m, we obtain the linear momentum rates in the direction of
the velocities, from which the angular momentum rates can be determined
by multiplying with proper distances from the coordinate axes.
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For the ith nozzle, the linear momentum rate due to w, is —m,7,0,, and
its angular momentum rate about the z axis is —m,r2w,, where n, =
dm;/dt (a negative quantity). Summing over all nozzles, the total rate of
angular momentum transfer to the jet, about the z axis is

D2 o2
—wz};miri = —mp2w,
2

where (7.9-4)

Fig. 7.9=2. Velocity of nozzle due to pitch and spin.

Due to @, the rate of change of the momentum of the ith jet is
—i, VIE+ yE o,

and its moment is —m,(1? + ¥ H)w,. Summing over all nozzles, the total
rate of change of the angular momentum of the jet about the z axis is

—3 i + yDo, = —m(l + 3D, (7.9-5)
In a similar manner, the rate of change of the angular momentum of the
jet about the y axis is
_Z mz(lz + xig)wy = _m(l2 + %P2)w'y (79"6)
Putting together all these terms, the moment equations become
M, = Iwww + (Iz - [y)wywz - m(12 + %pz)ww + jwww
M, = Lo, + (I, — Do, — i(l® + Do, + Lo, (1.9-7)

M, = Lo, + (I, — Lyw,w, — mp*w, + Lo,
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, d
Substituting [/, = mk,% we have I, = +mk? + m ;kxz, and the above
equations can be rewritten as g

1 ‘ d
M, = lLo, + (I, — L)w,w, — [m (12 + 3 Pt — sz) —m —d—tsz}wm
. Y P I N d
M,=1Lo,+ ([, — Do, — | m{l +§p -k, ——m?k w,

d
M,=1Lo,+ U, — ow, — [m(pz — k5 —m p kf}wz (7.9-8)
a

We find, therefore, that the usual Euler’s equations are supplemented by
additional terms related to jet damping and the variable moment of
inertia.

Example 7.9-1

Consider the moment-free motion of a symmetrical missile, /, = I, = 7, with
initial spin velocity w,(0) = n. We will assume that the fuel burns in such a

manner that the variations in &,, k,, and k, are negligible.
From the third of Eq. 7.9-8, we obtain

dw, (p® dm
fwz (ﬁ“‘) T (@

which leads to the solution,

@ _ (ﬂ)i’l )

We now multiply the second of Eq. 7.9-8 by / = v'—1 and add it to the first
equation letting
Wy + i, = Wy, (©)

The first two equations of Eq. 7.9-8 then reduce to the following, where w,
from above has been substituted.

dwg, P+ 3p? — k% [dm k2 m )
ey g el S - _Z PR d
f oy ( = p it1 7 )n e dt ()

If we assume m to vary linearly with time so that m = m, — m’t, this equation
reduces to

2
Oy P4~k m ( k.2 f‘ m’ )7‘)—2~1
- = In— — {1 — = 1 — — 1k, dt
In oms(0) ye n e i o) . o (e}

By letting 1 — (m'[mg)t = & and [(p*/k,®) — 1] = K, the last integral is

m’

-2y
_@J o gk gg = - Mo ST
1

m’ m K+ 1)
p
(S

1—33
n

NI =

Mg
m’
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and the solution becomes

1241502 — k2 2 2 , i
In 22 (-—-T—“— B = in| 22 (’i-z- (1 —kiz) [(1 -z z)k; - 1]
@, (OY\my — m't m')\p k my

or

AN T i
Wgy my — miy—=r—
Mg

Dal0) .
2 2 s\ £
conl-2( -5 - (-2 )

Figure 7.9-3 shows how the various terms of Eq. f vary with time. The oscillatory
amplitude of w,, diminishes with time due to jet damping, and the frequency of
oscillation increases.!:3

Exponential term

.’/:\, SN~

Fig. 7.9-3. Terms of Eq. /.

7.10 Angle of Attack of the Missile

The angular velocity w,, is referred to coordinates «, y, which are
rotating with the missile. To establish the angle of attack of the missile,
it is necessary to determine the Euler angle 6 measured from a fixed
inertial axis. For this determination we start with the angular velocities
Wy, 0, », expressed in terms of Euler’s angles

w, = 1 sin Osin ¢ + 6 cos ¢
w, = P sin 0 cos ¢ — 6 sin (7.10-1)
w,=1pcosf 4+ ¢



222 INTRCDUCTION TG SPACE DYNAMICS
Adding the first two in quadrature, we have

W,y = W, + iw, = (6 + i sin G)e ™ (7.10-2)
From Eq. 7.9-b and the third of the above equations, we obtain

m \PED =T _
n{— =ypcosf + ¢
my

_ 1 m\FED =1
AT BT

or

By substituting into the equation for w,,, Eq. 7.10-2,

£ :
Wy = {9 + i[n (Z—)hz T <;b} tan 6}e““”
0

~ {6 + i[n(l - z)f?_l— q')]@}e‘i‘” (7.10-4)
my
We now introduce the transformation
8,, = O~ (7.10-5)
proposed by H. Leon,* which differentiates into
6:0@ = (0 — igB)e™"

Thus this equation becomes

’ 2
< m ﬁ——l
6., + in(l o t)kz2 6,, = 0y,
0 m, 241502 k2
= 0, ()1 — — t) S
01 -2

=Sl (=)
x —in— {1 =51 —{1——z¢}s’ 7.10-6
exp { in— E e e ( )
where the previous solution for w,,, Eq. f has been substituted.

This equation differs from that of the constant mass missile, first, by

the fact that the coefficient of 0., which is in for the constant mass missile,

is now a time function,
2
. m N\
infl — —t)k.
my

and, secondly, by the right-hand forcing term which is also different due to
w, slowing down by jet damping and variable mass. The equation is a
time-variable linear differential equation which can be solved for 6,,.*
* The equation is in the form
Oay + POy = Q)

with solution
0,y = e~ JPUfQLIPE g 4 Ce—IPA
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The angle 6,, is referenced to the rotating body axes #, y and must be
2

o
multiplied by €# = exp {in[l — (m’/mo)t]z:z_l}t in order to reference
with respect to the inertial axes. Thus the complete solution for the angle
of attack as a function of time and the variation of mass is possible by the
foregoing procedure.

PROBLEMS

1. Water is flowing out relative to the nozzle shown in the sketch at a speed of
30 ft/sec, and at a rate of 0.10 ft3/sec for each nozzle. If R = 1.5 ft and the
nozzles are rotated at 60 rpm, determine the torque necessary.

Prob. |

2. The ends of the nozzle of Prob. 1 are bent back 30° so that the sprinkler will
rotate by itself. If the resisting torque due to friction is 1.72 ft. b, determine
the speed in rpm with which the sprinkler will rotate.

Prob. 2

3. A jet engine takes in air at a rate ri,, compresses it, mixes it with kerosene at a
rate 1, and ejects the ignited mixture at a speed u relative to the nozzle. If
the jet plane is traveling at a speed of v, show that the thrust of the engine is

T = nyu + mu — v)

4. A nonspinning rocket of total mass 1, half of which is fuel, is rotating about
the pitch axis with an initial angular velocity of 0.5 rad/sec. If //k for the
rocket remains constant at 2, determine the pitch rate at burnout.

5. If in Prob. 4 the radius of gyration about the pitch axis decreased with time,
would the pitch rate at burnout be larger or smaller ?
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6

10.

11,

12.

. The ratio of the fuel to the total mass for a particular missile is 0.70, and
burning takes place with negligible change in the value of Ik = V3. If the
rate of fuel consumption is m’/my = 1444 sec™, and the missile is rotating
about a transverse axis without spin, plot the variation in its rotation speed
against time.

. If for the spinning rocket with variable mass, the ratio p/k, = 1 and the

quantity p/k is negligible compared to //k, show that the equaticn for the
complex angular velocity is

lz . kz2
Dgy (ﬂ)ﬁ—le—’b(l——k—z-)nt

wacy(o) h my,

How does this equation differ from that of the nonrotating rocket?

. For the case p?/k,? = 1 and k,%/k? is negligible compared to unity, the differ-
ential equation for the complex angle of attack, (Eq. 7.10-6) reduces to
(see also Prob. 7),

l2

- my— — .
Oy + iy = gy = (Z) Lo, (0)eint
0

Letting m/my = 1 — [(m’[my)r], a closed form solution is possible when 12/k?
is an integer. Letting /%/k® = 4, carry out this solution and show that the
motion of the missile longitudinal axis is a converging spiral.

. Assuming the angle of attack 6 of a spinning missile to be small (angle of
attack is measured from the velocity vector V which can be considered fixed
in space) draw the inertial coordinates X, Y, Z, the node axis &, and the rotat-
ing body axes x, y, 2, where z is the longitudinal axis of the missile at an
angle 0 from the vector V placed along the Z axis. On this diagram show the
complex angular velocity w,,, @,, and the resultant angular velocity .

Assuming small angle of attack, determine the inertial components of the
angular velocity w of Prob. 9, by resolving it along the Z axis and in the XY
plane.

If the moment of inertia of the missile about the transverse and longitudinal
axes are 4 and C, determine the position of the angular momentum vector
for Prob. 9, and find the angle between it and the velocity vector. How does
the angular momentum vector vary in the inertial space?

Compare the solution for the complex angle of attack 6y of a missile with
constant thrust misalignment M; (Prob. 10, Sec. 7.4) with that of the near
symmetrical missile with principal axis misalignment of f. Determine the
product of inertja Fin terms of the misalignment moment M,, which will give
the same motion.

7.1 General Motion of Spinning Bodies with Varying

Configuration and Mass

In the previous sections the origin of the body axes always coincided

with the mass center. In the most general case, a body under translation
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and rotation may have relative motion between particles leading to a
varying configuration, and may be undergoing a change in mass with
time. The origin of the body coordinates attached to the system will then
not coincide with the center of mass at all times. Relative motion between
particles could take place when motors and other moving parts are present
or when the body contains liquids such as fuel. Vibration due to flexibility

Fig. 7.11-1. Body of varying mass and configuration.

is another contributing factor. Mass variation would take place owing to
jets ejected from the body.

To examine the motion of such a general system, it is advisable to view
the problem as a system of particles with the origin of the body axes not
coinciding with the center of mass.®* Such a procedure will account for
every conceivable configuration of the system and eliminate the possibility
of omitting terms. In spite of this generality, the terms of the equation
can be regrouped to more familiar forms of rigid body, jet ejection, center
of mass shift, and relative motion.

We define the system by a group of particles within a specified boundary
with body coordinates z, %, z moving with the system as shown in Fig.
7.11-1. Variation in mass is allowed by particles leaving the system
through the boundary. The angulat momentum of the system about the
moving origin O at time 7 is

hy = Y, X mR, (7.11-1)

where r, is drawn from the moving origin 0, and R, is the absolute velocity

* In Ref. 9 the origin for the moment is chosen to coincide with the center of mass
and the various subbodies are considered to be rigid. Also no provision is made for
the variation of the total system mass.
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of m, referenced to the inertial axes X, Y, Z. If we differentiate this
equation, we obtain,

. d . .
by =21 % 7 (mR) + X, %X mR, (7.11-2)

From Fig. 7.11-1, R, = Ry + r,, and the last term of Eq. 7.11-2 can be
reduced by the following steps,

Z i, % msz = Z B X mi(RO +E)
= —R, %X 3 mi; = —R, X mi

where m is the total mass at time ¢, and r its center of mass relative to the
body axes.

Referring to the first term of Eq. 7.11-2, (d/df)(m,R,) is equal to the
force applied to the mass m,, and its cross product with r; is the moment
about 0. Equation 7.11-2 can then be rewritten as

M, = h, + R, X mF (7.11-3)

which states that the moment about an arbitrary point O is equal to the
rate of change of the angular momentum h, plus a term depending on the
velocity of the origin and the velocity of the center of mass with respect to
the origin. It is evident, then, that the moment is equal to the rate of
change of the angular momentum only under the following conditions:
(1) When 0 is stationary; (2) when the velocity of the center of mass
relative to the origin is zero; or (3) when the two velocities R, and 1 are
parallel.

The moment equation for the general system can be found directly from
the equation

d .
Mo =31 X — (mR) (7.11-4)

However, to clarify certain concepts, we will examine the angular
momentum at two instances of time and determine h, to be substituted
into Eq. 7.11-3.

" Figure 7.11-2 shows a mass m; at time ¢, which at a later time t = A
occupies a different position (r; + Ar,;) and has separated into two parts,
m; + m; At and (—m; At), with relative velocity a, between them. In
separating into two parts, m is decreasing and s = dm/dt is a negative
quantity. The angular momentum at z + Afis

hy + Aby = 3 (r; + Ar) X (m; + m, At)(ﬁi -+ ARZ)
+ 3@+ Ar) X (—m, AR, +u)  (7.11-5)*

* u, is negative when mass is ejected in the opposite sense to R (see p- 221).
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and, by neglecting higher order infinitesimals and approaching the limit
Ahy/At, as (At — 0) the rate of change of the angular momentum becomes

.h0=23'ix miﬁi'l'zi'ix miRi'—'zrix nu,

=3r %X mR, — Ry % mf — 31, % my, (7.11-6)
R+ .
& R+u
e,
Usu <K
~m At
t+ At
¢
r 4 Ar ¥
(0]

Fig. 7.11-2. Angular momentum of element m at times ¢ and ¢ + Ar.

Substituting Eq. 7.11-6 into 7.11-3, the moment equation becomes
My,=>r % mR, —>r, X my, (7.11-7)
which could have been obtained directly from Eq. 7.11-4 by recognizing
that (d/d)(mR,) = mR, — mu, (see Sec. 7.7).*
We now replace R, by the general expression for acceleration,

R=R+oxr+ox@wxr)+[F +20x [ (7.11-8)

where [r] and [i,] are velocity and acceleration relative to the moving

coordinate system,

M, = =Ry X mf + 31, % (& X mr) + 21, % {0 % mfw X 1)}
+ 2 X mlE] 4+ 231 % (X mli]) — X % mu (7.11-9)
To recognize the moment equation in terms of familiar expressions, we

dv di
*F = mz — u;;; = applied external force, therefore M, is the moment of the

externally applied force.
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introduce the moment of inertia diadic of Sec. 52 and identify the
following:
d . .
E(f'w)=f-w+wx Few+[I]w
Few =35 %X (0 X mr)
wX Jow=2r % {0X nexr)}
(] = 2% mw X 5) + X1 % (0 X mii)
+ 31 % mifw X 1) (7.11-10)t

Supplying the missing terms by adding and subtracting, the moment
equation can be written in the following forms:

My= R Xmi+ 7 ir+0X . w
+ > X mii] + 235 % (0 X mE]) — D1, X ma, (7.11-11)

. .. d
M0=—R0er+;;f-w

- Z [£,] % mew % 1) + z r; X mw X [5]) + E r; ¥ my[f;]
— 2 % mu — 31 X mw X ) (7.11-12)

A third and a more convenient form can be found by reducing the first
two terms of the second line in Eq. 7.11-12 into a single term by the
following equation.*

ax(bxo+bXa)yXxc=bxX (@axc
zrix m(w % [i]) +Zmi(wx )X F]l=wX z(rix m]E,])

The third form of the moment equation then becomes
.. . d
M, = — Ry X mri +a—t(.ﬂ-w)

+oo X 3@ X mi) + 1 X mi]
— 2 m X i = 3 X e X 1) (7.11-13)
The various terms of these equations can now be identified. We have in

the first term the effect of the origin of the body coordinates not coinciding
with the mass center. The terms .# - @ 4 w ¥ .# - w correspond to the

* This equation results from the application of the relationship
axXx(bxc=>bla-¢) —ec@a-b).
t See Probs. 18 and 19 p. 111.
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usual Euler equation, whereas (d/df){(.# - w) includes the additional term
[#] - w which accounts for the rate of change of the inertia diadic resulting
from the position change of the particles in relative motion and the
variation of mass. The term z r; X mu; is the thrust misalignment
moment,* while the term — > r; X ni{w X r,) is the jet damping due to
rotation of the body. All other terms are due to relative motion of
particles. The three forms of the moment equation, Eqs. 7.11-11, 7.11-12,
and 7.11-13 are presented here to show the origin of the various terms,
some of which were inserted due to [.£] - w.

To complete the discussion, it must be recognized that the external
moment may result from the forces not directed through the origin of the
body coordinates. The external forces accelerate the instantaneous center
of mass and change the linear momentum of the ejected particles according
to the equation

F=mRy+0X@XD+6XF+20x% [+ [ -3 mny,
(7.11-14)

Thus, in the general case, the force equations are coupled to the moment
equations.

Examplie 7.1~}
A space vehicle is moving under a force-free condition. If a motor located at ry

is started, determine its perturbation torque.

