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Preface 

My students motivated me to write this book. Every time I teach the course 
on fracture mechanics my students love it and ask me to write a book on 
this subject, stating that my class notes are much more organized and easy 
to understand than the available textbooks. They say I should simply put 
together my class notes in the same order I teach so that any entry level grad
uate student or senior undergraduate student can learn fracture mechanics 
through self-study. Because of their encouragement and enthusiasm, I have 
undertaken this project. 

When I teach this course I start my lectures reviewing the fundamentals 
of continuum mechanics and the theory of elasticity relevant to fracture 
mechanics. Chapter 1 of the book does this. Students lacking a continuum 
mechanics background should first go through this chapter, solve the exer
cise problems, and then start reading the other chapters. The materials in 
this book have been carefully selected and only the topics important enough 
to be covered in the first course on fracture mechanics have been included. 
Except for the last chapter, no advanced topics have been covered in this book. 
Therefore, instructors of elementary fracture mechanics courses should have 
a much easier time covering the entire book in a three-unit graduate level 
course; they will not have to spend too much time picking and choosing 
appropriate topics for the course from the vast knowledge presented in most 
fracture mechanics books available today. 

A professor who has never taught fracture mechanics can easily adopt this 
book as the official textbook for his or her course and simply follow the book 
chapters and sections in the same order in which they are presented. A num
ber of exercise problems that can be assigned as homework problems or test 
problems are also provided. At the end of the semester, if time permits, the 
instructor can cover some advanced topics presented in the last chapter or 
topics of his or her interest related to fracture mechanics. 

From over 20 years of my teaching experience I can state with confidence 
that if the course is taught in this manner, the students will love it. My teach
ing evaluation score in fracture mechanics has always been very high and 
often it was perfect when I taught the course in this manner. Since many 
students of different backgrounds over the last two decades have loved the 
organization of the fracture mechanics course presented in this book, I am 
confident that any professor who follows this book closely will be liked by 
his or her students. 

The book is titled Fundamentals of Fracture Mechanics because only the 
essential topics of fracture mechanics are covered here. Because I was moti
vated by my students, my main objective in writing this book has been to 



keep the materials and explanations very clear and simple for the benefit of 
students and first-time instructors. Almost all books on fracture mechanics 
available in the market today cover the majority of the topics presented in 
this book and often much more. These books are great as reference books 
but not necessarily as textbooks because the materials covered are not nec
essarily presented in the same order as most instructors present them in 
their lectures. Over half of the materials presented in any currently available 
fracture mechanics book is not covered in an introductory fracture mechan
ics course. For this reason, the course instructors always need to go through 
several fracture mechanics books' contents carefully and select appropriate 
topics to cover in their classes. It makes these books expensive and diffi
cult for self-study. Often, instructors find that some important topics may be 
missing or explained in a complex manner in the fracture mechanics books 
currently available. For this reason, they are forced to follow several books 
in their course or provide supplementary class notes for clearer explanations 
of difficult topics. Fundamentals of Fracture Mechanics overcomes this short
coming. Since it only covers the essential topics for an introductory fracture 
mechanics course, it is the right book for first-time learners, students, and 
instructors. 

Tribikram Kundu 



The Author 
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1 
Fundamentals the Theory Elasticity 

1.1 Introduction 

It is necessary to have a good knowledge of the fundamentals of continuum 
mechanics and the theory of to understand fracture mechanics. This 
chapter is written with this in mind. The first part of the chapter (section 12) is 
devoted to the derivation of the basic equations of elasticity; in the second 
(section t3), these basic equations are used to solve some classical boundary 
value problems of the of elasticity It is very important to comprehend 
the first chapter fully before to understand the rest of the book 

1.2 Fundamentals of Continuum Mechanics 
and the Theory of Elasticity 

Relations among the displacement, strain, and stress in an elastic body are 
derived in this section. 

1.2.1 Deformation and Strain Tensor 

Figure Ll shows the reference state R and the current deformed state D of a 
in the Cartesian x1x2x3 coordinate system. Deformation of the and 

displacement of individual particles in the body are defined with 
to this reference state. As different points of the move, due to ~~~,,.~~-
force or change in temperature, the of the 
the reference state to the current deformed state. After 
in one deformed state, if the force or 1-o,-nr"'"'"" 

the deformed state also The current deformed state of the 
the the stress-
free is considered as the reference state, but it is 
not necessary for the reference state to be stress free. 

of the can be considered as the reference state. For sim-
of the 

before any external disturbance will 
be considered as its reference state. 

1 



2 Fundamentals Fracture Mechanics 

FIGURE 1.1 
Deformation of a body: R is the reference state and D is the deformed state. 

Consider two points P and Q in the reference state of the body. They move 
to P* and Q" positions after deformation. Displacement of points P and Q is 
denoted by vectors u and u + du, respectively. (Note: Here and in subsequent 
derivations, vector quantities will be denoted by boldface letters.) Position 
vectors of P, Q, P', and Q* are r, r + dr, r', and r* + dr", respectively. Clearly, 
displacement and position vectors are related in the following manner: 

r* = r +u 

r* + dr' = :r + dr + u + du 

:. dr* = dr + du 

In terms of the three Cartesian components, the preceding equation can 
be written as: 

where e1, e2, and e3 are unit vectors in x 1, x2, and x3 directions, respectively. 
In index or tensorial notation, equation (1.2) can be written as 

(1.3) 

where the free index i can take values 1, 2, or 3. 
Applying the chain rule, equation (1.3) can be written as 

+ 
du 

dx1 +~' dx7 + ax2 - dx 

+ 
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In the preceding equation, the comma(,) means "derivative" and the sum
mation convention (repeated dummy index means summation over 1, 2, and 3) 
has been ~,,,~~·0D" 

Equation can also be written in matrix notation in the form: 

I l 
I OX1 

I ir i 

+I:: 
ou2 

I dx2 

ou3 
I ax3 ou3 

lax; ox2 -J 
In short form, equation (1.5) can be written as 

If one defines 

and 

{dr*} = {dr} + [Vu)T {d:r} 

1 
E =- + 

lj 2 

1 
= -(u . -2 I,) 

then equation (1.6) takes the following form: 

{d:r*} = {d:r} + [E]{dr} + [w]{dr} 

(1.7b) 

(1.7c) 

1.2.1.1 Interpretation of E;1 and W;i for Small Displacement Gradient 

Consider the special case when dr = dx1e1. Then, after deformation, three 
components of dr* can be computed from equation (1.5): 

du1 +-
OX1 

= (1 + £11 )dx1 
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In this case, the initial length of the element PQ is dS = 
length of the element P*Q* after deformation is 

1 

+ (dx;)2 + (dx; )2 ]2 = dS* = 

and the final 

In equation we have assumed that the displacement gradients are 
small. Hence, E;i and OJiJ are small. Therefore, the second-order terms involv
ing E;i and OJ;1 can be ignored. 

From its definition, engineering normal strain (E11) in x1 direction can be 
written as 

~ dS* -dS 
t11 =--d-S- (1.10) 

Similarly one can show that £ 22 and £ 33 are engineering normal strains in 
x2 and x3 directions, respectively. 

To interpret t:12 and w12, consider two mutually perpendicular elements PQ 
and PR in the reference state. In the deformed state these elements are moved 
to P*Q* and P'R* positions, respectively, as shown in Figure 1.2. 

Let the vectors PQ and PR be (dr)p0 = dx1e1 and (dr)PR = dx2e2, respectively. 
Then, after deformation, three components of (dr*)PQ and (dr*)PR can be writ
ten in the forms of equations (1.11) and (1.12), respectively: 

FIGURE 1.2 

(d *) au? 
X2,pQ = ax: 

~x, 

X3 

Two elements, PQ and PR, that are 
perpendicular after deformation. 

(1.11) 
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= (1+ 

+ 

Let a 1 be the angle between P'Q' and the horizontal axis, and a2 the angle 
between P'R' and the vertical axis as shown in Figure 1.2. Note that a+ a 1 + 
a2 = 90°. From equations and one can show that 

(E + W1 )dx tan n, _ ]2 _2 2 - c _ r,, 
- lh2 - - c12 =21 

(1 + E22 )dx2 

(1J3) 

In the preceding equation, we have assumed a small displacement gradi
ent and therefore 1 + "' 1. For a small displacement gradient, tan ai"' ai and 
one can write: 

(1.14) 

From equation (1.14) it is concluded that 2£12 is the change in the angle 
between the elements PQ and PR after deformation. In other words, it is 
the engineering shear strain and rn21 is the rotation of the diagonal PS (see 
Figure 1.2) or the average rotation of the rectangular element PQSR about the 
x3 axis after deformation. 

In summary and W;i are strain tensor and rotation tensor, respectively, 
for small displacement gradients. 

Example 1.1 
Prove that the strain tensor satisfies the relation + 

This relation is known as the compatibility condition. 

Solution 

Left-hand side = + 
1 
2 

side= + 
1 
2 

+ 

+ 

+ + 

+ 

+ 

+ 
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Since the sequence of derivative should not make any difference, ui,ikl = 
the other three terms in the two expressions can be shown 

Thus, the two sides of the equation are to be identical. 

Example 1.2 
Check if the following strain state is possible for an elasticity problem: 

+ ), + ) I 

Solution 
From the compatibility condition, + + given in example 
1.1, one can write 

En,22 + £22,11 = 2£12,12 by substituting i = 1, j = 1, k = 2, e = 2, 

E11.22 + E22,11 = 2k + 0 = 2k 

Since the two sides of the compatibility equation are not equal, the 
given strain state is not a possible strain state, 

1.2.2 Traction and Stress Tensor 

Force per unit area on a surface is called traction. To define traction at a point 
P (see Figure 1.3), one needs to state on which surface, going through that 
point, the traction is defined. The traction value at point P changes if the ori
entation of the surface on which the traction is defined is changed. 

Figure 1.3 shows a body in equilibrium under the action of some external 
forces. If it is cut into two halves by a plane going through point P, in general, 
to keep each half of the body in equilibrium, some force will exist at the cut 
plane. Force per unit area in the neighborhood of point P is defined as the 
traction at point P. If the cut plane is changed, then the traction at the same 
point will change. Therefore, to define traction at a point, its three components 
must be given and the plane on which it is defined must be identified. Thus, 
the traction can be denoted as T<nl, where the superscript n denotes the unit 

FIGURE 1.3 
A body in equilibrium can be cut into two halves by an infinite number of planes going through 
a specific point P. Two such planes are shown in the figure. 
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FIGURE 1.4 
Traction Tin) on an inclined plane can be decomposed into its three components, Tn,, or into two 
components: normal and shear stress components (CY,,,., and CY,,,). 

vector normal to the plane on which the traction is defined and where T(nJ 

has three components that correspond to the force per unit area in x1, x2, and 
x3 directions, respectively. 

Stress is similar to traction; both are defined as force per unit area. The 
only difference is that the stress components are always defined normal or 
parallel to a surface, while traction components are not necessarily normal 
or parallel to the surface. A traction T<nJ on an inclined plane is shown in 
Figure 1.4. Note that neither T(nl nor its three components are necessarily 
normal or parallel to the inclined surface. However, its two components a,w 
and CJ115 are perpendicular and parallel to the inclined surface and are called 
normal and shear stress components, respectively. 

Stress components are described by two subscripts. The first subscript 
indicates the plane (or normal to the plane) on which the stress component is 
defined and the second subscript indicates the direction of the force per unit 
area or stress value. Following this convention, different stress components 
in the x 1x2x3 coordinate system are defined in Figure 1.5. 

FIGURE 1.5 
Different stress components in the x1x2x, coordinate system. 
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Note that on each of the six planes (i.e., the positive and negative Xi, x2, and 
x3 planes), three stress components normal and two shear stress com-
ponents) are defined. If the outward normal to the plane is in the 
direction, then we call the plane a positive plane; otherwise, it is a negative 
plane. If the force direction is positive on a positive plane or negative on a 
negative plane, then the stress is positive. All stress components shown on 
positive x1, x2, and x3 planes and negative x1 plane in Figure 1.5 are positive 
stress components. Stress components on the other two planes are 
not shown to keep the Figure simple. Dashed arrows show three of the stress 
components on the negative x 1 plane while solid arrows show the stress com
ponents on positive planes. If the force direction and the plane direction have 
different signs, one positive and one negative, then the corresponding stress 
component is negative. Therefore, in Figure 1.5, if we change the direction 
of the arrow of any stress component, then that stress component becomes 
negative. 