The perturbation torque is the contribution from the relative motion terms of
Egs. 7.11-11, 7.11-12, or 7.11-13. We will use the form given by Eq. 7.11-13,
which is (with total mass a constant, /2 = Q)

M, =[50 +w x e % mie]) + 2 x mii]
Owing to the symmetry of the motor rotor, the change in the inertia diadic

relative to the body coordinates resulting from the spin of the rotor is zero, which

eliminates the first term [.# Jow =0,
From Fig. 7.11-3, we have,
rp =1 + 0

[F] =w; X

[f] = o X g
and noting that zmipi =0 for a symmetrical wheel, the equation for the
perturbation torque becomes,

. M, =wx [ZPZ X (e % mzpz)] + Epi % (@ X myp,)
Since
291‘ X (0 X mp) = Sy -0y = (Cogk; =hy
the equation for M, can be written as
M, = [b,] +w x by

* Letting My = Zri % mu; = moment of the thrusting jet, the moment acting on
the varying mass is M, + Mj.
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x

Fig. 7.18-3. Perturbation torque due to rotation of wheel.

where h, is the angular momentum of the rotor wheel. Thus the perturbation
torque is the result of the angular acceleration of the wheel, and the precession of
the angular momentum vector of the wheel caused by the rotation « of the body
coordinates.

PROBLEMS

1. A uniform rigid bar of length / and mass m is translating with constant

velocity R, in a direction normal to its length. At the same time a mass m, is
sliding from one end to the other with velocity [£]. Placing body coordinates
as indicated in the sketch, verify from Eq. 7.11-3 that the moment about O is
zero. Describe the motion of O.

Prob. |

2. The center of mass of a uniform rigid bar of length /is moving with constant
velocity R along a straight line, while the bar rotates with constant angular
velocity w. Placing body axes as shown, verify from Eq. 7.11-3 that the
moment about O is zero.
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X

Prob. 2

. For a system of particles which is not changing in mass, write the equation

for the moment about its center of mass when relative motion betweeen
particles is allowed.

Consider a constant-mass system such as a satellite in orbit, and assume body
axes #, ¥, z through its center of mass and coinciding with the principal axes.
There is a motor on the pitch axis », a distance x, from O with its axis of
rotation parallel to the y axis. Let the rotor moment of inertia be I,/ and
that of the entire satellite including the motor to be 4, 4, C about =z, y, #
respectively. If the motor is started with angular acceleration w,, define the
terms in Eq. 7.11-11 which apply to the problem, and write the components
of the moment equation.

. Show that the angular momentum of a group of particles about an arbitrary

origin is equal to
hy = —R, X mF +fr X (w % r)ydm +fr x [fldm

where # - @ = fr % (@ x r) dm and[r ]is the velocity relative to the rotat-
ing body axes.

. Show that the terms of the equation

%(]-w) =Semt+wxSow+[Iw
can be identified as

J-Q=frx&xrdm

wxf»w:frx[wx(w X ©)]dm

[ﬂ-w:fr X (v % [f]) dm +f[i‘] X (w Xr)dm +fr % (w0 X r)dm
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7. Show that
%Jr x [rldm =J‘r x [§] dm +fr X (& % [£]) dm +f(w X r)

% [f]dm +fr % [rldm

Combining the results of Prob. 5 and 6, two of the terms add to give
25 x (w x [f]) dm, while the terms { (@ % r) x [i]1dm cancel each other.
Now clarify the interpretation of Egs. 7.11-9, 7.11-10, 7.11-11, and 7.11-12.

8. Write the component equations for the two terms

—>05] % mfew x 1) + 25 X mfw X [§])
of Eq. 7.11-12.

9. Write out the component terms of [j 1-w and show that they represent the
time derivative of # - w relative to the body coordinates. Identify the parts
due to relative motion of the particies and those due to mass variation.

10. Show that # = myr; 1,6 — 1), where & =i + §i + kk is a unit diad.
Show also that

[4] = Z mrs - 1,6 — rx) + z mf; v, + 10 B8 — Ex; — 1Ty

11. Derive Egs. 7.9-7 and 7.9-8 as a special case of the general equation,
Eq. 7.11-12. State the restrictions imposed on Eq. 7.11-12 in arriving at the
above equations.

12. A symmetrical spinning satellite in orbit has moments of inertia 4, 4, C
about the z, ¥, z axes (including m1, at position { = 0), as shown in the sketch.

Prob. 2

If the mass my is restricted to move in the zdirection and hasarestoring spring
stiffness of & with viscous damping ¢, show that the differential equations of
motion are:
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Moment:
M, = i{(A + mpl? o, + (C — A — mplo,w, — mypelo, — mezelo,m,
. mg? .. .
+ Zmgllw, — m [2lwy + oy — wywz)]é

+ j{(A + mel®d, — (C — A — mplPw,w, + mezyl{ew,? — o) — mgxyl

mgy?

+ 2myllw, — Re{w, — Lo, — wxwz)]C}

m
+ k(Cob, — mgrlir, + moxolw,m, — 2mgrolw,)
Force on mass my in z direction:
F, = m{ — zoi, + zgw0, — Lo + o] + Tn%z [Uwy? + ) — ]
+cl +kL=0
Acceleration of origin:

Ry = — 22 2%o, + Lo, + o) + 22 2L, + Lo, — 00,

m
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Performance
and Optimization

CHAPTER 8

In Chap. 4 it was shown that the problem of placing a satellite into
an orbit is a matter of achieving the required velocity at a specified position
in space. For earth-bound orbits the required velocity is in the neighbor-
hood of 25,000 ft/sec, whereas for the lunar mission a velocity of approxi-
mately 35,000 ft/sec is necessary. In this chapter we discuss the basic theory
of rockets and examine the problems of optimization to meet a specific
performance. Missile flexibility as it affects the desired performance will
be discussed in Chap. 9.

8.1 Performance of Single-Stage Rockets

A rocket is a variable mass vehicle which acquires thrust by the ejection
of high-speed particles. The force equation for the rocket can be written
in the general form

dv T F, I

it m + m _ ° M
where T is the thrust of the jet and F, is the aerodynamic force. Since
F,/m varies inversely as the characteristic length of the rocket, this term is
small in comparison to T/m for large rockets.

Certain parameters of importance can be brought out by studying the
behavior of a rocket in vertical flight, neglecting aerodynamic forces, and

240
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assuming the gravity field to be a constant. Referring to Fig. 8.1-1, we

start with the equation,
dv T

il g (8.1-2)
Since the rocket is losing mass, dm/dt is negative, and the thrust becomes,
T= _ua_’m_ (8.1-3)*
dt '

where the small term due to the difference in pressure has been omitted.

I

Fig. 8.1-1. Rocket in vertical flight.
Substituting Eq. 8.1-3 into 8.1-2,
d
do=—u _ga (8.1-4)
m
and integrating, the velocity equation becomes
m
— . =uln—2 — ot 8.1-5
v—v=uln—2—g (8.1-5)

where m is the mass at any time #. By substituting the burnout time f,,
and the burnout mass mz,,, the maximum attainable velocity in vertical
flight is
m
Vo — U = uln —- — gty (8.1-6)
My
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For chemical propellants, the ejection speed u relative to the rocket
nozzle depends on the heat energy per pound which must be high, and on
the molecular weight which must be small. Its performance is rated by the
specific impulse I, defined as the thrust of a pound of propellant multiplied
by the number of seconds required to burn it. Its relationship to u is
found from the equation,

¢ t 4 /g
I=det=fu—n—2dt=f udm::zj
0 o dt 0 g

u = gl = 32.2I ftsec 8.1-7)

or

Some indication as to the merits of certain fuels and their propellant
combinations are obtainable from Table 8-1.

Table 8-i°
Chemical Propellants Type Specific Impuise 7, sec
Ammonium nitrate rubber Solid 70-210
Potassium perchlorite thickol or asphalt Solid 170-210
Boron metal components and oxidant Solid 200-250
Liquid oxygen alcohol 250-270
Liquid oxygen fluorine JP4 270-330
Fluorine hydrogen 300-385

¢ ““Astronautics and its Applications,” Space Handbook, U.S. Govt. Printing Office,
Wash. D.C. (1959).

It is convenient here to introduce a thrust parameter which establishes
the initial acceleration of the rocket. We define thrust ratio & as the
thrust of the rocket divided by the initial weight,

T
Thrust ratio # = —— = 20 4 1 (8.1-8)
meg g

where a, is the initial acceleration in vertical flight. The time duration of
the powered flight is then

My — Nyg 7 ( mbo)
= |0 Ty 0 1-
lbO g ( T ) % m() (8 9)
Equation 8.1-4 can now be written as,
my, 1 ( mbo)]
—py=gllln— — =1 — = 8.1-
Upg — Up = & [n Ty R o ( 10)
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which indicates that the maximum attainable velocity depends on the mass
fraction myg/m,, on the specific impulse 7 of the fuel, and on the thrust
ratio Z.

With v, = 0, it is possible to plot v,,/g/ versus my/m,, with Z as a
parameter. It is instructive, however, to plot v,, versus m,/m, for given
values of Jand % asin Fig. 8.1-2, since such a plot indicates the inadequacy

30

n
(=]

Yo

vpo ~ 1000 ft/sec

/

§

0 0.1 0.2 0. 4

Mo

mo
Fig. 8.1-2. Burnout velocity as function of mass ratio, specific impulse Z, and thrust
ratio %.

of a single-stage rocket for placing a satellite intc orbit. Asin most designs,
a compromise must be established between, 2, myfm,, and I (i.c., a large
thrust ratic requires a heavier structure, and exotic fuels of high 7 tend to
give larger values of m1,4/m,. In any event, itis difficult to achieve a number
less than 0.1 for m,/m, and a specific impulse greater than 350 for chemical
propellants, which indicates the necessity of multistage rockets for satellite
orbits and space missions.

To determine the distance traveled during the powered flight, the
velocity equation, Eq. 8.1-5, must be integrated. Equation 8.1-5 can be
integrated if the variation in g is assumed to be negligible and m(#) known.
A realistic assumption is that of constant rate of fuel consumption leading
to constant thrust. We can then let

dam My — m

. b0
— and —m= 2 ¥ constant
m

dt =
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so that

7 My

Myo
(Inm)dm =2 (Inm — 1)
m

Mg g

tyo 1
J\ (h’l m) dt = -
0 m

my — m m m

=2 inmy + —21nmy,
7 m

The distance traveled then becomes,

1 m 1
In —OJ + Uglyy — —2g0tb02

hy,, = ut I:l -
v *0 (mo/mye) — 1 my,

IZ( mbo)[ 1 mo] I ( mm)
=g —{l——)|] ———In— | +1y={1 — —
&0 R my (mo/my) — 1 myg * % my

| £ ( Py \2
——g, —{1 = 8.1-11
2g0 R 0) ( )

After burnout, the rocket is in free flight under the retarding force of
gravity. In general, the altitude is sufficiently great so that the variation
in g must now be taken into account. Since the system during coasting is
conservative, we can equate the kinetic energy at burnout to the work done

R 2
by the gravity force mb0g0< > .

r

f7',,0+hp (R)2 vbOZ
— = —
&o 50 r 2

Thus the equation for the coasting distance becomes,

_ Vb0 (R ¥ hy)?

- Eé: R — (Uboz/2g)(R + ) ®.1-12)

where r,, = R + h,, has been substituted. The total height A, -+ 4,
reached by a single stage rocket is then the sum of Egs. 8.1-11 and 8.1-12.

Equations 8.1-10 and 8.1-11 indicate that the performance of a single-
stage rocket depends on the specific impulse 7, the thrust ratio %, and the

mass ratio 4 = — . The effect of varying these quantities on the burnout
m

b0
velocity or height can be found by considering Eqs. 8.1-10 and 8.1-11 to
be in the form,
Ub0~=_fl(l> '%a lu)

by = foll, &, 1) (8.1-13)
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and differentiating. Thus the change in the burnout velocity is determined
from the equation

_% % %
ding = 57 4l + 555 4% + 3 L du (8.1-14)

For optimum burnout velocity, dv,, = 0, which defines the constraints
imposed on the three quantities.

PROBLEMS

1. For a given mass ratio x and specific impulse I, how does the burnout velocity
of a single-stage rocket vary with the thrust ratio 2. Assume vertical flight.

2. Plot vyglgol versus u = mg/myy, with vy =0 and £ as parameter. Use
Z%=1,2,5.

3. For a given specific impulse and thrust ratio, plot A, versus x = my/my,.
Use 2 = 2 and I = 150, 300 and 400 sec.

4. Determine the burnout speed of a rocket launched vertically, using a fuel of
specific impulse 250 sec and a mass fraction of 0.22 with # = 3.

5. For I = 300 sec and # = 2, determine the maximum height attained by a
single-stage rocket of mass ratio u = 5.

6. Repeat Prob. 5 for ¢ = 3 and 4 = 10, and plot /y,y versus u.

7. Determine the partial derivatives 9f;/dl, of,/9%, and df,/du of Eq. 8.1-14.
How much would the burnout velocity of Prob. 5 be changed by changing
I'to 250 sec; by changing  to 6.0.

8. Determine the partial derivatives df,/d1, of,/ 92, and 9f,/ou from Eq. 8.1-11
and discuss the effect of changing I, #, or u.

9. If the burnout velocity of a rocket fired vertically is 8500 ft/sec at a height of
h miles, how high will it rise when constant gravitational acceleration is
assumed ?

10. Assuming a burnout velocity of v,y at r = R + A, and an inverse square
attractive force, determine the maximum height reached by a rocket. What
is the maximum height for data of Prob. 9 under this assumption?

11. If the specific impulse of a rocket engine is doubled by doubling the burning
time, keeping the thrust per pound of fuel constant, how does this affect the
“burnout velocity ?

12. If the mass ratio of a rocket is doubled, keeping all other variables constant,
how does this affect the burnout height for vertical flight ?

13. A rocket fired vertically from rest has an initial weight of 10,000 1b and a
burnout weight of 2000 1b. The flux velocity of the fuel is a constant and
equal to 7500 ft/sec, and the total burning time is 55 sec. Determine the
velocity and acceleration just before burnout, and calculate the height to
which it will rise by equating the kinetic energy to the work done under (a)
varying gravity: (b) constant gravity.
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14. The efficiency of a rocket engine can be defined as the ratio of the useful
power Tv (T = thrust) to the useful power plus the kineticenergy Lgm'(u — v)?
lost to the surroundings. Show that the rocket efficiency is given by the

equation, ~ 2ul)
IO DE

and find the value of ufv corresponding to its maximum.
15. Repeat Prob. 14 for a jet engine.

8.2 Optimization of Muitistage Rockets?

A simple calculation with achievable mass ratio, thrust ratio, and
specific impulse indicates that satellite velocities cannot be attained by the
use of a single-stage rocket. We are thus led to the multistage rocket for
space missions.

In a multistage rocket the burnout velocity of the first stage becomes
the initial velocity v, of the second stage, and, by casting off the empty
first stage, the full burnout velocity of the second stage is available as an
additional velocity to the burnout velocity of the first stage. The maximum
velocity of a multistage rocket can then be computed as the sum of the
single-stage velocities, as given by Eq. 8.1-6.

We will ignore the gravity loss in velocity due to the burning time, in
which case the maximum velocity available to the multistage rocket of ¥
stages becomes,

N
v,, = > u;ln (8.2-1)
=1

where p; = (my/m,,), is the mass ratio of the ith stage. Assuming that this
velocity is specified, we have a choice as to how the mass ratios should be
assigned to the various stages. The problem is that of minimizing the
over-all mass ratio my /P, where my, is the takeoff mass and P the final
payload mass.

To determine the mass ratio u; which will lead to a minimum over-all
mass ratio mg /P for a specified maximum velocity v,,, it is necessary to
express mgy /P in terms of all the u; Since at each burnout the empty
structure of the stage is to be discarded, the initial mass of the new stage is
equal to the initial mass of the previous stage minus the fuel burned and
the empty structure thrown off. For example, the initial mass of the second
stage is mg, = my; — m,; — my, where m,; is the propellant mass of
stage 1 and m, the empty structural mass of stage 1. Thus by writing
my [P in the form

Do To1 oz i )

P Mgy — My — Mg Mgy — Myp = Mg
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it is possible to express the over-all mass ratio in terms of ali the mass

ratios
s
fhy = (8.2-3)
Moy — My,

and an additional structural factor §, defined as

s
P 8.2-4
b= (8.2-4)
Examining one of the factors, we can write
Mo, - Mg, Moy (mg; = M) (M, + my)
Moy — My — My Moy — My My + My Moty — My — my,)
_all=B) 625
1 — uB,
Equation 8.2-2 can then be written as
my (= By (1l — By ol — By) (8.2-6)

P I— By 1 — wf,y 1 — unBy

If mg, [P is to be 2 minimum, In (my/P), will also be a minimum, so that we
can write,

’nOJ_ :uz(l
" zl 0= zﬂ)

N
= 2 [lnp +In(l— ) —In (1 — wp)]

(8.2-7)

The above equation by itself does not contain the constraint imposed by

the specified velocity as given by Eq. 8.2-1. This constraint can be

imposed on the optimization process by the Lagrange multiplier

method, which requires the constraint equation to be multiplied by a
constant 4 and added to the above equation (adding zero), as follows:

N
= 2 {Inp+In (1= B) —In (L= wf) + A In g, — 0,1}
(8.2-8)

Differentiation of this equation with respect to u, will lead to the optimum

values of u,.
Carrying out the differentiation, we obtain N equations of the form

—M_i T — u:p; M
leading to the result

(8.2-9)




248 INTRODUCTION TO SPACE DYNAMICS

Substituting this value of u; into Eq. 8.2-1, the constant 1 can be found
from the equation
¥ 1+ Au,

- 1
o igl Hen A,

(8.2-10)

where u;, §;, and v, are agsumed to be known. With 1 evaluated, the mass
ratio u, of each stage is found from Eq. 8.2-5.