1.2.3 Traction-Stress Relation 

Let us take a tetrahedron OABC from a continuum body in equilibrium (see 
Figure 1.6). Forces (per unit area) acting in the x1 direction on the four sur
faces of OABC are shown in Figure 1.6. From its equilibrium in the x1 direc
tion one can write 

where A is the area of the surface ABC; A1, and A 3 are the areas of the 
other three surfaces OBC, OAC, and OAB, respectively; and f 1 is the 
force per unit volume in the x1 direction. 

B 

fiGURE U, 
A tetrahedron traction co1nponents on ABC and direction stress corr~ponents 
on AOC, BOC, ancl AOB. 
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If n1 is the jth of the unit vector n that is normal to the plane 
ABC, then one can write and V = (Ah)/3, where h is the 
of the tetrahedron measured from the apex 0. 

q.CLUS~U to 

In the limiting case when the plane ABC passes through point 0, the tetra-
hedron height h vanishes and is simplified to 

In this equation the summation convention (repeated index means sum
mation) has been used. 

Similarly, from the force equilibrium in x2 and x3 directions, one can write 

(1.18) 

Combining equations (1.17) and (1.18), the traction-stress relation is 
obtained in index notation: 

(1.19) 

where the free index i takes values 1, 2, and 3 to generate three equations and 
the dummy index j takes values 1, 2, and 3 and is added in each equation. 

For simplicity, the subscript n of is omitted and T,,i is written as It is 
implied that the unit normal vector to the surface on which the traction is 
defined is n. With this change, equation (1.19) is simplified to 

(1.19a) 

1.2.4 Equilibrium Equations 

If a body is in equilibrium, then the resultant force and moment on that body 
must be equal to zero. 

1.2.4.1 force Equilibrium 

The resultant forces in the x1, x2, and x3 directions are equated to zero to obtain 
the governing equilibrium First, x 1 direction equilibrium is studied. 
Figure 1.7 shows all forces acting in the x1 direction on an elemental volume. 
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I I <----, -0'31 I 
11-----. I ----1-t,. ITu + a1Tu dx1 

I I OX1 -IT11 ,(-- ---

X1 

FIGURE 1.7 
Forces acting in the x1 direction on an elemental volume. 

Thus, the zero resultant force in the x1 direction gives 

or 

or 

or 

In equation (1.20) repeated index j indicates summation. 
Similarly, equilibrium in x2 and x3 directions gives 

OG2 
~l~+f7=0 
dXj -

dG 3 
~]~+ f, =0 

(1.20) 

(1.21) 



11 

The three equations in and can be combined in the follow-
ing form: 

+ f; = 0 

The force equilibrium equations in (1.22) are written in index 
the free index i takes three values-1, 2, 

to three equilibrium equations, and the comma (,) indicates derivativeo 

1.2.4.2 Moment 

Let us now compute the resultant moment in the x3 direction (or, in other 
words, moment about the x3 axis) for the elemental volume shown in 
Figure 1080 

If we calculate the moment about an axis parallel to the x3 axis and pass
ing through the centroid of the elemental volume shown in Figure 
then only four shear stresses shown on the four sides of the volume can 
produce momento Body forces in x1 and x2 directions do not produce any 
moment because the resultant body force passes through the centroid of 
the volumeo Since the resultant moment about this axis should be zero, one 
can write 

J 2 

Xz 

!1 ---:--~ 
I 

!2 )-----+-----,,-_- XJ 

FIGURE 108 

Forces on an eiement that may contribute to the moment in the x3 directiono 
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Ignoring the higher order terms, one gets 

or 0"12 = 0"21, 

dx2 = 0 
2 

Mechanics 

Similarly, applying moment equilibrium about the other two axes, one can 
show that 0'13 = <J31 and a32 = cr23 • In index notation, 

(1.23) 

Thus, the stress tensor is symmetric. It should be noted here that if the 
body has internal body couple (or body moment per unit volume), then the 
stress tensor will not be symmetric. 

Because of the symmetry of the stress tensor, equations (1.19a) and (1.22) 
can be written in the following form as well: 

(1.24) 

1.2.5 Stress Transformation 

Let us now investigate how the stress components in two Cartesian coordi
nate systems are related. 

Figure 1.9 shows an inclined plane ABC whose normal is in the x1, direc
tion; thus, the x2,x3, plane is parallel to the ABC plane. Traction TO'J is acting 
on this plane. Three components of this traction in x1,, x2., and x3• directions 
are the three stress components o-1'1', 0"1,2,, and <J1,3,, respectively. Note that the 

FIGURE 1.9 
Stress components in x1,x2,x3, coordinate system, 
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first subscript indicates the plane on which the stress is acting and the sec
ond subscript gives the stress direction. 

From equation one can write 

(1.25) 

where is the component of the unit normal vector on plane 
ABC or, other words, the direction cosines of the x1, axis. 

Note that the dot product between T(l') and the unit vector n(l'l gives the 
stress component Cin; therefore, 

CT'1'1' = (1.26) 

Similarly, the dot product between T(l') and the unit vector n<2'J gives cr1'2, 
and the dot product between T(1'l and the unit vector n(3') gives o-1,3,. Thus, we 
get 

(1.27) 

Equations (1.26) and (1.27) can be written in index notation in the follow
ing form: 

(1.28) 

In this equation, the free index m' can take values 1', 2', or 3'. 
Similarly, from the traction vector T<2') on a plane whose normal is in the x2, 

direction, one can show that 

(1.29) 

From the traction vector T<3 'l on the x3, plane, one can derive 

(1.30) 

Equations (1.28) to (1.30) can be combined to obtain the following equation 
in index notation: 

Note that in the preceding equation, i, j, rn', and n' are all dummy indices and 
can be interchanged to obtain 

n'j = 



14 Fundamentals Fracture Mechanics 

1.2.5.1 Kronecker Delta and Permutation 

In index notation the Kronecker delta symbol and permutation 
also known as the Levi-Civita and are often 

used. are defined in the 

8;1 :::: 1 for 1 :::: J 

:::: 0 for i * j 
and 

= 1 for i, j, k values 1, 2, and 3; or 2, 3, and l; or 3, 1, and 2. 

= -1 for j, k having values 3, 2, and 1; or 1, 3, and 2; or 2, l; and 3. 

= 0 for i, j, knot having three distinct values. 

1.2.5.2 

Note that 

a13 / 
a23 = 

a33I 

where e; and ei are unit vectors in X; and xi directions, respectively, in the 
x1x2x3 coordinate system. Also note that b and care two vectors, while is 
a matrix. 

One can prove that the following relation exists between these two symbols: 

Example 1.3 
Starting from the stress transformation law, prove that am'n'O"m'n' = Cf;iaii 

where am'n' and Cf;i are stress tensors in two different Cartesian coordinate 
systems. 

Solution 

:::: (€ 
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1.2.6 Definition of Tensor 

A Cartesian tensor of order r in dimensional space is a set of n1 

numbers (called the elements or components of tensor) that the follow
ing transformation law between two coordinate systems: 

where each has r number of subscripts,: number of direction 
... ) are multiplied on the right-hand side. Comparing 

equation the definition of tensor transformation (1.32), 
one can conclude that the stress is a second-rank tensor. 

1.2.7 Principal Stresses and Principal Planes 

Planes on which the traction vectors are normal are called principal planes. 
Shear stress components on the principal planes are equal to zero. Normal 
stresses on the principal planes are called principal stresses. 

In Figure 1.10, let n be the unit normal vector on the principal plane ABC 
and A the principal stress value on this plane. Therefore, the traction vector 
on plane ABC can be written as 

Again, from equation (1.24), 

~= 

From the preceding two equations, one can write 

O';jnj - ln; = 0 

Xz 

B 

FIGURE 1.10 
Principal stress ,1,, on the principal plane ABC. 

(1.33) 
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The preceding equation is an eigenvalue problem that can be rewritten as 

The system of homogeneous equations and a nontrivial 
solution for ni when the determinant of the coefficient matrix is zero. Thus, 
for a nontrivial solution, 

f"ru - 0"12 0"13 l i \ 1] 

I 
Det' c,12 (c,22 - Uz3 1=0 

L CY13 G23 (CY33 - A) j 

or 

In index notation, the preceding equation can be written as 

(1.36) 

In equation (1.36), is the permutation symbol that takes values 1, 
or 0. H the subscripts j, and k have three distinct values 1, 2, and 3 2, 3, 
and l; or 3, 1, and 2), respectively, then its value is 1. If the values of the sub
scripts are in the opposite order 3, 2, and 1 (or 2, 1, and 3; or 1, 3, and 2), then 
E;;k is -1, and if i, j, and k do not have three distinct values, then E;i/, = 0. 

Cubic equation (1.36) should have three roots of A. Three roots correspond 
to the three principal stress values. After getting A, the unit vector compo
nents ni can be obtained from equation (1.34) and, satisfying the constraint 
condition, 

n? + + ni = 1 (1.37) 

Note that for three distinct values of 1, there are three n values correspond
ing to the three principal directions. 

Since the principal stress values should be independent of the starting 
coordinate system, the coefficients of the cubic equation should not 
change irrespective of whether we start from the x 1x2x3 coordinate system or 

' coordinate system. Thus, 
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The three equations of (1.38) are known as the three stress invariants. After 
some algebraic manipulations, the second and third stress invariants can be 
further simplified and the three stress invariants can be written as 

or 

or 

Example 1.4 
(a) Obtain the principal values and principal directions for the following 
stress tensor: 

[o-] = [-! 
-6 

-4 
4 

2 

-61 2 MPa 

-2 

One given value of the principal stress is 9.739 MPa. 
(b) Compute the stress state in x1'x2'x3' coordinate system. Direction 

cosines of x1'x2'x3' axes are: 

x' 1 x' 2 x; 

J\ 0.7285 0.6601 0.1831 

£2 0.4827 -0.6843 0.5466 

£3 0.4861 -0.3098 -0.8171 

Solution 
(a) A characteristic equation is obtained from equation (1.35): 

For the given stress tensor it becomes 

;v - 4,11,2 - 60,11, + 40 = o 
The preceding equation can be written as 

,11,3 - 9.739,11,2 + 5.739,11,2 - 55.892,11,- 4.108,11, + 40 = 0 

~ (,11,-9.739)(,11,2 + 5.739A- 4.108) = 0 

~ (,11, - 9.739)(,11, + 6.3825)(,11,- 0.6435) = 0 

(1.39) 
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whose three roots are 

A1 = -6.3825 

= 9.739 

These are the three principal stress values. 
Principal directions are obtained from equation (1.34) 

l(v11 -Ai) 0"12 

I 
0"12 (022 - ;\,i) 

L 0"13 0"23 

where En, £1,2, are the direction cosines of the principal direction associ-
ated with the principal stress .l1. 

From the preceding equation one can write 

[
(2 + 6.3825) 

-4 
-6 

-4 
(4 +6.3825) 

2 

The second and third equations of the preceding system of three 
homogeneous equations can be solved to obtain two direction cosines in 
terms of the third one, as given here: 

= 1.3082€1'1 

Normalizing the direction cosines, as shown in equation (1.37), we get 

+ 0.13332 + 1.30822 ) 

=}Rn= ±0.605 

=} € 1'2 = 0.1333R n = ±0.081 

=} = 1.3082€1'1 = ±0.791 

Similarly, for the second principal stress .l2 = 9.739, the direction 
cosines are 

1 jl2'1 = ~o-:571 
~ €2'2 = +O.o12 ~ 
le 2·3 = =rn.440 J 
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For the third 

From equation 
In matrix notation 

where 
I Rn 

=I 

l Rn 

[a']= 

stress A3 = 0.6435, the direction cosines are 

R 3'1 10.7285 0.6601 0.18311 

/12'2 R 3'2 = 0.4827 -0.6843 o.s466 I 

,0 2'3 fl 3'3 l 0.4861 -0.3098 -0.8171j 

I -4.6033 -0.8742 2.95031 
=J-0.8742 9.4682 1.6534 1MPa 

L 2.9503 1.6534 -0.8650 I 
_J 

1.2.8 Transformation of Displacement and Other Vectors 

19 

The vector V can be expressed in two coordinate systems in the following 
manner (see Figure 1.11): 

+ + 

If one adds the projections of V2, and V3 of equation (1.40) along the 
direction, then the sum should be equal to the component Thus, 

FIGURE U1 
fa,,_ vector V and two Cartesian coordinate systems. 
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Comparing equations (1.41) and (1.32), one can conclude that vectors are 
first-order tensors, or tensors of rank 1. 