Example 8.2-1
Consider a special case where the specific impulse is the same for all stages.
The u; are then equal in all stages and Eq. 8.2-10 becomes

U 1+ Au y
=N1n( T )—zlnﬁi

Since from Eq. 8.2-9

the mass ratio of stage iis
- ; ¢ |:1 (U = : )j]
Hi ﬁz N\ u =1 ¢

PROBLEMS

1. Show that if #; and B; are the same for each stage, the optimum mass ratio is

= VmlNu

2. A two-stage rocket is to attain a maximum speed of 26,000 ft/sec with
I, = I, = 300 sec and 8, = ff,. Determine the mass ratio of each stage.
Ans. p = 3.85.

3. In Prob. 2, determine the propellant mass per stage in terms of the initial
mass of the stage. Also determine the structural factor §;, assuming m,,; =
0.15myy,;, and show that the optimum over-all mass ratio is equal to my, /P =
82.4.

4. In designing a two-stage rocket for a maximum speed of 26,000 ft/sec, assume
that I; = I, = 250 sec, and f8; = 0.18, 8, = 0.15. Show that it is capable of
‘boosting a payload of 0.00172my,.

8.3 Flight Trajectory Optimization®

We will now consider a more difficult problem of establishing an
optimum flight path to place a satellite into orbit. The rocket is assumed
to be rigid, and we will neglect the aerodynamic forces. Generally, the



PERFORMANCE AND OPTIMIZATION 249

length of the powered flight path is short compared to the earth’s radius,
and we are justified in replacing the central gravitational field by a constant-
plane parallel-force field.

The geometry of the problem, illustrated in Fig. 8.3-1, shows the thrust
attitude angle ¢ measured from the horizontal, the gravitational force
along the negative y direction, and the velocity vector tangent to the flight

y

Fig. 8.3-1. Powered flight trajectory.

trajectory. Letting # and w be the 2 and y components of the velocity v,
the differential equation of motion in rectangular coordinates are,

__F

= —cos ¢ (8.3-1)
. F
W= — sin b—g (8.3-2)
g=w (8.3-3)

The quantities Ffm and ¢ are functions of time, and the trajectory
depends on how they vary. We will assume that F/m is a known function of
time, and define the problem of selecting ¢(¢) for maximum horizontal
velocity U at a specified altitude Y. The time T corresponding to the
instant y = Y will differ with different ¢(z) and, therefore, will not be
specified. We will assume however that all of the fuel be burned prior to
the time 7.
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The problem which we have just defined differs from the previous one of
vertical flight in that we must maximize a time integral with constraints.
The equation which we are concerned with is the integral of Eq. 8.3-1,

TF
U=y, +f —cos ¢ dt (8.3-4)
0 m

which we wish to make a maximum at a specified value of ¥ under the
condition w,_, = 0. Thus Eqgs. 8.3-2 and 8.3-3 represent constraints on
the allowable variations of Eq. 8.3-4. We write Eqgs. §.3-2 and 8.3-3 in
the form

F
W——sing +g=0 (8.3-2a)
m

y—w=20 (8.3-3a)

multiply each by undetermined time functions 4, and rewrite Eq. 8.3-4 in
the form

T
U=y, —!—f E—;cos ¢ + /11(w — gsingé +g> + Ay — W)J dt (8.3-5)
0

‘We must now specify the boundary conditions under which the optimi-
zation is to take place.

Att=0

Y=Y z=90

Uy = 1, c0s O, Wo = U, sin 0,
Att=T

The initial velocity v, at initial altitude y, will be considered fixed, but the
initial angle 6, will be left undetermined, thereby allowing the first term of
Eq. 8.3-5 to contribute a term at the lower limit ¢ = 0.

Before applying Eq. C-9 of Appendix C to Eq. 8.3-5, we will dispense
with the first term #, = v, cos 0, by noting that its contribution to 6 is
—v, sin 0, 66, We are then left with the integral of Eq. 8.3-5, where in
place of the variable z, we have ¢, w, y, F/m, and T. The equation with
which we are concerned is, then,

r F
SU = —uv,sin 0, 06 + 5f f(¢, W, W, g,r) dt (8.3-6)
0 (7

where the variation of the integral is to be determined from Eq. C-9.
For the first problem, F/m is assumed to be a known function of time
which is not varied, and we are to find a ¢(¢) which will result in 2 maximum
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horizontal velocity U at a given height Y. The partial derivatives indicated
in Eq. C-9 are determined from Eq. 8.3-5 to be

a—f———g(sin¢+llcos<ﬁ) -a—jf:=0

2 9
o _ ; o
ow P o !
o _ o _
oy oy °
The total variation from Eq. C-9 is then
T T
8U = —w,sin B, 66, + 4, dw| + 2, dy
0 0

mF . dl
L[m(s1ng{>+ 1cos¢)¢—|—dt6y+ dt+ o] Ow 0
8.3-7)
Since y at ¢ = 0 and ¢ = T are fixed as y, and Y, the variation at the
end points must be zero, which eliminates the third term in Eq. 8.3-7. For

the second term of Eq. 8.3-7, the variation dw at ¢ = 0 is (v, is specified
as fixed),

dw | = 6(v, sin Oy) = v, cos b, 66,

0

At the terminal time ¢ = T, w is obtained from the integral of Eq. 8.3-2a
to be

f z

w=| —sin¢ddt — gl + v,sin 6
om ¢ gl t 0
and its variation at ¢ = 7 due to variations d¢ and &6, is

ow

T TR
=f ;ﬁcos¢6¢dt+v‘,éﬁocos00
0

We note that w for the optimum curve becomes zero at ¢ = T, whereas
for the varied curve w becomes zero at a different time 7 + 67. Since
T

- is not varied and is zero for 1 > T, the above expression for éw | must

equal g 07.
OU = —usin 0y + 4, ,._q cos ) 60, + gA, ;7 6T

g dl dA
— — (si A S 25 ( 1
L’:m(squ—f— 108 ) ¢+dz Y+

J—— l =
-+ 2)6w] dt =0

(8.3-8)
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Since the variations d6,, 67, d¢, etc., are arbitrary, 6U can be zero only if
all their coefficients are zero, or

dA
tan 0y = —2;,_¢ 7172 0
M=z =0
; diy
tan¢ = — A, E_FAZ_O
From the last two equations we, obtain
Ay = —C, (a constant)
diy
— —C,=0
dt 2

M=C + Cy

Substituting for 4; at t = 0, and ¢t = T from the first two equations, we

find
Cl = —tan 60

1
Cy = 7 tan G,
so that

t
A= —-(1 _i) tan 6,

The equation for the thrust attitude is then obtained from the third

equation to be
t

tan ¢ = (1 — 7,) tan 6, (8.3-9)

and ¢ varies from 6, to zero according to Eq. 8.3-9.

8.4 Optimum Program for Propellant Utilization

In the problem just discussed, it was found that, for an arbitrarily defined
time variation of F/m, the optimum program for the thrust attitude, where
the initial angle 8, was also allowed a variation, was found to be

tan ¢ = (1 - %) tan 6, 8.4-1)

If the initial angle 0, is a given quantity which is not allowed a variation,
the optimum thrust attitude will still be a linear function of time but of the
form (see Prob. 8.4-1),

tan ¢ = tan ¢, — Cyt (8.4-2)
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In either case, the above thrust attitude programs result in a maximum
horizontal velocity U for the specified program of F/m. The maximum U
attained will, however, differ with different programs of #/m, or the manner
of propellant utilization, and we wish now to establish the optimum
program for propellant utilization to obtain the largest of the maximum U
attained under optimum thrust attitude variation.

14
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Fig. 8.4-1. Possible variation of V.

We recognize here that the theoretically attainable velocity V, in the
absence of all forces other than thrust, is essentially a function of the
specific impuise 7 of the fuel and the mass ratio of the rocket (see Sec. 8.1)

m
V, = glln =
My
where it is assumed that the specific impulse is independent of the manner
in which the fuel is utilized. It is then convenient to make the following
substitution

av_F

dt m
13
F

V=f—dt (8.4-3)
0 m

where ¥V is the rocket thrust velocity with the maximum attainable value
equal to V,. Itisevident that ¥ is a function only of time, and depends on
the manner in which the fuel is consumed. Thus for any program of
propeliant utilization, any curve between V = 0 and ¥}, with positive slope
(including zero), as shown in Fig. 8.4-1, is a possible curve. Since F and
m are both positive quantities, the slope 4V/dr is bounded between 0
(for F = 0) to infinity (for instantaneous burning).
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We will assume the initial value of v, and 6, to be fixed and, that the
optimum thrust attitude variation indicated by Eq. 8.4-2 is to be followed.
The integral to be maximized is from Eq. 8.3-5,

T dv
U =f [(cos ¢ — Ay sin @) o + A0+ g) + Ay — W)J dt (8.4-4)
0
and since the optimum thrust attitude is to be followed, all of the variations
have been considered in the previous problem except ¢V, which requires

us to consider only the first term of this integral.
To determine the terms of Eq. C-9, we need the following:

2 9
5{_;=0 é-jl;=(cos¢—llsin</>)

and since 6V at ¢t = 0 and ¢t = T is zero, we obtain the variation

Td
oU = —f — (cos ¢ — A sin ) 6V dt
o dt

_ j TI:(sin & + 7y cos §) + sin ?ﬁ}sm (8.4-5)
0 dt

From Eqgs. 8.4-5 and 8.4-2 we have
A = —tan ¢ = —tan ¢, + Cyt

from which
T
oU = Czj (sin ¢) oV dt
0

T tan ¢y — Cyt
Jo VI + (tan ¢y — Cy1)?

T
=G f dovd=0 (8.4-6)
0

It is evident here that the integrand
tan ¢, — Cyt

= 8.4-7
V1 + (tan ¢, — Cypt)? ( )

can be positive, negative, or vary from plus to minus as ¢ varies from 0 to
T, so that, for the integral 6U to be zero, the function V{(#) must be a
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discontinuous function of time (i.c., the fuel must be burned instan-
taneously). We wiil consider three possible cases:

L. If @ is always positive, all of the propellant must be burned
instantaneously at the beginning, and the optimum program for Vis the
heavy discontinuous curve of Fig. 8.4-2. For V(1) to be optimum, 6U

v
Vi
—— 1
//\E\(V {
s |
4 |
/
/ f
/ o !
/ & Positive i
|
/ |
L ¢
0 7

Fig. 8.4=2. Instantaneous burning at ¢ = 0.

must be negative for any variation of ¥ from the optimum. For instance,
any variation 6% from the optimum curve of Fig. 8.4-2, such as the dotted
curve, must be negative, which means that 6U would be negative. A
positive variation 6 is not possible from the optimum curve shown, since
V, is the maximum available rocket thrust velocity fixed by the specific

$ Negative

0 T

Fig. 8.4-3. Instantaneous burning at t = 7.

impulse and the mass ratio. These arguments, therefore, establish the
optimum program for the propeliant utilization corresponding to positive
@ to be that of instantaneous burning at ¢ = 0.

2. If @ is negative, the optimum curve for ¥(¢) must be as shown in Fig.
8.4-3, which implies instantaneous burning at t = T. Any variation 6V
from this curve would be positive, which would result in a negative 6U or
a smaller value of U.
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3. If @ changes sign from plus to minus, the optimum curve for ¥ must
appear as in Fig. 8.4-4, and part of the fuel must be burned instantaneously

v

0

Fig. 8.4-4. Instantaneous burningatz=0and:=T.

at t = 0, and the remainder at ¢t = 7. Again, any varied curve which has
zero or positive slope is allowable, and if a positive U cannot be produced,
the discontinuous curve of Fig. 8.4-4 must stand as the optimum curve.

PROBLEMS

1. For a specified program of fuel utilization, F/m is a known function of time
which allows no variation in the quantity ¥/m. Assume now that both the
initial velocity vy and its inclination 6, to be specified, and show that the
optimum program for the thrust attitude ¢(¢) is

tan¢ = tan ¢y — Cyt

2. Show that, if a body is projected upwards with an initial velocity at an angle
6y, the tangent to the flight path will be

tan § = (1 - -f) tan 0,
T

where T = time for maximum height.
3. For the case ¢, = 6, show that © in Eq. 8.4-7 is always positive, and that for
- optimum utilization of the propellant all of the fuel must be burned instan-
taneously at the beginning.

4. Assuming that v, is zero, and all of the fuel is burned at the initial instant,
determine the time 7" at which maximum horizontal velocity is attained at
height Y.

5. Determine the time required to deliver a satellite to a height ¥ = 300 miles
with a horizontal velocity of ¥ = 22,000 ft/sec.

6. In Prob. 4, show that the initial thrust attitude should be sin ¢y = (1/V;) X
v ?Y, and that ¥, must be greater than the velocity necessary for projecting
a body vertically upwards to a height Y.

7. In Prob. 5, determine the initial angle ¢, and the total rocket velocity V.

o
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8. For the case where the variation of @ is from positive to negative, discuss
how you would find ¥; or the portion of the fuel to be burned at the initial
instant.

9. Determine the optimum fuel utilization program to achieve maximum height
for a rocket shot vertically.

10. Determine the optimum fuel utilization program for maximum height of a
two-stage rocket of equal stages.

11. Discuss the problem of obtaining the greatest altitude for a specified hori-
zontal velocity.

12. Discuss the probiem of minimum propellant consumption for a specified
horizontal velocity and altitude.

8.5 Gravity Turn!

In the previous section it was shown that the optimum thrust attitude
for placing a satellite into orbit is given by the equation,

1A /
tan ¢ = (1 — T) tan 6, (8.5-1)

Likewise, the optimum thrust attitude for maximum range (ballistic
missile) can be shown to be ¢ = constant. These conditions may be
satisfactory for a rocket traveling in vacuum but, owing to the large angle
of attack (¢ — &) which results from such trajectories, they are not feasible
through the atmosphere. Thus for flight through the atmosphere, a
trajectory known as gravity turn is generally used. In a gravity turn the
thrust vector is kept parallel to the velocity vector at all times, starting
with some nonvertical initial velocity v,. Thus the gravity turn is also one
of zero angle of attack or zero lift.

It is convenient here to measure the angle made by the velocity vector
from the vertical, as shown in Fig. 8.5-1. Again assuming zero aero-
dynamic drag and constant gravity field, we write equations for the forces
in the tangential and normal directions to the trajectory.

1

—@ = £ cos P 8.5-1)
gdt mg

YW n (8.5-2)
gdt o ¥ '

These equations are nonlinear and no analytical solution is known when
F|mg varies with time. A reasonable assumption for F/mgis F = constant,
and m = m, — m't.

When F/mg is a constant, these nonlinear equations can be solved
analytically. For F/mg to be constant, the thrust F must decrease with
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time to conform to the decreasing mass. If F/mg is a varying function of
time, we can assume F/mg tc be constant over short intervals of time, and
we can carry out a step-by-step numerical integration, using the analytical
solution over each interval. It is evident, then, that the analytical solution

y
v
¥
7
mg
Yo~
—,T—'
Yo
‘

Fig. 8.5=1. Gravity turn trajectory.

for constant F/mg is of practical interest, and we consider its development
as follows:
Let Fjmg = n over a short increment of the flight path. We introduce

! 1= '
2 = tan =J coev_ 1Y (8.5-3)

2 14+cosy 1+cosy
Then
o 1 —cosy
2=
14 cosy
and
1—22
7= cos
Differentiating Eq. 8.5-3,
dz i dy
dt~ 2cos? (y[2) dt
Therefore,

dy dz
v (1 + cos w)z{—t
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By substitution into Egs. 8.5~1 and 8.5-2, they become,

i 1 —2?
lo_, _1=2 (8.5-4)
gdt 14z
d.
veE_ ., (8.5-5)
gdt
Eliminating dt between the above equations,
dv e 1 —-22dz
—J=n—;_1+z2—z_ (8.5-6)
Integrating, we have (see Peirce* nos. 53 and 55),
1 2
lnv=Inz" +In :z +InC
or
v = Cz" Y1 + 2% 8.5-7)
The constant C can be evaluated from initial conditions o be,
Y
= —2 8.5-8
R ©39
Substituting Eq. 8.5-7 into 8.5-5 and integrating,
C 2
t= —f 2721 + 22) dz
&Y%
C 1 22 ) g
— _ n—1 5
gz (n——-1+n+1 ) (8.5-9)

Equation 8.5-9 gives ¢ as a function of z = tan Y4y for any initial
condition C. Thus, conversely, v is known in terms of ¢ and C. Equation
8.5-7 gives v as a function of z and C, so that v is also known in terms of ¢
and C. Thus Eqgs. 8.5-7, 8.5-8, and 8.5-9 represent the solution for the
gravity turn trajectory when the thrust-to-weight ratio F/mgis a constant z.

To apply these equations for a varying F/mg, we start with the initial
conditions expressed by Eqs. 8.5-3 and 8.5-8, and F/mg =n at t = 0.
Choosing a value of y slightly greater than y,, determine v from Eq. 8.5-7
and Af from Eq. 8.5-9. The increment in the displacement is, then,

Az = $(v, sin g, + vsin ) At
Ay = (v, cos yp, + v cos ) At

The procedure can now be repeated with the values at the new point as
initial condition.

* Short Table of Integrals (3rd rev. ed), Ginn & Co., Boston (1929).
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1.

2.

3.

PROBLEMS

By reversing the force F, show that the motion of a body hurled into a resisting
medjum can be solved by the techniques of this section.

If F/mg is constant throughout flight, what is the effect of changing the initial
angle p, on; (a) the final velocity; (b) the time of flight.

For constant value of F/mg, the velocity and its inclination y were observed at
a given time. If the initial angle is doubled, how would the above quantities
differ at the same time.

. From Egs. 8.5-1 and 8.5-2 derive the ballistic equation of a rocket

1dv (F—D) 1 1

vdy  \ mg )sing tany

where D is the aerodynamic drag.
Hint: The normal and tangential accelerations can be written as
) = v}R
. dvdy ds v dv

dy ds dt R dy

where R is the radius of curvature of the trajectory, and ds = R dy.
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Generalized Theories
of Mechanics

CHAPTER 9

9.1 Introducticn

Experience indicates that our learning process consists of first assimilat-
ing simple bits of information and, second, of comprehending the relation-
ships between the various bits of information. As a resuit there begins to
emerge an over-all pattern of behavior predictable from a theory. Simple
theories are necessary for the beginner, in spite of the fact that they are
limited in scope and incapable of extension beyond the bounds for which
they are intended.

Beyond this stage must be a more general theory which encompasses
and unites all special theories into a harmonious understanding. Such a
generalized theory of mechanics was developed by Hamilton and Lagrange.
It encompasses all of classical mechanics, and an understanding of this
important work is an essential part of advanced dynamics.

Preliminary to the discussion of the generalized theories, it is necessary
to have clearly in mind the basic concepts of coordinates and their classifi-
cation.

9.2 System with Constraints

The degrees of freedom of a body correspond to the minimum number
of independent coordinates required to define its position. For a particle
261
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free to move in space, three coordinates are necessary to define its position.
They may be rectangular coordinates z, y, 2, spherical coordinates 7, 6, ¢,
or some other system of coordinates, but three are necessary, and each
coordinate may be varied independently. We say then that the free
particle has three degrees of freedom.

If, next, the particle is constrained to move on a specified surface, only
two coordinates are necessary to define its position, and we say that it has
two degrees of freedom. For instance, the latitude and longitude com-
pletely define a position of a particle on the earth’s surface. If the particle
is further constrained to move along a specified line on the surface, one
coordinate—such as the distance along this line—will define its position,
and such a particle will have one degree of freedom. Here we have placed
two constraints on the particle, one to restrict it to a surface, and another to
confine the motion along some line on the surface. In each case the three
degrees of freedom of a free particle have been reduced by the number of
constraints imposed on the particle.

The constraints of a system can be expressed analytically in terms of its
geometry. For example, a particle a distance / from the fixed end of a
string is constrained to move on a spherical surface, the equation of which
is,

x2 + yz + 22 =]2

In the general case, the equation of constraint restricting a particle to any
surface is,

f@,y,2=0 (9.2-1)

When the particle is constrained to move along a curve in space, the
curve can be considered to be the intersection of two surfaces, so that the
two constraint equations to be satisfied are,

fil® y,2) =0

S 9,2 =0
An elementary example of two constraints is illustrated by the simple
pendulum whose circular path in the vertical plane is the intersection of a

sphere and a vertical plane through its center. The constraint equation,
2% 4+ y% = |2, is actually the result of two equations,

(9.2-2)

Sphere 22+ y2 =12
Plane z2=0

with the coordinates oriented as shown in Fig. 9.2-1.
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Sometimes a constraint equation will also depend on time. For instance,
if the support point of the simple pendulum is given 2 motion z(z), the
constraint equation would have to be written as

e — w(OF + o = I2

It is evident, then, that for a time-dependent constraint, the equation may

be written in the form,
Clz,y,2,0)=0 (9.2-3)

Constraints may also be imposed between particles; e.g., two particles
whose distance between them is always constant. The first particle has

Fig. 9.2-1. Intersection of the z, y plane and a sphere of radius / defines the path of the
simple pendulum mass.

three degrees of freedom. The second particle has two degrees of freedom.
Thus we have 3 4+ 2 = 5 degrees of freedom for the two particles bound
to each other a given distance apart. Actually two free particles would have
six degrees of freedom; however a constraint has been introduced,
specifying the distance between them, so that the degrees of freedom have
been reduced by one.

The position of a rigid body is known if we know the position of three
noncollinear points on it. The three points, if free, would have nine
degrees of freedom, but since there are three rigid constraints between
them, a rigid body has six degrees of freedom. Another way of arriving
at the same result is to choose the first point arbitrarily, in which case it
will have three degrees of freedom. The second point must move in a
sphere about the first, so it has two degrees of freedom. The third point
must now move in a circular line about 1 and 2 as axis, which adds another
degree of freedom, making a total of six degrees of freedom.
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The general rule for NV particles can be stated as follows. If IV particles
have ¢ constraints restricting their freedom, the number of degrees of

freedom n will be,
n=3N—c¢ 9.2-4)

9.3 Generalized Coordinates
A simple pendulum is defined as a point mass on the end of a weightless,

inextensible string, which is made to move in a vertical plane, as shown in
Fig. 9.3-1. The point mass must move on a circular line in the plane, and

Fig. 9.3-1. Simple pendulum.

has one degree of freedom. The position of the mass may be specified by
rectangular coordinates «, y, which are not independent but subject to the

constraint equation,
2? 4y =P (9.3-1)

It is simpler, however, to specify its position by the angle 0, which is
independent and free of any constraint equation. Such independent
coordinates are called generalized coordinates, and the number of such
coordinates corresponds to the degrees of freedom of the system.
Consider next the double pendulum of Fig. 9.3-2, which is a system of
two degrees of freedom. If the position of each mass is to be defined in
terms -of rectangular coordinates, four coordinates, y, ¥, %5, ¥,, would be
necessary. There are however, two constraint equations between the
coordinates,
z? +yf =07
7y — 5”1)2 + (y, — Yyt = 122

and the number of coordinates minus the number of constraints again

(9.3-2)
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agree with the degrees of freedom of the system. Any two of the four
rectangular coordinates can be considered independent, but the remaining
two must be related by the above constraint equations.

The double pendulum can also be defined by two angles, 6, and 8,.
Each 6 can be varied independently and, therefore, no comstraints exist
between them. 6; and 6, are thus generalized coordinates for the double

pendulum.
For a system of n degrees of freedom, there are n generalized coordinates,
91 92 93> Ga» - - - » @ Lhey are independent coordinates free from any

(x1,51}

(x2,¥2)

Fig. 9.3-2. Double pendulum.

constraints. They are not necessarily lengths or angles, but can be any
independent set of quantities which describe completely the motion of the
system.

It is always possible to relate the rectangular coordinates as some
function of the generalized coordinates. For instance, in the case of the
double pendulum, the rectangular coordinates expressed in terms of the
generalized coordinates ¢; = 6, and g, = 6, are

x; = [, sin 6,

Yy, = [ cos 0

T _ (9.3-3)

%y = I sin 6, + I, sin 6,

Yy =l cos 0, + I, cos O,
In the more general case, the relationships between the various position
coordinates x, y, z and the generalized coordinates can be expressed by
the functional equation,

@, =[G, Gos G3s « + + s Gs 1) (9.3-4)
where n is the number of degrees of freedom of the system.
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9.4 Holonomic and Nonholonomic System

When the constraints are expressible as functions of the coordinates or
coordinates and time, the system is said to be holonomic. Sometimes the

A

Fig. 9.4-1. Example of holomonic system.

constraints are expressed in terms of the velocities; however, if such
expressions are integrable, we obtain the constraint equations as function
of the coordinates or coordinates and time, so again we have a holonomic
system.

As an example, consider a wheel rolling without slipping along a

|
z

x

Fig. 9.4-2. Example of nonholonomic system.

specified straight line, as shown in Fig. 9.4-1. The velocity of the center
is # = r¢, which can be integrated to x = r¢ + ¢. The system is hence
holonomic.

If the same wheel rolls without slipping on a plane, and is allowed to
pivot about a vertical axis through the point of contact, as shown in Fig.
9.4-2, the relationship between the velocities will be found to be non-
integrable, and hence the system must be classified as nonholonomic. We
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have, for instance, the equations for the velocity normal and parallel to the
path as,

Zsinf — ycos b =90

dcosf + ysin b = ré

and it is not possible to integrate these expressions to obtain relationships
between the coordinates. It is possible, for instance, to roll the wheel to
another point with a different value of z, but with the other coordinates y,
8, and ¢ unchanged. It is evident, then, that » cannot be functionalily
related to the remaining coordinates. Each of the other coordinates can
be singled out in the same manner, so that there can be no unique relation-
ship existing between them. We have only a relationship between the
infinitesimals which can be written as

sinfde —cosfdy =0
cosfde + sinfdy —rdp =0
In a holonomic system, the constraint equations are in the form,
Clry, Foy Fay oo ., 1) =10 (9.4-1)

Moreover, the differential of the constraint equation is exact and expres-

sible as,
oC
dC=g§dr1+Z—2dr2+'“—a—t-dt=0 (9.4-2
It is also possible in the holonomic system to reduce the number of the
dependent variables r; by the number of constraint equations tothenumber
of the degrees of freedom of the system. These are then expressible in
terms of the n generalized coordinates, equal to the number of degrees of
freedom of the system, and independent of each other. Thus, provided
we are able to find the » generalized coordinates of the system, the problem
reduces to that of solving »n independent equations in g,, without concern
of the constraints of the system.
In the nonholonomic system, the constraints are not expressible in
terms of the coordinates or coordinates and time, as in Eq. 9.4-1. The
constraint equations are available only as relationships between the

infinitesimals,
aydry + apdry + -+ a,dt =0 (9.4-3)

which are nonintegrable. Thus, if we transform the dependent variables
r; into the equation

Fe=71{q1 G -5 1)
we would find that not all the ¢ are independent. Special procedures to be
used under these conditions are discussed in Sec. 9.9.
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9.5 Principle of Virtual Work

A virtual displacement 6z, 66, dg, etc., is an infinitesimal change in the
coordinate, which may be conceived in any manner irrespective of the time
t. It may or may not coincide with the actual displacement, dx, d6, dq.

In the case of constrained motion, the virtual displacement must be
compatible with the constraints. For instance, if a particle is constrained
to move on a surface, the virtual displacement must be confined to the
surface. If the constraint equation for this case is

f(x’ Y, % t) =0 (95—1)
the virtual displacement must satisfy the equation,

0 b
—16x+l(3y+§[5z=0 (9.5-2)
ox dy 0z
For a nonholonomic constraint, the restriction is
a, 0x + ay, 0y + a; 02 = 0 (9.5-3)

Since virtual displacements are made irrespective of time, the above
expression must be independent of time 7.

Consider a particle acted upon by several forces. If the particle is in
equilibrium, the resultant R of the forces must vanish, and the work done
by the forces in a virtual displacement dr is zero.

R:6r=0 (9.5-4)

If the particle is constrained, the force R may be separated into an
applied force F and a constraint force f. For equilibrium,

R=F+f=0 (9.5-5)

and the applied force is balanced by the constraint force. The virtual

work is then,
F:.or4+f-0r=0 (9.5-6)

But now the virtual displacement dr must be consistent with the constraint,
which requires that f - ér = 0. For instance, a particle made to move along
a smooth wire would have a constraint force of the wire acting normal to
the wire and hence to the virtual displacement. Thus the constraint force
cannot contribute to the work, and we are left with the result,

F-or=0 (9.5-7)

which states that, if the particle is in equilibrium, the work done by the
applied forces due to a virtual displacement is zero.



GENERALIZED THEORIES OF MECHANICS 269

For a system of particles in equilibrium, the sum of the forces acting on
each particle must vanish. The virtual work of the system is the sum of
the virtual work done on each particle, which must also be zero.

SR;-0r,=0 (9.5-8)

The force R, can again be separated into the applied force F; and the force
of constraint f,, and since z £, . Or; = 0, we obtain the virtual work for the

system of particles to be,
2F =0 (9.5-9)

where F, and dr, are the applied force and the virtual displacement
associated with particle i. Thus the principle of virtual work as presented
by Jean Bernoulli (1717) can be stated as follows: If a system of forces
are in equilibrium, the work done by the applied forces in a virtual dis-
placement compatible with the constraints is zero.

For a rigid body or a system of interconnected rigid bodies, internal
forces, which always appear in equal and opposite pairs, must do no work.
Thus, with the principle of virtual work, we can ignore all internal forces
and reaction forces of constraints, and equate the virtual work of the
applied forces to zero.

9.6 D’Alembert’s Principle

The principle of virtual work, established for the case of static equilib-
rium, can be extended to dynamics by a reasoning advanced by D’Alem-
bert (1743). We will let p be the momentum of a particle in the system,
and separate the forces acting on it into an applied force F and a constraint
force f. The equation of motion of the particle can then be written as

F+f—p=0 (9.6-1)
which states that the forces are in equilibrium with the kinetic reaction —p.
The quantity —p is sometimes referred to as the “reverse effective force”
because the force effective in producing the motion is equal to p, and, if
such a force is applied in the reverse sense, the motion could be nullified
to produce a state of static equilibrium. As before, the virtual work of the
constraint force is zero since f and Jr are mutually perpendicular. The
virtual work of the forces acting on the particle is, then,

(F—p)or=0 9.6-2)
and for the system of NV particles, we sum to obtain the result
N
SE—p)-or;, =0 (9.6-3)

=1
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PROBLEMS

1. A constraint is scleronomic if time-independent, and it is rheonomic if time-
dependent. Ifa particle of mass m is free to siide on a smooth hoop of radius r,
which is rotated with constant speed Q about a verticle diameter, discuss the
degrees of freedom and the type of constraint, holonomic, nonholonomic,
scleronomic, or rheonomic.

2. The vertical diameter of a wheel rolling on a rough horizontal fleor is rotated
at a constant rate to form a circular path for the contact point. Is the con-
straint holonomic or nonholonomic ?

3. A sphere of radius g, rolling on a rough, horizontal plane is a2 nonholonomic
system. Attach body axes z, y, z to the center of the sphere, defining their
position by the Euler angles 8, v, 9. Show that the angular velocity of the
sphere with respect to fixed axes X, ¥, Zisw = oyl + 0wy 4 oK where,

wy =0cosyp + ¢sinbsiny
wy =0siny — ¢sinfcosy
wy =1 + ¢ cos b
Show also that the constraint equation for no slipping is
Vo+w xr=0

where V is the velocity of the center of the sphere, and r = —aK.

4. In Prob. 3, determine the variation of the constraint equation along the X and
Y axes.

5. Virtual work for a system of NV particles can be expressed by the equation
N
E(Fi — m,¥;) - 0r; = 0. Discuss the interpretation of this equation for a
i=1

system of free particles versus a system of constrained particles.

9.7 Hamilton’s Principle

The principle of virtual work together with D’Alembert’s principle was
viewed by W. R. Hamilton (1805-1865) as a basis for his variational
approach, leading to one of the most general statements of mechanics
known as the Hamilton’s Principle. It reduces the formulation of problems
in dynamics to that of the variation of a scalar integral, irrespective of
coordinates and for conservative and nonconservative systems.

We start with &V discrete mass particles, coupled by either holonomic or
nonholonomic forces of constraints, and write the virtual work equation,

N
>(mfE, —~F)-0r, =0 (9.7-1)
i=1
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N
We recognize in this equation that » F, - dr; is the work done by the
i=1

external forces in a virtual displacement, which could include noncon-
servative forces.

F, - 0r, = oW (9.7-2)

I

Relating to the first term of Eq. 9.7-1, the following differential relation-
ships exist:

d d
d—t(ii'6r1)=a’i»‘56ri+i‘i-éri

=, OfF; + ¥, Jr,
= 0(3#% + &, - Or, (9.7-3)
The first term of Eq. 9.7-1 can then be written as

N

N d X .
Emifi <Ory =D — (mt; - or;) — Za(z mi’:iz)
i=1 i i=1

=1 dt
Z\Y
=2 — (mf, - 0r) — 6T (8.7-4)
=1 dr
and Eq. 9.7-1 becomes
X d
'21 p (mg, . 0r) = 6T + oW (9.7-5)

Consider times ¢ = 0 and ¢ = #, at which Jr, = 0, and integrate Eq.
9.7-5:

4N A
> —EZ« (m,x; - Or,) dr =f (6T + 6W) dr (9.7-6)
o i—1dt 0

The left side of this equation is equal to the integrand evaluated at the
upper and lower limits:

N
>m,i; - or,
=1

t t
= f OT + W) dt (9.7-7)
0 0

But since Jr; equals zero at ¢t = 6 and #, the left side of Eq. 9.7-7 is zero,
and we arrive at the final result

1 ty i
f (6T + W) dt = af T dt +f SWdt=0 (9.7-8)
0 0 o

We will review now the variational principle leading to Eq. 9.7-8. The
motion of the system defined by the time variation of the N r, is defined as
the dynamical path. At any time ¢ between ¢ = 0 and #;, the N-valued r,
are given a virtual displacement dr, thereby varying the dynamical path
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under the restriction 6t = 0. In the varied configuration, I"and W undergo
variations 87 and 6% due to the variation in the coordinates and their
velocities. Of all the possible variations, the dynamical path corresponds
to the one which leads to a stationary value of the integral in Eq. 9.7-8
which is Hamilton’s principle.