1.2.9 Strain Transformation 

Equation (1.7a) gives the strain expression in the x 1x 2x 3 coordinate sys
tem. In the Xyx2,x3, coordinate system, the strain expression is given by 
£.,., = -21 (u., ., + u ., ·,) Now 

z J l ,] J ,l • f 

d(Um) dum dxn dum dum 
JI. i'm --. = JI. i'm ---- = JI. i'm --Ji. nj' = JI. i'mJI. j'n --

dxj' dxn dxr dxn dxn 

(1.42) 

Similarly, 

(1.43) 

Therefore, 

(1.44) 

It should be noted here that the strain transformation law (equation 1.44) is 
identical to the stress transformation law (equation 1.31). Therefore, strain is 
also a second-rank tensor. 

1.2.10 Definition of Elastic Material and Stress-Strain Relation 

Elastic (also known as conservative) material can be defined in many ways: 

• The material that has one-to-one correspondence between stress and 
strain is called elastic material. 

• The material that follows the same stress-strain path during loading 
and unloading is called elastic material. 

• For elastic materials, the strain energy density function (U0) exists 
and it can be expressed in terms of the state of current strain only 
(U0 = U0(t:;)) and independent of the strain history or strain path. 

If the stress-strain relation is linear, then material is called linear elastic 
material; otherwise, it is nonlinear elastic material. Note that elastic material 
does not necessarily mean that the stress-strain relation is linear, and the 
linear stress-strain relation does not automatically imply that the material is 
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FIGURE 1.12 
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Stress-strain relations for elastic and inelastic materials. 
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elastic. If the stress-strain path is different during loading and unloading, 
then the material is no longer elastic even if the path is linear during loading 
and unloading. Figure 1.12 shows different stress-strain relations and indi
cates for each plot if the material is elastic or inelastic. 

For conservative or elastic material the external work done on the mate
rial must be equal to the total increase in the strain energy of the material. 
If the variation of the external work done on the is denoted /5W 
and the variation of the internal strain energy stored in the body is 8U, then 
oU = 8W. Note that oU can be expressed in terms of the strain energy density 
variation (8U0), and /5W can be expressed in terms of the applied body force 
(j;), the surface traction (T;), and the variation of displacement in the fol
lowing manner: 

/5W = f fi8u;dV + J T;'5u;dS 
V S 

In equation (1.45) integrals over V and S indicate volume and surface inte
grals, respectively. From this equation, one can write 

J oU0dV = f f;&t;dV + f T;ouidS = f 
V V S V 

+ f G";in/5u;dS 
s 



22 Fundamentals of Fracture J\Aechanics 

Gauss divergence theorem on the second 
hand side, one obtains 

f =f + J (o/5u;),i dV = f + 
,J 

V V V V V 

=f + + = r ((/; + 
J 

V V 

+ 

+ 

After substituting the equilibrium equation (see equation 
ing equation is simplified to 

f 8U0dV = f =ff + =f~ J " 
V V V V 

=f 
1 =f + 
2 

V V 

of the right-

the preced-

+ 

Since equation (1.47) is valid for any arbitrary volume V, the integrands of 
the left- and right-hand sides must be equal to each other. Hence, 

However, from the definition of elastic materials, 

U 0 = U0(E;i) 

:. 8Uo = auo DE;j 
"rJE:ij 

For arbitrary variation of &ii from equations (1.48) and 
write 

(1.48) 

(1.49) 

one can 

(150) 

From equation (1.50), the stress-strain relation can be obtained assuming 
some expression of U0 in terms of the strain components (Green's 
For example, if one assumes that the strain energy density function is a qua
dratic function (complete second-degree of the strain compo
nents, as shown here, 

+ + 
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then, 

or 

+ 

Substituting = Cijkt and D;i = 0 (it implies that strain is zero for 
zero stress, then assumption is valid), one gets the linear stress-strain 
relation constitutive relation) in the following form: 

(1.52) 

In Cauchy's approach, equation (1.52) is obtained by relating stress ten
sor with strain tensor. Note that equation (1.52) is a general linear relation 
between two second-order tensors. 

In the same manner, for a nonlinear (quadratic) material, the stress-strain 
relation is 

(1.53) 

In equation (1.53) the first term on the right-hand side is the residual stress 
(stress for zero strain), the second term is the linear term, and the third term 
is the quadratic term. If one follows Green's approach, then this nonlinear 
stress-strain relation can be obtained from a cubic expression of the strain 
energy density function: 

(1.54) 

In this chapter we limit our analysis to linear materials only. Therefore, 
our stress-strain relation is the one given in equation (1.52). 

Example 1.5 
In the x 1x2x3 coordinate system the stress-strain relation for a general 
anisotropic material is given by G;i = Cijkm 8 70"' and in the x1,X2,X3, coordinate 
system the stress-strain relation for the same material is given cr1'i' = 

Ek'm'· 

(a) Starting from the stress and strain transformation laws, obtain a 
relation between C;;km and 

(b) Is a tensor? If yes, what its rank? 
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Solution 
Using 

Fundamentals 

and one can write 

Therefore, 

starting with the equation and 
stress and strain transformation one can show that 

Clearly, satisfies the transformation law for a fourth-order 
tensor. Therefore, it is a tensor of order or rank equal to 4. 

1.2.11 Number of Independent Material Constants 

In equation (1.52) the coefficient values Cijkl depend on the material type and 
are called material constants or elastic constants. Note that i, j, k, and l can 
each take three values: 1, 2, or 3. Thus, there are a total of 81 combinations 
possible. However, not all 81 material constants are independent. Since stress 
and strain tensors are symmetric, we can write 

(1.55) 

The relation in equation (1.55) reduces the number of independent material 
constants from 81 to 36, and the stress-strain relation of equation (1.52) can 
be written in the following form: 

r 0"11 C1111 C1122 C1133 C1123 
0 

C1u2 r En L1J31 

0"22 C2211 C2222 C2233 C2223 C2231 C2212 I E22 

0"33 C3311 C3322 C3333 C3323 C3331 r 
E'33 '--3312 

0"23 C2311 C2322 C2333 C2323 C2331 C2312 
i 
12£23 

0"31 C3122 C3123 C3m C3112 / 2E31 
I 

C1212 J l 2E12 l 0"12 C1211 C1222 C1233 C1223 

In the preceding only six stress and strain components are 
shown. The other three components are not independent because of the sym-

of stress and strain tensors. The six six C-matrix is known as the 
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constitutive matrix. For elastic materials, the strain energy density function 
can be expressed as a function of only strain; then its double derivative will 
have the form 

(1.57) 

Similarly, 

(1.58) 

In equations (1.57) and (1.58) the order or sequence of derivative has been 
changed. However, since the sequence of derivative should not change the 
final results, one can conclude that CifkI = Cklif· In other words, the C-matrix of 
equation (1.56) must be symmetric. Then, the number of independent elastic 
constants is reduced from 36 to 21 and equation (1.56) is simplified to 

C13 C14 C1s C16 t\ 

C23 C24 C2s C26 £2 

C33 C34 C3s c36 £3 (1.59) 
C44 C4s c46 2£4 

symm Css Cs6 2£5 

c66 2£6 

In equation (1.59), for simplicity we have denoted the six stress and strain 
components with only one subscript (a; and e;, where i varies from one to 
six) instead of the traditional notation of two subscripts, and the material 
constants have been written with two subscripts instead of four. 

1.2.12 Material Planes of Symmetry 

Equation (1.59) has 21 independent elastic constants in absence of any plane 
of symmetry. Such material is called general anisotropic material or triclinic 
material. However, if the material response is symmetric about a plane or an 
axis, then the number of independent material constants is reduced. 

1.2.12.1 One Plane of Symmetry 

Let the material have only one plane of symmetry: the x1 plane (also denoted 
as the x2x3 plane); therefore, the x2x3 plane whose normal is in the x1 direction 
is the plane of symmetry. For this material, if the stress states a;/1) and a;p) 
are mirror images of each other with respect to the x1 plane, then the corre
sponding strain states e;/1) and e;/2) should be the mirror images of each other 
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with respect to the same plane. Following the notations of equation (1.59), we 
can say that the stress states cr;pl = (cr1, cr2, cr3, cr4, cr5, cr6) and crffl = (cr1, cr2, cr3, 

cr4, -cr5, -cr6) have mirror symmetry with respect to the x1 plane. Similarly, 
the strain states eq1l = (t:1, t:2, t:3, t:4, t:5, t:6) and eq2l = (t:1, t:2, t:3, t:4, -t:5, -t:6) also 
have mirror symmetry with respect to the same plane. One can easily show 
by substitution that both states (crq1l, t:f/J) and (crf?J, eq2l) can satisfy equation 
(1.59) only when a number of elastic constants of the C-matrix become zero, 
as shown: 

(jl Cn C12 C13 C14 0 0 e1 
(j2 C22 C23 C24 0 0 ez 

C13 C33 C34 0 0 e3 (1.60) 
C14 C« 0 0 2t:4 

C15 symm Css Cs6 2e5 

(j6 c66 2t:6 

Material with one plane of symmetry is called monoclinic material. From the 
stress-strain relation (equation 1.60) of monoclinic materials one can see that 
the number of independent elastic constants is 13 for such materials. 

1.2.12.2 Two and Three Planes of Symmetry 

In addition to the x1 plane, if the x2 plane is also a plane of symmetry, then 
two stress and strain states that are symmetric with respect to the x2 plane 
must also satisfy equation (1.59). Note that the stress states crq1l = (cr1, cr2, cr3, 

cr4, cr5, cr6) and crffl = (cr11 cr2,ecr3, -cr4, cr5, -cr6) are states of mirror symmetry 
with respect to the x2 plane, and the strain states eq1l = (t:1, t:2, t:3, t:4, t:5, t:6) and 
eq2l = (t:1, t:2, t:3, -t:4, t:5, -t:6) are states of mirror symmetry with respect to the 
same plane. As seen before, one can easily show by substitution that both 
states (crq1l, eq1l) and (crf?J, t:f/l) can satisfy equation (1.59) only when a number 
of elastic constants of the C-matrix become zero, as shown: 

(jl Cn C12 C13 0 C1s 0 e1 
(j2 C22 C23 0 Czs 0 cz 

C13 C33 0 C3s 0 E3 (1.61) 
C14 C« C4s 0 2c4 

C15 symm Css 0 2t:5 

(j6 c66 2e6 

Equation (1.60) is the constitutive relation when the x1 plane is the plane of 
symmetry and equation (1.61) is the constitutive relation for the x2 plane as 
the plane of symmetry. Therefore, when both x1 and x2 planes are planes of 
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symmetry, the C-matrix has only nine independent material constants: 

CY1 Cu C12 C13 0 0 0 81 

CY2 C22 C23 0 0 0 ez 

CY3 C33 0 0 0 e3 (1.62) 
CY4 C44 0 0 2t:4 

CY5 symm Css 0 2t:5 

(j6 c66 2t:6 

Note that equation (1.62) includes the case when all three planes, x1, x2, and 
x3, are planes of symmetry. Thus, when two mutually perpendicular planes 
are planes of symmetry, the third plane automatically becomes a plane of 
symmetry. Materials having three planes of symmetry are called orthotropic 
(or orthogonally anisotropic or orthorhombic) materials. 