When the system is conservative the work can be expressed in terms
of the potential energy in which case Eq. 9.7-8 reduces to

p f “r+ wyd =0 (9.7-9)
0

Hamilton’s principle states that, if the configuration of the system at
two instants ¢ = 0 and ¢, is known, the motion of the system is given by
the stationarity of the scalar integral. Hamilton’s principle does not
provide the solution to the dynamical problem, but formulates the
equations of motion in a general manner irrespective of the coordinate
system. It embodies both the Lagrange equation and the theorem of
conservation of energy.

9.8 Lagrange’s Equation (Holonomic System)

For a holonomic system, the dependent-variables r; can be expressed
entirely in terms of the n-generalized coordinates ¢, and time 7, corre-
sponding to the n degrees of freedom.

I =199 .Gl (9.8-1)

The g, in the above equation are independent and no constraint equation
exists between them.

Differentiating Eq. 9.8-1, the velocity can be written as

or; or, or, or.

Fom g et g = 9.8-2

r; aql €I1 + aqz qg + + aq“ qn + at ( )

By squaring and summing over all the particles of the system, the kinetic

energy becomes

N nnail a a
Smiz=iSm{ 33X T TE T

< 0F; | +(al'i)2J
250t %

(9.8-3)

NI»——!

1
2

It is evident then that T is a function of g, 4;, and ¢, and we may write

T=T(Gyqo - »G1,Gor -+ > 1) (9.8-4)
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We will now consider the variation ¢7 in Hamilton’s equation, holding
t fixed

20T
T = 6 i 9.8-5
and
t n
f’ardz =2 —5qu + 2 f 5 8¢, dt (9.8-6)
0 =1
‘Writing the last integral in the form,
hoT h 9T d
——— 7. d = —— .
s 3, 0g, dt ) 3G, dt dq, dt
we integrate by parts, letting
oT
= — dv = ; di
u %, v=- dq; dt
Then
dor
=—_—dr =0
du a5 v q;
and the integral becomes
“ 9T d f d aT
— —0q, dt =
o 0g,dt 7 % Z dt 04,

Since dg;, = 0 at ¢t = 0 and £, the first term on the right is zero and Eq.
9.8-6 becomes,

af Tdt = —E

(d or aT)a dr (9.8-7)
=1 J0

dt 9, g,/

Consider next the variation 6W due to the m forces acting on the
system

oW = 2 F,ér, (9.8-8)
i=1
The virtual displacement dr; is
or; or; or.
or; = —= 6 =& IR Ly 9.8~
LY aql 91 + aq2 92 + + aqn In ( 9)

so that 6 W becomes

m or; or; or; )
6W—jgl (Fi.fi_q;(sql + Fjea—qzéqz + F,--afqnéqn (9.8-10)
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We can now define the generalized force ¢, associated with g, to be

0= 2 F,o =2 (9.8-11)

which enables Eq. 9.8-10 to be written as

n

W = Q10q + Qu0gs + <~ @, 0q, =2 0, 0q, (9.8-12)

=1
We now substitute Eqs. 9.8-7 and $.8-12 into Hamilton’s equation,

h no(h(ddT orT
af T+ Wydt = — 2 (——————«—Qi)éqidt:o
0 i=1 0

(9.8-13)

and since all the dg, are independent and arbitrary, we can let all the dg,
equal zero except for dg, which will be specified as not equal to zero. Then
in order to satisfy the above equation, the coefficient of dq, must be zero,
and we arrive at Lagrange’s equation for the holonomic system.

der _or _ ©.5-14)
[an'lc aqlc - ? o ¢

So far we have not stated whether the forces F; are conservative or
nonconservative. For a conservative system, the work is expressible in
terms of the potential energy U

W= —Uq,) (9.8-15)

and

oU
SW = —zé—a;éqi (9.8-16)

It is evident then that Lagrange’s equation for the conservative system is

der or oU
£ T 4y 9.8-17
dt9g, Oqr = Oy ( )

It is now convenient to define the Lagrangian as
L=T-U (9.8-18)

and since 0U/d¢, = 0, Eq. 9.8-17 can be written in terms of the Lagrangian
as
dorL  dL

= 8-19
dtdg, Oy 0 © )
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When both conservative and nonconservative forces act on a system, we
can separate the virtual work into terms like Eqgs. 9.8-12 and 9.8-16, and
write Lagrange’s equation as

doL oL
— —x = 9.8-20
Example 9.8-1
The pendulum analogy is used in the simplified analysis of many dynamical
problems, including the sloshing of liquid fuel in missiles. As an application of
Lagrange’s equation, we will consider here the spherical pendulum of Fig. $.8-1.

Fig. 9.8-i. Spherical pendulum.

The position of the mass, at a distance / from the center, can be specified by the
generalized coordinates 6 and @, which can be varied independently.
The kinetic and potential energies are,

T = imf(I6)* + (lg sin 6)%] (@
U = mgl(1 — cos 6) (b)

and the Lagrangian becomes,
L = }ml(16)* + (I sin 6)*] — mgl(1 — cos 6) ©
Substituting into Lagrange’s equation, the equations of motion are,
mF(é — ¢*sinfcos 6 + ‘% sin 6) ~0 @

ml%( sin? 6 + 2¢0 sin H cos 6) = 0 (e
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The solution of these equations can be obtained in the following manner.
Equation e can be written as

d
—g¢sin26 =0
59 sin

¢sin® 6 = C, N
If we examine the Lagrangian, we would note that L is independent of ¢, so that
oL
% =0
We should then expect Lagrange’s equation for the coordinate to reduce to
d oL _
dt 3¢
and

oL
— = constant
¢

Equation f then is the direct consequence of 9L/3p = 0.

We can now make a general statement as follows: If the Lagrangian is not a
function of the generalized coordinate g;, then 0L/dg, = 0, and Lagrange’s
equation for g, becomes

d oL

&%, ®
Its integral is then immediately available as
aL
= constant = p,, (h)

I

where p, is the generalized momentum for coordinate g;. Such coordinates are
called cyclic coordinates.
Returning to the solution of the two equations of motion, we substitute ¢ from
Eq. finto Eq. 4,
. cosf g
6§ —CPi—— +%sinf =0 i
Uae T ®

We solve this equation in the usual way by multiplying by 26 and integrating.

266 = 20C,2 e = fsin6

\ 0ds 28
fd(@z) = 2c12f = -3 f sin 6 df

The solution for 6 is then,
. C2 2 .
=gt #lgcos 0+ C, )

We have so far identified the constant C; as the generalized momentum p,,.
We will show now that the constant C, is associated with the total energy E of the
conservative system, which is

E=T+U=2T-1L &)
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We have from.Egs. a, b, and ¢,
2| § 9 oo 1 oo &
mi?| 62 + ¢ sm26—§6 59 sm6+7(1—cose) = F

Eliminating ¢ from Eq. f, we arrive at the result

. 2 29 E
o . _ Peo 8 £ &
"= sin® ¢ + I cosf + 2(rnl2 l) B

By comparison with Eq. j, we find that

-2 £ _¢&
¢ =2(% -4

Example 9.8-2 :
A spinning satellite with moments of inertia 4, 4, C, with C < A4, has whip
antennas which are free to vibrate in the 2 direction, as shown in Fig. 9.8-2. Set

Fig. 9.8-2. Energy dissipation by whip antennas of a satellite.

up the vibration equation, using generalized coordinates associated with the
normal modes of the antenna beam, and outline a procedure to establish the
attitude drift of the spin axis.

We will assume the beam to have structural damping, which can be accounted
for by a complex stiffness EI(1 + ic), where « is the structural damping factor.
Letting m be the mass per unit length of the antenna, and w the elastic deflection
in the z direction, the differential equation of motion is

%w

o tw
EI(1 + I&)—aﬁ + m‘a—t2

= ma, (a)

The acceleration a,, is that of a point along the undeformed antenna, which from
Eq. 7.6-14a is

C . .
a, =2 y (g + x)wy? sin 0 cos 6 sin ¢t b)
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We will express the deflection in terms of generalized coordinates ¢,,(¢) and the
normal modes ¢,(x) of the antenna,

W@, 1) = 3 qgu(6) () ()
n=1

The normal modes are vibration shapes associated with the undamped har-
monic oscillations at the natural frequencies (2, which obey the equation

E,Q“%

o s - anz(pn =0 (d)

We now substitute Eq. ¢ into ¢ and replace EI(d'p, [dx?) by mQ,%p, of Eq. d to
obtain

[ee] 2]
> meug, + 2 mQAL + id)g,q, = ma, ()
n=1 n=1

Multiplying Eq. e by ¢, dr and integrating over = 0 to /, and noting the
orthogonality relationship of the normal modes,

J’l 4 0 forn#k o)
S 2 =

0%% M forn =k /
The resuit is

i . e

G, + (4 + Qg = Mﬁnmz(pk dx

= Fsin g1

where (&

2 (C . !
Fe= ]T/I(Z) w,? sin 6 cos Gj (xy + @)@ m dx

0

The steady-state oscillation of the antenna is then established as

. Fsin (¢t + ¢,) "
T T VI = G PF & & ’

To determine the energy dissipated per cycle, we start with the strain energy

U (@Y B2 L l
V=3 E’L (sz—) =3 (%Zfo%zdx + 5" | Ao+ 201g, | o4g dn

: ®
Using only the first mode and noting that (see Sec. 7.6)
7 (1= &) cosh = :
@ = (1 A)Qlcosﬁ—Rlcose §))

the equation for the energy dissipated per cycle is

vET

(1 C)(C)2<wo>5 sin? § cos® 8 (’fl( +a) d)zfl "2 g X
ryEA Sy Ay AVeY ey st camped | AR B R
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Equating this to T of Eq. 7.6-6, the rate of drift of the attitude angle can be
expressed as
K sin 6 cos® 6

b= (1 — R2cos? 0)% + of

0

where the many constants of the problem have been lumped into X.

Hlw.

N
90°

Fig. 9.8-3. Resonance in attitude drift rate due to whip antennas.

This result should be compared to that of Example 7.6-1. Since 0 generally
starts from some small angle 0, and increases for C/4 < 1, there is a possibility
of resonance if R, is greater than unity. The peak values, however, are expressible
as

§ = g sin @ cos? 6 )

which is similar in form to Eq. fof Ex. 7.6-1, although the X are different. A plot
of the drift rate is shown in Fig. 9.8-3.

9.9 WNonholonomic Systems

The development of the previous section for the holonomic system,
Eqgs. 9.8-1 to 9.8-13, apply equally well to nonholonomic systems. The
difference here is that for the nonholonomic system the ¢, of Eq. 9.8-1 are
not all independent. However, the requirement for the independence of
the g, for the holonomic system was not imposed in the development of
the previous section until the step between Eqs. 9.8-13 and 9.8-14 was
required.
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For the nonholonemic system, the g, are restricted by the constraint
equations of the form

Gy dqy + ag dgy + 1 a, dg, + ag di =0

(9.9-1)

Gim d91 + Ao, qu + o Apm dqn + Aom dt =0
which are nonintegrable. Holonomic constraints may also be present,
but we will assume that they have been used to reduce the ¢, to independent
quantities, of which there will be n — m, where m is the number of non-
holonomic constraints.
We will assume for convenience that there are just two (m = 2) non-
holonomic constraints and write their variation,
130Gy + G5y 0Gy + * " Gy Og, =0 (9.9-2)
Mg 0g1 + G35 0g5 + * * Gy 09, = 0
Since the variation is one of configuration, holding time constant, ¢ does
not enter into Eq. 9.9-2. Two of the g, are now related by Eq. 9.9-2,
leaving n — 2 of the g, as independent quantities.
We will now multiply each of Eq. 9.9-2 by an undetermined multiplier
7 and integrate between 7 = 0 and # as follows:

() &y
> | Aandgdi =0
=10 (9.9-3)

n ty
> f Dalso Oq; dt =0
i=1 Jo

(Note that the A could be a function of time as well as constants.) Including
these terms in Eq. 9.8-13, we can write,

dor or

151 n &
o I = ) | = — — — — e Al — Aotlio 1 O
J;) ( + W) dt igl 0 <dl aqz aqz Qz 19a 2a22) qz dt

=0 (9.9-4)
Since n — 2 of the dg; are independent, we will separate the above integrals

to
n—2 fty d aT aT )
““““““ i o — Aol | Og, di
z;ﬁj (dt 9g; oq, Qi — hay — Aoty [ 04; d
& (4fdoT or
nzlﬁ) (Jt é-g— - 5;{_ — Qi — My — 12(1{2) Og;dt =0

(9.9-5)

where the two dg, of the last integral are fixed by the constraint equations
and, therefore, are not arbitrary. We can however, make theintegrand of the
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last integral zero by a proper choice of 1, and 4,. Each of the integrand
of the first integral can be shown to be zero by assuming one of the
arbitrary dg, to be nonzero and the remaining dg, to be all zero, repeating
this procedure for each of the (n — 2) dg,. We then arrive at n equations
of the form,

— o — —— = Oy + Ly + Ay, (9.9-6)

Since we have two additional unknowns 4, and 1, besides the n g,, we
need two other equations, which are furnished by the constraint equations,
Eq. 9.9-1, written in the form,

apds + ands + " Gfn T g =0

i ) . (9.9-7)
oGy T Apofs + 7 Qe + Gge =0

These n + 2 equations are then sufficient for the solution of the problem.

In the development of this section, we have illustrated the method of
Lagrange’s undetermined multipliers, A, which is not restricted to the
nonholonomic system, and can be applied equally well to holonomic
systems. Occasionally it is not convenient to reduce the variables of the
holonomic system to independent quantities by the use of the constraint
equations, in which case the Lagrange multiplier method can be used. In
such a case, the Lagrange multiplier method will also provide a solution
for the constraint forces, which are sometimes required.

Example 9.9-1

A thin disk of radius r rolls down an inclined plane of small angle « with the
horjzontal. If the plane of the disk is always normal to the inclined plane, and
capable of rotation about the normal, determine the z, ¥ motion of the disk.

Referring to Fig. 9.9-1, the coordinates of the problem are ¢, z, and ¢. The
equations for the kinetic and potential energies are,

T = iml(ré)® + L(ri)* + 5(r)? (a)
U= —mgzsin « ()
and the constraint equation is
dx

- =0

rd cos ¥ ©
The Lagrange equations are then,
d [m r? } _ y
almav| " @
ot —o

—mg sina + — i )

L tn@nd) - ri = 0 )
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From (d), ¥ is a constant », and its integral is ¢ = y, + nf. Substituting for v
in (e), the equation for 4 becomes

A = mgsin a cos (yy + nt) (&)

With 4 substituted into (f), its integral is

., . 1.
§ mr¥(¢ — ¢y) — mgrsin a[é sin (yo + nt) — 5, sin %] =0 {n
2

x

Fig. 9.9~i. Coordinates v, ®, and ¢ are related by nonholonomic constraint.

The # and y displacements can be found from the integrais of
dx = rd cosy dt &
dy = rdsiny dt ()

9.10 Lagrange’s Equation for Impulsive Forces

During impact of one body on another, a very large force acts for a very
short time. Such forces are said to be impulsive. As the time of contact
diminishes to zero, the force tends to infinity; however, like the delta
function, the time integral of the impulsive force is finite.

When an impulsive force acts on a body, the velocity of the body
undergoes an instantaneous change over an infinitesimal change in
displacement. Thus, generalized velocities ¢, will change instantaneously,
whereas generalized coordinates ¢; will not. The system is nonconservative
since energy is generally dissipated during impact.

In applying Lagrange’s equation to impulsive force systems, we approach
it by a limiting process. Starting with the equation,

dor oT

— e — O. 10—
795, ag, < (9-10-1)
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we multiply by dr and integrate over the impact time.

fé oT €or
0

- dfr = . .
ol L 0, dt (9.10-2)

The second integral contain terms associated with the generalized
coordinate ¢; which do not change during the impact. Thus, in the
limiting case when ¢ — 0, the second integral vanishes, and we obtain
the relationship,

€ A
AL _im [f0 = 0, (9.10-3)
0

aq € €—0
This equation states that the change in the generalized momentum is equal
to the generalized impulse.
Example 9.10-1

Four equal bars, each of mass m and length 2q, lie on a smooth, horizontal
floor, hinged together in the form of a rhombus, as shown in the sketch. If an

y

C

Fig. 9.10-1. TImpulsively loaded structure.

impulsive force Flb-sec. is applied at 4 in the direction C4, determine the initial
angular velocity of the bars.

Place coordinates x, ¥ with origin O at the center of mass.

The = and ¥ coordinates of the center G of the bar are,

xg = asin 6 Yg = acosf
ang the velocity of the center of mass of the bars becomes
vg = (a0 cos )i + (¥, % ab sin 0)j
where the minus sign applies to 4B and 4D and the plus sign to CBand CD.
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The kinetic energy of the bars is

T = %4m ve® + %(4m %—2)92
= 2m(ye® + %‘1292)
and the change in the generalized momentum becomes
A %1; = 18ma%
The generalized force é is found from the virtual work of the impulse. Due to
virtual displacements dy, and d6, the point 4 undergoes a displacement
(yo + 2acos 8) = dy, — 2asin 6 60
and the virtual work of Fis
OW = F(dy, — 2a sin 6 66)
The generalized force due to 66 is then
ég = —F2asin 6

and, by substituting into Eq. 8.14-3, we obtain

18ma?0 = —F2asin 6
and
g - 3Fsin 0
N 8ma
PROBLEMS

1. A particle moving in space is defined by the spherical coordinates 7, 6, and ¢.
Determine the generalized forces associated with the spherical coordinates,
and establish the component forces in the radial, meridian, and latitude
directions.

Prob. |
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2. A satellite moves in a plane orbit under the infiuence of an inverse square
attraction. Derijve the orbit equation from Lagrange’s formulation. Is there
a cyclic coordinate for the system and, if so, what does it imply?

3. A spherical pendulum of length /is set up on the earth’s surface at latitude 4,
with the z axis in the vertical direction and « axis pointing north. Show that
the Lagrangian is

= ;[xz + 92+ 2y — ay)Qsin A — %(962 + y%) — 2yRQ cos A + 2lyQ cos 1:]

where (2 is the rotation speed of the earth and R = radius of earth.

4. Determine the Lagrangian for the symmetric top spinning about a fixed pivot
on the floor. Establish the cyclic (ignorable) coordinates and write directly
the resulting integrals.

5. For a system of N particles, the kinetic energy can be written in the form

1 n n %
T= 2 kzl 1—1Aqukql +k§1Bk7k +e
where
AY

ar; or, X o, or, 1 & (arfz
Kt igl aqk agl k ‘igl v ot aqk 2 igl ot

Prove that for a scleronomic conservative system,

n aL
2T = y —
kgl 7 aqk

6. For a conservative system of N particles, prove that the conservation of
energy holds only if the time ¢ does not appear explicitly in the Lagrangian,

in which case,
dE  d{ < oL
= j — — L) =0
ar dt (,21 T 34, )
7. Using the Lagrangian approach, deduce Eulers dynamical equations for an
arbitrary rigid body subjected to moments about the body axes.
Hint: T = 14(dw,* + Bo,? + Cw,?). Express the angular velocites in terms

of Eulers angles. The generalized force can be determined by giving each of
the Euler angles virtual displacement with the other two equal to zero.
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8. A mass is suspended from a weightless spring of stiffness k& 1b/in. Write
Lagrange’s equations and discuss the motion for small oscillations in the
vertical plane.

Prob. 8

9. Using Lagrange’s method, set up the equations for the motion of a bar sus-
pended by a string and oscillating in a plane.

Prob. 9

10. A uniform bar of mass /2 and length /is suspended from one end by a spring
of stiffness £ 1b/in. The bar can swing freely only in one vertical plane and the
spring » is constrained to move only in the vertical direction. Set up the
Lagrange equations of motion.

%k
, 7 | 2.
T
l
8

Prob. i0
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2. A satellite moves in a plane orbit under the influence of an inverse square
attraction. Derive the orbit equation from Lagrange’s formulation. Is there
a cyclic coordinate for the system and, if so, what does it imply ?

3. A spherical pendulum of length /is set up on the earth’s surface at latitude 4,
with the z axis in the vertical direction and x axis pointing north. Show that
the Lagrangian is

L= g—[ﬂ + 92 4 2zy — 2y)Qsin A — ‘—S’l-r(ac2 + y?) — 20RQcos 4 + 2lyQ cos l}

where Q is the rotation speed of the earth and R = radius of earth.

4. Determine the Lagrangian for the symmetric top spinning about a fixed pivot
on the floor. Establish the cyclic (ignorable) coordinates and write directly
the resulting integrals.

5. For a system of IV particles, the kinetic energy can be written in the form

1 n 7 n
=3 2 Awdads + 2 Bigy + C
. F=11=1 ¥=1
where
) % or; oy g % oryor o _ 1 % (ari)z
== M, — = = My e —— = = m | —
S e 0q, TR S T o ogy, 25 o

Prove that for a scleronomic conservative system,

< . oL

121 ™ 34
6. For a conservative system of NV particles, prove that the conservation of
energy holds only if the time ¢ does not appear explicitly in the Lagrangian,

in which case,

dE _d{< . oL

@il et -0

7. Using the Lagrangian approach, deduce Eulers dynamical equations for an

arbitrary rigid body subjected to moments about the body axes.
Hint: T = }4(Aw,? + Bo,* + Cw,?). Express the angular velocites in terms
of Eulers angles. The generalized force can be determined by giving each of
the Euler angles virtual displacement with the other two equal to zero.
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11. A centrifugal pendulum of mass m and length r is attached to a flywheel of
moment of inertia 7. Show that the kinetic energy of the system is,

R \
T=mr2E¢2 + (A + 7cosqz)92 + (1 +1;C05tp)6¢:|

AN
where

Prob. 11

12. A particle of mass m slides without friction on a hoop of radius r, which is
rotated with constant speed Q about a vertical diameter. A single coordinate
0 is sufficient to describe the position of m; however, we have a moving
constraint. Compare the total energy of the system with that determined
from T+ U = 6(9L/86) — L and discuss this discrepancy.

>

Prob. i2

13. A uniform bar of length 2/ and mass m is dropped from a height % onto a
horizontal floor. The bar descends without rotation and at an angle 6, with
the floor. If the. coefficient of restitution between the floor and bar is e,
determine the velocity of the center of the bar and its angular velocity
immediately after impact.
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21

by

7.

Prob. I3

14. In Prob. 13, determine the time elapsed after the first impact when the
opposite side of the bar strikes the floor. What is the angle 6 when it strikes ?

15. A simplified two-dimensional version of a space craft in landing is shown in
the sketch, where the two legs are restrained from rotation by a torsional
spring of stiffness K Ib-in./rad. If the legs strike the smooth inelastic plane
with velocity v, determine the rotational velocity 6 immediately after impact.
Assume § = 0 before impact and the torsional spring to be exerting a moment
C,, holding the legs against the stop.

Prob. i3
16. For the system shown, show that, if one incorrectly takes y and 0 as indepen-
dent generalized coordinates g, and ¢,, then the resulting two Lagrange
equations are also incorrect. Demonstrate the use of the Lagrangian multi-
plier by establishing the correct equation, using ¥ and 6, and a constraint
equation.

Prob. 16

17. Two uniform bars of mass m and length / are hinged as shown, and lic on a
smooth horizontal plane. If an impulsive force strikes the bar normally at
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one end, determine the angular velocities of the two bars and the velocity of
the hinge.

. yT .
N S N
- N T
7
Prob. I7

18. Four hinged bars, each of length / and mass m, fall in translation and strike a
horizontal inelastic ground. Taking y and 6 as generalized coordinates, find
the motion immediately after impact.

&

7

Prob. 18

19. A rigid pendulum of length /and mass m can swing around the horizontal axis
AA which is mounted in a frame that can rotate freely around the vertical axis
BB. The moment of inertia of the frame and horizontal axle about the
vertical axis is I. At the instant ¢ = 0, the pendulum in the vertical position
is given an initial velocity vy, and the frame is given an initial angular velocity
w,. (a) Set up the equations of motion, noting that the momentum and
energy are conserved; (b) simplify the results of (@) by assuming small angles,
sin6 = 6, and cos 6 =1 — 146%; (c) discuss the motion of the simplified
system for wy? < g/l and wg® > g/l

B
oo
—A
A/

B
Prob. 19
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20. A spherical pendulum of length / and mass m is suspended from end 0 of a
horizontal arm of length e that rotates with constant angular velocity o about
a fixed vertical axis C, as shown in the sketch. Assuming small oscillatory

Prob. 20

amplitudes and a damping equal to { x critical damping in a plane pendulum
oscillation, show that the equations of motion of the pendulum bob are
E 4 2p2 + (p? — 0¥)r — 20y = ew?
4+ 20py + (p? — 0¥y + 202 =0
where p? = g/I.

21. In Prob. 20, let z = = — x; + iy and 2y, = ew?/(p? — o?), where 2, denotes
the position of static equilibrium (not necessarily stable), and show that the
two equations can be reduced to a single homogeneocus equation in z with
a general solution

2 = Ae (—l=D@+)l 4 Bo(—{+Dp—o) [ << 1

where terms of order {% have been neglected. Discuss the criteria for stability
of small oscillations.

22. A one-wheel trailer shown in the sketch is towed with velocity v. If the
trailer hitch has a lateral stiffness &, and the radius of gyration of the trailer
about the center of mass G is p, write the two equations of motion and the
constraint equation for no lateral sliding of the trailer wheel. Determine the
stability of the trailer for small 6 (i.e., roots of the characteristic equation
must not have positive real parts).

23. Carry out the solution for z and v in Example 9.9-1. Show that, if the initial
conditions are zero, the curve traced out will be a cycloid.

24. The spin axis of a space station with C = k4 (for a thin disk k& = 2) is
initially pointing to the north star. It is desired to change the direction of
the spin axis by 6° in a specified direction without inducing a precession about
the new direction. This can be done by two properly timed impulsive blasts
from a single rocket engine on the rim and pointing parallel to the spin axis.
If the initial angular momentum of the station is # = Co,, determine the
timing of the first and second blasts in relation to the desired direction change
and their magnitude.
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Prob. 22

Prob. 24



292 INTRODUCTION TO SPACE DYNAMICS

9.1} Lagrange’s Equations for Rotating Coordinates

In the dynamic analysis of flexible missiles, it is convenient to use a set
of coordinates moving with the missile. The missile can be considered a
system of particles whose position relative to the moving axes can be
defined by generalized coordinates g,.

In setting up the equations of motion, it is often simpler to start from
the kinetic and potential energies of the system, using Lagrange’s equation.
For rotating coordinates, these equations differ from the usual Lagrange
equations for fixed coordinates; however, since their rigorous derivation
is lengthy,* we will only present the equations and justify each term.

The position of the origin relative to the system of particles and the
orientation of the axes are arbitrary choices which will influence the final
form of the equations of motion. We will place the moving axes as shown
in Fig. 9.11-1, with the origin at the center of mass and the x axis co-
inciding with the missile longitudinal axis in the undeformed state. Aside
from the coordinates g, for the relative motion, the coordinate axes in
plane motion will have three degrees of freedom, x, y,, and 6, which can
be varied independently. The Lagrange equations can then be written as,

dor ,oT

w5 = SF, (9.11-1)

dor ,or

—_ 6 —— == . -

am. i SF, (9.11-2)
d oT T 3

; T _su, (9.11-3)

==zt % — Yo
a5, VG,

The equation for ¢; remain unaltered in form.
In accounting for the terms in these equations, we recognize 07/0%, and

0T/dy, as the generalized momenta, and 07/90 as the generalized angular
momentum. We will then represent the linear momentum by

oTr or
=i+ =] 9.11-4
P=ga it o) ( )
As the force equation is the rate of change of the linear momentum,
d
F= [Zilﬂ foxp (9.11-5)

the terms of Eq. 9.11-1 and 9.11-2 are immediately accounted for.

* Thomson, W. T., “Lagrange’s Equations for Moving Coordinates,” Space Tech-
nology Laboratories Report No. EM 9-15 TR-59-000-00768, Los Angeles (July 1959).
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The terms of Eq. 9.11-3 can be identified from Eq. 7.11-3, which can
be written as
M, = ko + Ry % > myi; (9.11-6)
The term 07/96 is the angular momentum h,, and the remaining two terms
are equal to Ry X 3 m,t;, where R, = 2l + %oj.

Z

Fig. 9.1i-1. Rotating coordinate system.

9.12 Missile Dynamic Analysis

Missiles are, in general, flexible structures, weight being of primary
concern. Vibrational problems are thus likely to plague their performance,
and it is in general necessary to make a dynamical analysis of a vehicle in
flight. Such an analysis consists of formulating the equations of motion
in all their details to account for the interaction of the bending of the
flexible missile with the rigid body motion, the reaction of the swiveling
engine, the sloshing of the propellant, the excitation of the aerodynamic
forcés and gusts, and the coupling of the servosystem controlling the sta-
bility of its attitude. The equations of motion must then be linearized and
programmed for machine computation, i.e., the missile is theoretically
flown on the high-speed computer.

It is evident that a detailed formulation of all the factors pertinent to
the dynamical analysis is beyond the scope of this text. It is possible,
however, to discuss a greatly simplified problem which will serve to
iltustrate the dynamical techniques employed in the general analysis.
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We will consider here the problem of a flexible missile of constant mass,

Fad

where the propellant is treated as a solid to avoid the complications of
sloshing. The engine will be considered to be gimballed, and the motion

lg \

Fig. 9.12-1. Geometry of flexible missile and coordinates.

will be restricted to the vertical plane of the trajectory, as shown in Fig.
9.12-1. The coupling of the servosystem, actuating the gimballed engine
attitude, will also be neglected.

Coordinate system

The choice of the coordinate system is an important one which depends
on the vibrational data available. The missile can be treated as a free-free
beam, and its normal modes, computed with engine locked on, will be
assumed to be available from a previous analysis. Such modes are
orthogonal and possess the property of zero linear and angular momenta
about the missile vibrational axis (axis coinciding with the undeformed
missile with engine locked on, from which vibraticnal displacements are
measured) passing through its center of mass. In actual analysis, the
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shear deformation and rotatory inertia terms are accounted for in the
normal mode analysis; however, for simplicity of discussion we will omit
these terms.

The 2, y coordinate axes will be chosen with the origin at the center of
mass, the  axis coinciding with the missile vibrational axis. It is evident,
then, that the missile longitudinal axis will undergo an additional displace-
ment due to the rotation of the engine. The nature of this additional

Fig. 9.12-2. Conservation of linear and angular momenta.

displacement is readily understood by considering a rigid missile whose
engine section is given a rotational velocity d by an internal hinge moment,
as shown in Fig. 9.12-2. If m and m, are the total mass and the engine
mass respectively, the maintenance of zero linear momentum (since there
is no external force) can be expressed by the equation,

! b
fzydm—éfzdm=0 9.12-1)
-l 0

Letting ¢ be a point on the missile longitudinal axis coinciding with the
center of mass of the missile in the undeformed state, and e be the center
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of mass of the engine, or section aft of the hinge, the above equation
becomes,

g, = 222§ (9.12-2)
m

It is evident then that point ¢ is displaced laterally by the amount

mz
Y, =—— 8 = C;d (5.12-3)
m
The small displacement of ¢ in the z direction due to J is of second order
and will be neglected.

In addition to the lateral displacement y,, there will be rotations of the
sections forward and aft of the hinge to maintain zero angular momentum
about the mass center of the missile. Letting the angular velocity of the
missile forward of the hinge be éf, 1, the mass moments of inertia of the
entire missile about the center of mass, and 7, the mass moment of inertia
of the engine about the hinge, the angular momentum equation is

A b
f y'xdm—éf zxdm =0 (9.12-4)

=1 4

1
Since ¥y = 9, — xéf and z = —(, + 2) andf : zdm = 0, the equation
reduces to —h
Ioéf = ([h + melhze)5
from which
Ih + me[hze
= _._]O__

These displacements can be considered to be the rigid missile displace-
ments due to hinge rotation J, which must be added to the vibrational
displacements to obtain the total displacement of the flexible missile
center line. They are, therefore, equivalent to translating and rotating
the missile vibrational axis by , and 6,, and the total lateral displacement y
of the flexible center line from the moving coordinate axis « is, at point

y = (C; — G)d + Z g:t) ¢:(2) (9.12-6)

0, 5= Gy (9.12-5)

where the vibrational displacement is represented by the sum of the normal
modes ¢,(z) multiplied by the generalized coordinate ¢,(¢) associated with
the mode.

With the displacement relative to the coordinate system established, we
next examine the motion of the coordinate axes themselves. The z axis,
which coincides with the missile vibrational axis or the missile longitudinal
axis with d = 0, makes an angle 6 with the vertical, as shown in Fig.
9.12-1. The rate of rotation of the coordinate axes is then » = 6.
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The crigin of the coordinate axes, coinciding with the center of mass at
all times, has a velocity v, tangent to the trajectory. The angle « between
vy and the x axis is the angle of attack of the missile’s longitudinal axis
(the local angle of attack will differ from « by dy/dx). Due to the changing
direction of the trajectory tangent, the acceleration of the origin will be
¥, parallel to vy, and v,f perpendicular to v,, where f is the angle made by
v, and the vertical.

Eguations of motion

With the coordinate system defined in the foregoing, the equations of
motion can be formulated by determining the kinetic and potential
energies of the missile to be substituted into Lagrange’s equation, taking
note of the fact that the coordinates are rotating (see Sec. 9.11).

The velocity of a point r = i 4 yj in the rotating coordinate system is

v=v,+[V]+wXr (9.12-7)
For any point z, y forward of the hinge 4, the x and y components are’
v, = go + § + 20
(The relative velocity & of a point on the missile is of second order compared
to y and is, therefore, neglected.) The velocity of a point aft of the hinge
can be found from the above equations by replacing y by y — z4.

In writing the kinetic energy equation of the missile with the swiveling
engine, we need the squares of the velocity as follows:

Forward of the hinge

vt = (&, — y0)? + (Y + 9 + 0)? (9.12-8)
Aft of the hinge
v = (& — y0) + 2007 + (g + 9 + 20) — 20P
= (2, — ?/9)2 + o+ ¥+ 20)?
+ 2, — y0)200 + (2002 — 204y + ¥ + a6)20 4+ (202 (9.12-9)
Thus part of v2 aft of the hinge has the same form as that forward of the
hinge, which enables 7 to be written in the form 7 = 7, 4+ 7}, where the
quantity d appears only in 7.