1.2.12.3 Three Planes of Symmetry and One Axis of Symmetry 

If the material has one axis of symmetry in addition to the three planes of 
symmetry, then it is called transversely isotropic (hexagonal) material. If the x3 

axis is the axis of symmetry, then the material response in x1 and x2 direc
tions must be identical. In equation (1.62), if we substitute t:1 = t:0, and all other 
strain components= 0, then we get the three nonzero stress components cr1 = 
Cut:0, cr2 = C12t:0, and cr3 = C13e0• Similarly, if the strain state has only one non
zero component, t:2 = t:0, while all other strain components are zero, then the 
three normal stress components are CY1 = C12t:0, CY2 = C22£0, and CY3 = C23t:0• 

Since the x3 axis is an axis of symmetry, cr3 should be same for both cases 
and cr1 for the first case should be equal to cr2 for the second case, and vice 
versa. Thus, C13 = C23 and C11 = C22. Then consider two more cases: (1) t:23 (or 
t:4 in equation 1.62) = t:0, while all other strain components are zero; and (2) t:31 
(or t:5 in equation 1.62) = t:0, while all other strain components are zero. From 
equation (1.62) one gets cr4 = C44t:0 for case 1 and cr5 = C55t:0• Since the x3 axis is 
the axis of symmetry, cr4 and cr5 should have equal values; therefore, C44 = C55. 
Substituting these constraint conditions in equation (1.62), one obtains 

CY1 Cu C12 C13 0 0 0 81 

CY2 Cu C13 0 0 0 ez 

CY3 C33 0 0 0 e3 (1.63) 
CY4 C44 0 0 2t:4 

CY5 symm C44 0 2t:5 

(j6 c66 2t:6 

In equation (1.63) although there are six different material constants, only 
five are independent. Considering the isotropic deformation in the x1x2 plane, 
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can be expressed in terms of C11 and C12 in the following manner: 

1.2.12.4 Three Planes of Symmetry and Two or Three Axes of Symmetry 

If we now add x1 as an axis of symmetry, then, 
ments as before, one can show that in equation 

the same argu
three 

additional constraint conditions must be satisfied: C12 = C13, Cn = and 
= C66. Thus, the constitutive matrix is simplified to 

I
r CY1 j Cn 

<52 I 
~ 0'3 = 1· 

I
, CY,c 

G5 I 
l u6 L 

symm 

C12 0 0 0 r t\ 
r 0 0 0 0 
-.......12 c2 

0 0 0 E 3 

c66 0 0 2E4 

c66 0 I 2Es 

c66 l 2E6 

Addition of the third axis of symmetry does not modify the constitutive 
matrix anymore. Therefore, if two mutually perpendicular axes are axes of 
symmetry, then the third axis must be an axis of symrn_etry. These materials 
have the same material properties in all directions and are known as 10 n1-vnr.,,, 

material. From equations (1.65) and (1.64) one can see that isotropic materials 
have only two independent material constants. This chapter will concentrate 
on the analysis of the linear, elastic, isotropic materials. 

Example 1.6 
Consider an elastic orthotropic material for which the stress-strain rela
tions are given 

u13 031 

v32 
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where E; is the Young's modulus in the X; direction, and V;i and 
Poisson's ratio and shear in different directions for 
different values of i and j. 

(a) How many different elastic constants do you see in the preceding 
relations? 

(b) How many of these do you expect to be 
(c) How many equations or constraint relations must exist among the 

preceding material constants? 
(d) Do you expect G;i to be equal to for i * j? Justify your answer. 

Do you expect V;J to be equal to vi; i * j? Justify your answer. 
(f) Write down all (relating the material that must 

be satisfied. 
(g) If the preceding relations are proposed for an isotropic material, 

then how many independent relations among the material constants 
must exist? Do not give these equations. 

(h) If the material is transversely isotropic, then how many independent 
relations among the material constants must exist? Do not give these 
equations. 

Solution 
(a) 15 
(b) 9 
(c) 6 

Yes, because E;i and v,j are symmetric 
(e) No, symmetry of the constitutive matrix does not that V;j to 

be equal to 

1 V31 0 0 0 
E1 E2 E3 
V12 

1 
V32 .L 

0 0 0 
( E1 E3 r 0 11 !En 

V13 V23 
1 r~ J. 

0 0 0 I 0"22 
T' 

(£) £3 J 0"33 

£23 1 1 0"73 
0 0 0 0 0 I a;; E31 

G23 
E12 1 l 0"12 

0 0 0 0 0 

0 0 0 0 0 
1 

From symmetry of the preceding matrix known as the compli-
a nee 

29 



30 Fundamentals of Fracture Mechanics 

The other three constraint conditions are G12 = Gw G13 = G31, and G32 = G23• 

(g) Thirteen constraint relations must exist because isotropic material 
has only two independent material constants. 

(h) Ten relations should exist since the transversely isotropic solid has 
five independent material constants. 

1.2.13 Stress-Strain Relation for Isotropic 
Materials- Green's Approach 

Consider an isotropic material subjected to two states of strain as shown 
in Figure 1.13. The state of strain for the first case is e;i in the x1x2x3 coor
dinate system, as shown in the left-hand Figure; the strain state for the 
second case is e;·r in the x1x2x3 coordinate system, as shown in the right
hand Figure. Note that err and e;i are numerically different. The numer
ical values for e;y can be obtained from e;i by transforming the strain 
components e;i from the x1x2x3 coordinate system to the x1,x2,x3, coordinate 
system as shown on the left-hand side of Figure 1.13. If the strain energy 
density function in the x1x2x3 coordinate system is given by U0(e;i), then 
the strain energy densities for these two cases are Uo(e;i) and Uo(eq)- If the 
material is anisotropic, then these two values can be different since the 
strain states are different. However, if the material is isotropic, then these 
two values must be the same since, in the two illustrations of Figure 1.13, 
identical numerical values of strain components (err) are applied in two 
different directions. For isotropic material, equal strain values applied 
in two different directions should not make any difference in computing 
the strain energy density. For Uo(e;) and U0(e;y) to be identical, U0 must 
be a function of strain invariants because strain invariants do not change 
when the numerical values of the strain components are changed from e;i 
to eq, 

Xz·, 
\ 

\ 
\ 

\ 
\ 

\ 

FIGURE 1.13 

. Xz 

Isotropic material subjected to two states of strain. 

Xz 
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Three stress invariants have been defined in equation (1.39). In the same 
manner, three strain invariants can be defined: 

(1.66) 

Note that I1, I2, and I 3 are linear, quadratic, and cubic functions of strain 
components, respectively. To obtain a linear stress-strain relation from 
equation (1.50), it is clear that the strain energy density function must be a 
quadratic function of strain as shown: 

(1.67) 

In equation (1.67), if we substitute 2C1 = A, and C2 = 2µ, then the stress
strain relation takes the following form: 

(1.68) 

In equation (1.68) coefficients A andµ are known as Lame's first and second 
constants, respectively. This equation can be expressed in matrix form as in 
equation (1.65) to obtain 

0"1 = 0"11 A-+2µ A, A, 0 0 0 £1 = En 

0-2 = 0-22 A-+2µ A, 0 0 0 £2 = E22 

0-3 = 0"33 A-+2µ 0 0 0 E3 = E33 (1.69) 
0-4 = 0-23 µ 0 0 2t:4 = 2t:23 = Y23 

0-5 = 0-31 symm µ 0 2t:s = 2t:31 = Y31 

0-6 = 0"12 µ 2t:6 = 2t:12 = Y12 

Note that the shear stress component ( a;} is simply equal to the engineer
ing shear strain component (Y;} multiplied by Lame's second constant (µ). 
Therefore, Lame's second constant is the shear modulus. 