1 [ . .
Ty=3 | (o — 40 + Gy + 3+ 0Phm(e) d ©.12-10)

1 [ . . - .
T = 3 L [2(E, — y0)200 + 220%0% — 2(yy + ¥ + x0)20 + 220%|m(z) dz
9.12-11)
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In these equations the generalized coordinates are x,, ¥,, 0, d, and g,, and
it must be remembered that y is related to é and g, through Eq. 9.12-6.

The equations of motion relating to the generalized coordinates x,, y,,
and 6 can be determined from Lagrange’s equations, Egs. 8.11-1, 9.11-2,
and 9.11-3, however, since the linear and angular momenta relative to the
coordinate system are zero, the sums of the external forces and moments
must equal the rate of change of the linear and angular momenta of the
rigid missile, which are related to the linear and angular accelerations of
the z, y coordinate system with origin at the center of mass. These

equations can therefore be written as

mag, = —mgcos 0 + F, + D* 9.12-12)
mag, = mg sin 6 + F(0 + y,) — L* (9.12-13)
1 = —F6 + y W, — Fy + My* (9.12-14)

where F, is the engine thrust, D*, L*, and My* are the drag and lift com-
ponents of the aerodynamic force and its moment about 0, v, = (dy/dx),,
and a,, and a,, represent the acceleration of the center of mass 0, which is

Aoy = g — Yol = Dy cOS & — vpf sin « (9.12-15)
Aoy = Yo + %ol = vy sin o + vef cos o (%.12-16)

To demonstrate that these equations can also be determined from
Lagrange’s equations for rotating coordinates, the first of the above
equation, for the sum of the forces in the  direction, will be derived from
Eq. 9.11-1. Differentiating the kinetic energy, we have,

b

Iy
or _ L (g — ybym() du + 05 f cmG)ds (9.12-17)

or f . [
— = ( (Yo + ¥ + 20) m(z) dz — o f zm(z)dz  (9.12-18)
a?/o vl [4

Substituting into equation

d or  oT

73~ 0%, =35 (9.12-19)

we obtain

lz . . . .
[ 10— o0 = ) = 04y + 5 + abmte) s

+ (266 + 606) f bz mz) dz = Y F, (9.12-20)
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This equation can be rearranged as follows:

m{@, — 61y,) — 20 [f y m(z) do — 6J1 z m(z) dz]

_[1

- e'Ullly m(x) de — 6 f 2 m(z) dz]

- GZf xmiz)de = 3 F, (9.12-21)
~7

Since the second and third terms on the left side of this equation are the
linear momentum relative to the coordinates, or the condition for the z
axis passing through the center of mass (see Eq. 9.12-4), they are zero.
The term 62 is also a negligibly small term. We have, therefore, demon-
strated the use of the Lagrange’s equation for rotating coordinates.

For the beam equation relating to the generalized coordinate ¢; and the
engine rotation equation relating to d, the usual form of Lagrange’s
equation applies. We need, however, the equation for the potential or
strain energy due to bending, which is,

I 823/)2 .
U= 5 J;llEIA (a_x_Q dil? (9.12—22
From Eq. 9.12-6 the curvature is

sz z q.0;" (9.12-23)

where the primes stand for differentiation with respect to . Substituting
into U and making use of the ocrthogonality relation,

l2 ” " O forj i i
fleEIA% @, dr = e ? for j = i (9.12-24)

The equation for the strain energy becomes,
1
U= 5m > w2q? (9.12-25)
i
The various partial derivatives needed for Lagrange’s equation are:

aqz f Wo + 9 + xﬁ) — m(x) de — 6f 5—zm(z) dz

—8.;= —0f (xo—yﬁ)—-m(x)d — Qzéf—-—zm(z)dz

oU 0
5= MW g,

0y,
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We note here that 62 is a very small quantity, and terms multiplied by it
can be neglected. Substituting for y from Eq. 9.12-6, taking into account
the orthogonality condition, and noting that the linear and angular
momenta of the vibration modes are zero,

l, z
f 0, m(z) do = J " 2, m@) do = 0 (9.12-26)
-1,

1
we arrive at the result,

. b
m(G; + wlq;) — 6f @iz dm
0

l2
- _f L*g,dv + F6 + y,)pi—1)  (9.12-27)

where the right side of the equation is established from the generalized
force

0 —fﬁé dx—fF"ayd (9.12-28
o oq; - 9q, v 12-28)

In a similar manner, the engine rotation equation is determined from
dodT oT oU
735 3 + a5 = Qs (9.12-29)
which gives
[Ih - Clmeze - C2(Ih + melhze)]a.

+ mz(#; — éyo + gcos (6 + y,) + (I, + melhze)é

) b
— mz (G, + 02¢) — Zqzl:-[) @z m(?) dz}
= MO — 0) — Mpd — M3 (9.12-30)

where the generalized force Qs = M (8, — 0) — Mpd — M,6 is associ-
ated with M, the spring moment per unit angle of the hinge when locked,
M, with the damping moment of the hinge, M, with the engine actuator
moment, and 0, with the engine actuator position called by the autopilot.
The autopilot actuating the engine attitude & operates from signals
generated by the rate gyros in the missile in such a way that the missile
motion at the position of the rate gyro, which depends on all of the
generalized coordinates, is coupled to the previous equation through the
engine attitude o.

PROBLEMS

1. Assume that the mass of a portion of the missile is represented by a lumped
mass m; mounted on a spring of stiffness £ against lateral motion {; from the
center line at x;. Derive the equation for the additional kinetic energy of the
missile due to ;.
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2. Derive Eq. $.12-13 by the use of Lagrange’s equation,

dor . oT
22 46 =>F
@ w, T, 2F,

3. Derive Eq. 9.12-14 by the use of Lagrange’s equation,

der . or . oT
7 T hag, =2M,

4. Prove Eqgs. 9.12-24 and 9.12-25.

5. Derive Eq. 9.12-30 for the engine rotation.

6. An elastic uniform bar of mass /. and length /is supported from its upper end
by a smooth pin. A constant force P is suddenly applied normal to the bar at
its mid-length. Using generalized coordinates g;, and three arbitrary modes,

k14

T

determine the equation of motion, the natural frequencies, and the mode
shapes.

7. It is proposed to determine the natural frequencies of the two span beams of
unequal length by assuming the deflection to be expressible by the equation,

x . . 2mx
Py =7 Py = SN Y3 = Sm"f

¥ =2 q:9{®)
K3
where
) = V 2 sin z;—c

. [EI
w, = (177‘)2 ;}713

¢ 1
1

Prob. 7

Show that the constraint equation zz q; p(c) = 0, must be imposed and that
the equation for the natural frequencies is,

?:%(c) + p27(c) ?5%(c) -0
@2 —w? 16w — 0®  8lw® — ?







11.

12.
13.
. Smart, E. H., Advanced Dynamics, The Macmillan Book Co., New York (1951).
15.
16.

17.

18.

General References

. Davis, L., D. Follin, and L. Blitzer, Exterior Ballistics of Rockets, D. Van Nostrand,

Princeton, N. J. (1958).

. Deimel, R. F., Mechanics of the Gyroscope, The Macmillan Book Co., New York

(1929). Reprinted by Dover Publications.

. Ehricke, H. A., Space Flight, Vol. 1, D. Van Nostrand, New York (1960).
. Goldstein, H., Classical Mechanics, Addison-Wesley Publishing Co., Reading,

Mass. (1951).

. Gray, A., A Treatise on Gyrostatics and Rotational Motion, The Macmillan Book Co.,

New York (1918). Reprinted by Dover Publications.

. Lanczos, C., The Variational Principle of Mechanics, The University of Toronto

Press, Toronto (1949).

. McCuskey, S. W., Introduction to Advanced Dynamics, Addison-Wesley Publishing

Co., Reading, Mass. (1958).

. Moulton, F. R., Introduction to Celestial Mechanics, 2nd. ed., The Macmillan Book

Co., New York (1914).

. Osgood, W. F., Mechanics, The Macmillan Book Co., New York (1948).
. Rosser, J. B., R. R. Newton, and G. L. Gross, Mathematical Theory of Rocket

Flight, McGraw-Hill Book Co., New York (1947).

Routh, E. J., Advanced Dynamics of a System of Rigid Bodies, 6th ed., The
Macmillan Book Co., London (1905). Reprinted by Dover Publications.
Scarborough, J. B., The Gyroscope, Interscience Publishers, New York (1958).
Seifert, H. S., et al., Space Technology, John Wiley and Sons, New York (1959).

Sommerfeld, A., Mechanics, Academic Press, New York (1952).
Synge, J. L., and B. A. Griffith, Principles of Mechanics, 3rd ed., McGraw-Hill Book
Co., New York (1959).
Timoshenko, S., and D. H. Young, Advanced Dynamics, McGraw-Hill Book Co.,
New York (1948).
Webster, A. G., The Dynamics of Particles, 2nd ed. B. G. Teubner, Leipzig,
(1912). Reprinted by Dover Publications.

303






Matrices

APPENDIX A

A system of linear equations
Yy = Ap®y + A%y + a7
Yo = A%y + Agp%y T a3y (A-1)
Y3 = 5%y + A3y + A3y

can be arranged into the matrix notation

|'?/1 a1 G2 43 xl_]
lf!z = Gy G Qa3 || Xy J (A-2)
Y3 31 dgp O33- L7

where the rule for the matrix multiplication is evident from the original
equations. For Eq. A-2 to equal Eq. A-1, the terms of each row must be
muiltiplied by the terms of the column z;, %,, ;. We can then view the
matrix equation, Eq. A-2, as a convenient notation which may be further
abbreviated to
{y} = lal{=} (A-3)
We will next consider another set of linear equations like that of Eq.
A-1, relating x to z, and write its matrix form as

{z} = [bl{z} (A-4)
where [b] is a square matrix like that of Eq. A-2. If we wish to relate y to z,
Eq. A4 can be substituted into Eq. A-3 as follows:

{v} = [d]bl{z}
= [c){z} (A-5)
305



306 INTRODUCTION TO SPACE DYNAMICS

The elements of [c] can then be shown to be available from the equation
Cy = ;az‘kbkj (A-6)

i.e., the third element of the second row is
Coy == GgD1s + Gaobos + Gsbss

There are many theorems relating to the manipulation of matrix
equations; however for the purposes of linear transformation of co-
ordinates, as treated in this text, the simple algebraic concepts discussed
above are sufficient.
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Dyadics

APPENDIX B

We occasionally encounter a quantity which has nine components in a
three-dimensional space. In elasticity we encounter nine components of
stress at a point, whereas in dynamics we find nine components of inertia.

For our purposes we can define a dyadic as a nine-component quantity
which can be formed by multiplying two vectors, ignoring the dot- or
cross-product rule. Thus the product of two vectors a and b is,

ab = iig,b, + ija b, + ika,b,
+ ia,b, + fia,b, + Kab, (B-1)
+ kia,b, + kja b, + Kka,b,
Although the above dyadic was formed by the multiplication of the two
vectors a and b, the elements of the dyadic (called dyads) need not be

related to the two vectors. Furthermore, it is convenient to arrange such
terms in matrix form, so that a dyadic is in general expressible as,

xx

¢ = |Jic, Jie, ke, (B-2)

v

kic,, Kkjc,, kkc,,

iic ijc,, ke,

As an example of a dyadic not related to any vector, we have the inertia
dyadic,

WL, —ijf, —ikl,
S o= —j, i, -—ki, (B-3)
_kilzw _kjlzv kk]zz.
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To illustrate the general rule for the dot or cross product of a dyadic
with a vector, we assume that the dyadic is formed by the product of two
vectors as

% = ab (B-4)

Its dot and cross product with a vector r is then dependent on the order of
the product, and its interpretation is made clear by the following examples:
% -r = (ab) - r = a(b - r) = a vector in the direction of 2 (B-5)
r+% =r-(ab) = (r-a)p = a vector in the direction of b (B-6)
% % r = (ab) X r = a(b X r) = another dyadic (B-7)
rX ¢ =r X (ab) = (r X a)b = another dyadic (B-8)
If we form the dot product of the inertia dyadic with the angular
velocity vector w = w,i + w,j + @k, the result will be the angular
momentum vector.
h=J. 0=, Ly, — L.0.)
+ j(_Iacywm + Iwwy - quwz)
+ k(_Izzwx - I’yzwy + Izzwz) (B—9)
Here we encounter dot products such as,
iei=jle) =]
jirj=jG-3) =0, etc
which are evident from the general rule, and recognize that the subscripts
of the inertia are interchangeable, i.e., 7, = I,,. If, furthermore, we dot

the angular velocity vector into the angular momentum vector, the result
is a scalar, which in this case is twice the kinetic energy.

W =tw-Fw (B-10)

In summary, the dyadic is a special form of a tensor; however, our
simple definition of the dyadic and its product with a vector requires no
new rules of vector algebra, which appears to be adequate for the dynamical
problems encountered in this text. For further reading on the subject, see
reference.

REFERENCE
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The Variational Calculus

APPENDIX C

Many problems in Dynamics are formulated in terms of maxima and
minima of quantities expressed by an integral. In this section we will
briefly discuss the essentials of the variational calculus which are en-
countered for such problems.

Consider the integral,

I =Lbf (t, 2, g) dt (C-D

taken along a curve z = (¢). The quantity z can stand for any number of
variables, such as position #, y, and the thrust attitude ¢ of the missile
problem. The value of the integral I will depend on the curve z = (1)
which we wish to find for the condition of maxima or minima of the
integral C-1.

Assuming that z = y(¢) along curve ab of Fig. C-1 to be the optimum
curve, we draw curve 1 along ab, as the varied curve. The quantity z along
the varied curve is represented by

z =2+ 02 (C-2)

where dz is the variation of z. The variation 0z differs from &z in that dz is
the increment along the curve z due to an increment df, whereas dz is the
difference in the z between the two curves for any given time t. We can
also define the difference in the slopes of the 2 curves at any time ¢ to be

02 =z — 2 (C-3)
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If 8z is assumed to be a continuous function of time, we can differentiate
Eq. C-2 and obtain

d I3 7
7 e=12"—z (C-4)
Comparing Eqs. C-3 and C—4, we find that

d

Z e = _

7%= 6 d (C-5)

z
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Fig. C-l. Curve (1) is the varied curve of ab.

which indicates that the orders of operation of ¢ and d/dt are inter-
changeable. Likewise, it can be shown that the interchangeability rule

applies to integrals.
(3fz dr = f dz dt (C-6)

With this understanding of 4, we now express f along the varied curve
by expanding it about the original curve. By Taylor series we can write,

0 9
flt, 2+ 02,2 + 62) = f(t,2,2) + féz—l-gj—:é + - (C-T
Considering only the first order variation, the variation of the integral /'is
9
6I=f (fé + = af )dt (C-8)

The second term in this variation can be 1ntegrated by parts so that the
final expression for 6/ becomes

w-Zo [E- i) ra e
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For the curve z = y(¢) to be the optimum curve resuiting in a maximum or
minimum of 7, the variation ¢/ must equal zero.

Most texts treat the case where the variation dz is zero at the end points
a and b (i.e., by coincides with b). In such cases the first term of Eq.
C-9 vanishes, and we are left only with the integral. Since dz in the
integral is arbitrary and not zero over the interval a to b, for the integrand
to be zero, 6/ = 0, and we obtain Euler’s equation

LY _Y_y (C-10)

The satisfaction of Euler’s equation insures that the integral /is a maximum
or minimum. For the more general case where dz is not zero at the end
points, we must retain the first term and consider the entire expression
8l = 0, of Eq. C-9.

Variation with Constraints

We often encounter problems of optimization where the integral 7 must
be maximized or minimized under conditions of constraints,

dz
g(t, Z, E) =0

az
hit,z,—} =
(Jzadt) 0

The procedure to be followed is then to multiply the constraint equations
by arbitrary functions A, and maximize or minimize the equation

(C-11)

b
1= { [f(t,2,2") + 248(t, 2, 2') + Ah(t, 2,2y + - - -1dt  (C-12)

which insures the satisfaction of the conditions of constraints in the
process of optimization. The quantities A are also functions of the
variables of the problem and, since they are multiplied by zeros,
the expression for 7 is unaltered. Equation C-9 is again applicable
where f now stands for the entire integrand of Eq. C-12.









Index

Acceleration, components, 15, 16
definition, 14
of general motion, 22
Accelerometer, 186
Altitude of, launching, 64
rocket burnout, 244
vertical coasting, 244
Angular, momentum {moment of mo-
mentum}, 49
momentum ellipsoid, 123
velocity referred to inertial coordi-
nates, 198
velocity vector, 8
Angle of attack of missile, 227
Anomaly, 60
Antenna, energy dissipation of, 277
Apogee, 59
Apse line, 78
Astronomical unit, 68
Attitude control by flywheel, 236
Attitude drift, 212, 279

Ballistic, equation for missile, 260
flight time, 93
range chart, 92
trajectory, 91
Beam vibration of missile, 294
Bernoulli, Jean, 269

Block diagram of, single axis platform,
183
three axis platform, 184
Body fixed axes, 33
angular velocity of, 113
Burnout velocity of rockets, 243

Center of mass, earth-moon system, 55
Central force field, 52
Charts for orbit computation, 72, 74, 75
Chemical propellants, 243
Circular orbit interception and rendez-
vous, 83

Circular orbit speed, 64
Coasting height of rockets, 244
Coin spinning, 153
Complex angle of attack, 198
Complex angular velocity, 116, 197
Computer for inertial guidance, 187
Cone, body, 115, 118

space, 115, 118
Conic section, 59
Conservation of energy, 48
Conservation of momentum, 52
Constraint, 261

equations for, 267

forces, 268

variational method with, 311
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Coordinate systems, 4, 29

cyclic, 276

transformation of, 29
Coriolis acceleration, 16, 20, 22
Coupling in three axis platform, 183
Cross product, 6
Crushable material, 46
Cubic equation for symmetric gyro, 136

D’Alembert, 269

Damped oscillation of gyrocompass, 174
Degrees of freedom, 262

Derivative of a vector, 10

Despinning of satellites, 208

Direct precession, 117

Direction cosine, 5, 42, 43

Directrix, 59

Disk rolling on inclined plane, 281
Displacement of a rigid body, 101
Drift of body attitude, 212

Drop test, 46

Dyadics of inertia, 104, 307, 111, 237, 238

Earth, oblateness of, 94, 98
precession of, 146
Eccentric anomaly, 60
Eccentricity, orbital, 58, 59
Ecliptic plane, 68
Efficiency of rockets, 246
Ellipse, 59
orbit transfer time, 74
Ellipsoid of inertia, 107, 122
Elliptic integrals, 127
Energy, 47
conservation of, 48
dissipation effect on attitude, 208
dissipation by hysteresis, 215, 277
kinetic, 47
crbital, 58
potential, 47
Equations of, Euler, 111, 113, 311
Hamilton, 272
Lagrange, 272, 282, 292
Equatorial bulge, 98
Equivalent mass of two body problem,
55
Hscape velocity, 64
Euler’s, angles, 33
differential equation, 311
moment equation, 111

INDEX

Euler’s, moment equation about pringi-
pal axes, 113
Exhaust velocity, 242

Flexible missile, 294
Flight trajectory optimization, 248
Focus, 59
Forces, central, 52
conservative, 47
of constraint, 268
Fuel, rocket, 242

General motion of rigid body, 149, 194
Generalized coordinates, 264
Generalized force, 274
Generalized impulse, 283
Generalized momentum, 292
Geometry of conic sections, 59
Gimbal, axis of gyro, 157
mass effect, 163
walk, 169
Gravitational constant for sun, 68
Gravitational law, 2
Gravitational torque, 147
Gravity, torque of bodies, 208
torgue due to oblateness, 147
turn trajectory, 257
Guidance, inertial, 181
Gyroscope, cubic equation for, 136
gimbals with mass, 163
precession and nutation, 136, 138
Gyropenduium, 177
Gyropickoffs, 179

Hamilton, 270, 272

Heading angle, 61

Heliocentric orbit, 68
Herpolhode curve, cone, 32, 118
Hohmann transfer orbit, 66
Holonomic system, 266
Hydrogen fuel, 242

Hyperbola, 60

Hyperbolic transfer time, 75
Hysteresis energy dissipation, 215

Impact, central, 45

Impulse, 45
specific of fuel, 242

Impulsive, equation of Lagrange, 282
moment on gyro, 161
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Inertia, dyadic, 104

ellipsoid, 107, 122

moment of, 106

product of, 106
Inertial, coordinates, 3

guidance, 181

navigation, 186
Initial conditions for satellite injection,

61
Injection velocity, 61
Instantaneous burning of fuel. 255
Instantaneous center, 32
Instruments, gyroscopic, 178, 180
Integrating gyrc, 180
Interception of satellite, circular orbit,
83

elliptic orbit, 85

noncoplanar orbit, 86
Invariabie plane, line, 122
Invariance, of kinetic energy, 121

of moment of momentum, 121

Jet damping of rocket, 222

Kepler’s equation, 76
law, 53
Kinetic energy, in generalized coordi-
nates, 172
of rigid bodies, 105
of two body system, 54

Lagrange, 272
equations, 274, 275
equations for impulsive force, 282
equations for rotating coordinates,
292
multiplier, 250
Lagrangian, 274
Launching parameters, 61, 64
Line integral, 47
Linear equation with variable coeffi-
cients, 228

Mass, definition of, 2
Mass ratio of rocket, 243
Matrices, 31, 305
Missile dynamics, 293
Moment, 49

of inertia, 103

of momentum, 49, 103
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Moment, of a vector, 8
Moments for steady precession of gyro,
140
Mementum, conservation of, 52
linear, 44, 45
sphere, 126
theorems, 49
Motion, about body axes, 113
about a fixed point, 102
due to central forces, 52
under zero moment, 113

Navigation, inertial, 186
Navigation errors, 188
Near symmetric body, 201

inertia relationship, 203

motion referred to inertial coordi-

nates, 205

Newton’s law of gravitation, 2
Newton’s laws of motion, 2
Node line, 35
Noncoplanar orbit interception, 86
Nonholonomic system, 266, 279
Nonlinear equation techniques, 166
Normal modes, 278
Nutaticn of earth, 146

Oblateness of earth, 94, 98
Optimization of, multistage payload,
246
thrust attitude, 249
Orbit, change due to impulse, 66
computation charts, 72
eccentricity, 58
equation, 58
parameters, 62, 72
transfer time, 74, 75
Ore crusher, 145
Oscillation of, navigation errors, 188
symmetric gyro, 137

Parabola, 60
Particle, 1
Particle dynamics, 44
Payload, 246
Pendulum, centrifugal, 287
double, 265
Schuler, 190
spherical, 275, 290
tuned, 238
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Performance, of rockets, 240
multistage optimization, 246
powered trajectory, 249

Perigee, 59

Period of elliptic orbit, 65

Perturbation, of orbit parameters, 79
technique for nonlinear systems, 166

Pickoft, gyro, 179

Plane motion, 14

Planets, distances from sun, 69
orbits of, 56

Poinsot’s geometric solution, 121

Poinsot’s ellipsoid, 122

Polar coordinates, 14

Polhode curves, cones, 118, 125

Position error of platform, 18%

Potential, 48

Potential energy, 48, 58, 105

Powered flight trajectory, 249

Precession, 117
of earth, 146

Principal axes, 107

Propellant, mass, 246
specific impulse, 242
sloshing, 293
types, 242
utilization, 252

Radial components of velocity, accel-
eration, 14, 15

Radius of curvature, 16
Range, ballistic, 92
Rate gyro, 178
Ratic, mass, 243

thrust, 242
Regression of node line, 99
Relative motion, 18

to rotating earth, 27
Rendezvous of satellites, 83
Resolution of platform torque, 185
Resonance of spinning antenna, 279
Restitution, coefficient of, 45
Retrograde precession, 117
Rheonomic, 270
Right-handed coordinate system, 4
Rigid body, 101

kinetic energy of, 105
Rocket, efficiency, 246

multistage, 242

theory, 240

INDEX

Rolling of disk, 149, 151, 281
Rotated coordinates, 33
moments and products of inertia
about, 105
Rotating curve, 18
Rotation referred to inertial coordi-
nates, 198

Satellite, interception, 83
launching conditions, 61
orbits, 56
rendezvous, 83
Scalar dot product, 6
Scalar quantity, 3
Schuler pendulum, 190
Scleronomic, 270
Semimajor, minor axes of ellipse, 59
Simple pendulum, 264
Single axis platform, 181
Single stage rocket, 240
Sleeping top, 141
Small oscillations of gyros, 155
Solar system, 68, 69
Solid fuel, 242
Solution by Laplace transform, 159
Space, equations of motion, 22
vehicle moticn, 194
Specific impulse of fuels, 242, 243
Spin requirement for gyro, 139
Spinning disk, 152
Spinning rocket, 223
Stable plaiform, 18G
Stability, energy consideration of, 213
of orbits, 81
of rotation about principal axes, 130
Staging of rockets, 246
Steady precession of gyros, 138
Structural damping, 215
Structural factor for rockets, 247

Thrust, attitude of, 249
misalignment, 195
ratio of rockets, 242
of rockets, 241, 221

Time of ballistic flight, 93

Time of orbit travel, 73

Trajectory, gravity turn, 257
optimum, 248

Transfer, functions for piatforms, 182
matrix, 31
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Transfer orbit, coaxial ellipse, 7¢
Hohmann, 66
hyperbolic, 72
noncoplanar, 87
time, 73

Transformation of, coordinates, 29, 34
moments and products of inertia, 105
velocity, 31, 37

Transverse components, velocity and ac-

celeration, 14, 15

Tumbling, rate of, 218

Tuned absorber, 238

Two body problem, 54

Undetermined multipliers, 280
Unit vector, 5

Variable mass bedy, 220, 230
Variational method, 250, 309, 311
Vector properties, addition, 5
bound, 4
components, 6

317

Vector properties, cross products, 6
derivative of, 10, 11
dot product, 6
free, 4
moment of, 8
multiple product of, 8
quantity, 4
rectangular components, 7
resolution, 5
Vehicle motion, effect on gyrocompass,
175
Velocity, definition, 13, 14
Velocity impulse for Hohmann trans-
fer, 67
Vibration of missiles, 284
Virtual work, 268

Weight, 2
Work, 47
virtual, 268

Zero lift trajectory, 257
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mathematics. Axioms, the calculus of complexes, homomorphic mapping, g-group
theory, more. Many proofs shorter and mere transparent than older ones. 276pp.
5% x 8%. 40922-8

DISTRIBUTION THEORY AND TRANSFORM ANALYSIS: An Introduction to
Generalized Functions, with Applications, A. H. Zemanian. Provides basics of distri-
bution theory, describes generalized Fourier and Laplace transformations. Numerous
problems. 384pp. 5% x 8%. 65479-6

Math-Decision Theory, Statistics, Probability

ELEMENTARY DECISION THEORY, Herman Chernoff and Lincoln E.
Moses. Clear introduction to statistics and statistical theory covers data process-
ing, probability and random variables, testing hypotheses, much more. Exercises.
364pp. 5% x 8%. 65218-1
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OPTICAL RESONANCE AND TWO-LEVEL ATOMS, L. Allen and j. H. Eberly.
Clear, comprehensive introduction to basic principles behind all quantum optical
resonance phenomena. 53 illustrations. Preface. Index. 256pp. 5% x 84.  65533-4

ULTRASONIC ABSORPTION: An Intreduction to the Theory of Sound
Absorption and Dispersion in Gases, Liquids and Solids, A. B. Bhatia. Standard ref-
erence in the field provides a clear, systematically organized introductory review of
fundamental concepts for advanced graduate students, research workers. Numerous
diagrams. Bibliography. 440pp. 5% x 8%. 649172

QUANTUM THEORY, David Bohm. This advanced undergraduate-level text pre-
sents the quantum theory in terms of qualitative and imaginative concepts, followed

by specific applications worked out in mathematical detail. Preface. Index. 655pp.
5% x 8. 65969-0

ATOMIC PHYSICS (8th edition), Max Born. Nobel laureate’s lucid treatment of
kinetic theory of gases, elementary particles, nuclear atom, wave-corpuscles, atomic
structure and spectral lines, much more. Over 40 appendices, bibliography. 495pp.
5% x 8%. 65984-4

AN INTRODUCTION TO HAMILTONIAN OPTICS, H. A. Buchdahl. Detailed
account of the Hamiltonian treatment of aberration theory in geometrical optics.
Many classes of optical systems defined in terms of the symmetries they possess.
Problems with detailed solutions. 1970 edition. xv + 360pp. 5% x 8%. 67597-1

THIRTY YEARS THAT SHOOK PHYSICS: The Story of Quantum Theory,
George Gamow. Lucid, accessible introduction to influential theory of energy and
matter. Careful explanations of Dirac’s anti-particles, Bohr’s model of the atom,
much more. 12 plates. Numerous drawings. 240pp. 5% x 8%. 24895-X

ELECTRONIC STRUCTURE AND THE PROPERTIES OF SOLIDS: The
Physics of the Chemical Bond, Walter A. Harrison. Innovative text offers basic
understanding of the electronic structure of covalent and ionic solids, simple metals,

transition metals and their compounds. Problems. 1980 edition. 582pp. 6% x 9%.
66021-4

HYDRODYNAMIC AND HYDROMAGNETIC STABILITY, S. Chandrasekhar.
Lucid examination of the Rayleigh-Benard problem; clear coverage of the theory of
instabilities causing convection. 704pp. 5% x 8. 64071-X

INVESTIGATIONS ON THE THEORY OF THE BROWNIAN MOVEMENT,
Albert Einstein. Five papers (1905-8) investigating dynamics of Brownian motion
and evolving elementary theory. Notes by R. Fiirth. 122pp. 5% x 8% 60304-0

THE PHYSICS OF WAVES, William C. Elmore and Mark A. Heald. Unique
overview of classical wave theory. Acoustics, optics, electromagnetic radiation, more.
Ideal as classroom text or for self-study. Problems. 477pp. 5% x 8%. 64926-1
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METHODS OF THERMODYNAMICS, Howard Reiss. Outstanding text focuses
on physical technique of thermodynamics, typical problem areas of understanding,
and significance and use of thermodynamic potential. 1965 edition. 238pp. 5% x 8%.

69445-3

TENSOR ANALYSIS FOR PHYSICISTS, J. A. Schouten. Concise exposition of
the mathematical basis of tensor analysis, integrated with well-chosen physical exam-
ples of the theory. Exercises. Index. Bibliography. 283pp. 5% x 8%. 65582-2

RELATIVITY IN ILLUSTRATIONS, Jacob T. Schwartz. Clear nontechnical treat-
ment makes relativity more accessible than ever before. Over 60 drawings illustrate
concepts more clearly than text alone. Only high school geometry needed.
Bibliography. 128pp. 6% x 9%. 25965-X

THE ELECTROMAGNETIC FIELD, Albert Shadowitz. Comprehensive under-
graduate text covers basics of electric and magnetic fields, builds up to electromag-
netic theory. Also related topics, including relativity. Over 900 problems. 768pp.
5% x 8. 65660-8

GREAT EXPERIMENTS IN PHYSICS: Firsthand Accounts from Galilec to
Finstein, edited by Morris H. Shamos. 25 crucial discoveries: Newton’s laws of
motion, Chadwick’s study of the neutron, Hertz on electromagnetic waves, more.
Original accounts clearly annotated. 370pp. 5% x 8'%. 25346-5

RELATIVITY, THERMODYNAMICS AND COSMOLOGY, Richard C.
Tolman. Landmark study extends thermodynammnics to special, general relativity; also
applications of relativistic mechanics, thermodynamics to cosmological models.
501pp. 5% x 8%. 65383-8

LIGHT SCATTERING BY SMALL PARTICLES, H. C. van de Hulst. Compre-
hensive treatment including full range of useful approximation methods for
researchers in chemistry, meteorology and astronomy. 44 illustrations. 470pp. 5% x 8%.

64228-3

STATISTICAL PHYSICS, Gregory H. Wannier. Classic text combines thermody-
namics, statistical mechanics and kinetic theory in one unified presentation of ther-
mal physics. Problems with solutions. Bibliography. 532pp. 5% x 8%. 65401-X
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INTRODUCTION TO
SPACE DYNAMICS

William Tyrrell Thomson

Although this classic introduction to space-flight engineering was first published
twenty-five years ago, not long after Sputnik was launched, the fundamental
principles it elucidates are as valid today as then. The problems to which these
principles are applied have changed, and the widespread use of computers has
accelerated problem-solving techniques, but this book is still a valuable basic text
for advanced undergraduate and graduate students of aerospace engineering.

The author, William Tyrrell Thomson, Professor Emeritus of Engineering at the
University of California (Santa Barbara), has provided the mathematical tools that
arerequired for quantitative analysis of the basic concepts of motion in outer space.

The first two chapters cover vector algebra and kinematics, including angular
velocity vector, tangential and normal components, and the general case of space
motion. The third chapter deals with the transformation of coordinates, with
sections on Euler’s angles, and the transformation of angular velocities.

A variety of interesting problems regarding the motion of satellites and other space
vehicles is discussed in Chapter 4, which includes the two-body problem, orbital
change due to impulsive thrust, long-range ballistic trajectories, and the effect of
the Earth’s oblateness. The fifth and sixth chapters describe gyrodynamics and the
dynamics of gyroscopic instruments, covering such topics as the displacement of a
rigid body, precession and nutation of the Earth’s polar axis, oscillation of the
gyrocompass, and inertial navigation.

Chapter 7 is an examination of space vehicle motion, with analyses of general
equations in body coordinates and their transformation to inertial coordinates,
attitude drift of space vehicles, and variable mass. The eighth chapter discusses
optimization of the performance of single-stage and multistage rockets. Chapter 9
deals with generalized theories of mechanics, including holonomic and non-
holonomic systems, Lagrange’s Equation for impulsive forces, and missile dynamic
analysis.

Throughout this clear, comprehensive text, practice problems (with answers to
many) aid the student in mastering analytic techniques, and numerous charts and
diagrams reinforce each lesson.

Unabridged and corrected Dover (1986) republication of the second printing
(corrected 1963) of the work originally published by John Wiley & Sons, Inc., New

York, 1961.
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