Equations (1.68) and (1.69) are also known as generalized Hooke's law in 
three dimensions, named after Robert Hooke, who first proposed the linear 
stress-strain model. Equation (1.68) can be inverted to obtain strain compo
nents in terms of the stress components as follows. 
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In equation (1.68), substituting the subscript j by i, one can write: 

(J' .. 

. e·· = " 
.. " (3l+2µ) 

(1.70) 

Substitution of equation (1.70) back into equation (1.68) gives: 

or 

e. = <J';i + o A<J'kk 

'1 2µ '1 2µ(3A + 2µ) 
(1.71) 

1.2.13.1 Hooke's Law in Terms of Young's Modulus and Poisson's Ratio 

In undergraduate mechanics courses, strains are expressed in terms of the 
stress components, Young's modulus (E), Poisson's ratio (v), and shear modu
lus (µ) in the following form: 

0'11 V<J'22 V<J'33 
en=-------

E E E 

0'22 V<J'n V<J'33 
e22 =-------

E E E 

0'33 V<J'22 V<J'n 
e33 =-------

E E E 

2 _ _ 0'12 _ 2(1 + V)<J'12 
e12-Y12 ------~ 

µ E 

2 _ _ 0'23 _ 2(1 + V)<J'23 
ez3 -Y23 ------~ 

µ E 

2 _ _ 0'31 _ 2(1 + v)<J'31 
e31-Y31-------

µ E 

(1.72) 

In this equation, the relations among Young's modulus (E), Poisson's ratio 
(v), and shear modulus (µ) have been incorporated. Equation (1.72) can be 
expressed in index notation: 

(1.73) 
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Equating the right-hand sides of equations (1.71) and (1.73), Lame's con
stants can be expressed in terms of Young's modulus and Poisson's ratio. 
Similarly, the bulk modulus K = ~; can be expressed in terms of Lame's con-
stants from equation (1.70). " 

Example1.7 
For an isotropic material, obtain the bulk modulus K in terms of (a) E and 
v; (b) A andµ. 

Solution 
(a) From equation 1.70, CJ;; = (3A + 2µ)£;;; therefore, K = .!!iL = 3.l.+Zµ 

3eii 3 

(b) From equation 1.73, t:;; = 1? <J';; -f8;;<J'kk = 1? <J';; - 3{ <J'kk = 1-r a 

Thus, K = ~;; = 3(1.:Zv) 

Since the isotropic material has only two independent elastic con
stants, any of the five commonly used elastic constants (A, µ, E, v, and K) 
can be expressed in terms of any other two elastic constants, as shown 
in Table 1.1. 

1.2.14 Navier's Equation of Equilibrium 

Substituting the stress-strain relation (equation 1.68) into the equilibrium 
equation (equation 1.24), one obtains 

(U;it:kk + 2µt:;i ),i + f; = 0 

~ (AO·Uk k + 2µI_[U· · + U· ·]) + -F. = 0 lj , 2 1,) ),1 . Jz 
,] 

(1.74) 
~ }..8 .. ukk' +µ[u ... +u . .. ]+ -F. = 0 1/ , J 1,)) ),l} ) l 

~ A-Uk k' + µ[u . .. + U · .. ] + -F. = 0 , ! 1,)) },/1 }z 

~ (J. + µ)u . .. + µu .. + -F. = 0 ],/l 1,// }z 

In the vector form, this equation can be written as 

(J. + µ)Y._(Y.... u) + µV 2u + f = 0 (1.75) 

Because of the vector identity vzu = Y._(Y.... u)-Y... x y_ x u, equation (1.75) can 
be also written as 

(J. +2µ)Y._(Y._ •U)- µY._x Y._ XU +f = 0 (1.76) 

In equations (1.75) and (1.76), the dot ( •) is used to indicate scalar or dot 
product and the cross (x) is used to indicate the vector or cross-product. 
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TABLE 1.1 

Relations between Different Elastic Constants for Isotropic Materials 

A µ E V K 

A,µ µ(3A+2µ) A 3A+2µ 
1+µ 2(A+µ) 3 

A,E (E-31)+ -(E+A)+ (E+3)o)+ 

J(E - 31)2 + 81E J(E+1)2+812 J(E+3A)2 -4?,E 
--~---

4 4A 6 

1,v 1(1-2v) 1(1 + v)(l - 2v) 1(l+v) 
2v V 3v 

A,K 3(K-A) 9K(K-A) A 
2 3K-A 3K-A 

µ,E (2µ-E)µ E-2µ pE 
----

E-3µ 2µ 3(3p-E) 

µ,v 2µv 2µ(1+ v) 2µ(l+v) 
l-2v 3(1-2v) 

11,K 3K-2µ 9Kµ 3K-2µ 

3 3K+µ 2(3K +µ) 

E,v vE E E 
(1 + v)(l-2v) 2(1+v) 3(1- 2v) 

E,K 3KE 3KE 3KE 
9K-E 9K-E 9K-E 

v,K 3Kv 3K(l-2v) 3K(l-2v) 

l+v 2(1+v) 

In index notations, the preceding two equations can be written as 

+ + + f; = 0 

or 

+ + f; = 0 (1.77) 

where Eijk and Eknlll are permutation symbols, defined in equation (1.36). The 
equilibrium equations, expressed in terms of the displacement components 
(equations 1.75-1.77) are known as Navier's 

Example 1.8 
If a linear elastic 
that (a) the volumetric strain is harmonic 
field is biharmonic = 0). 
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Solution 
From equation (1.77) for zero one can write 

+ + =0 

+ =0 

Note that 

and 

Substituting u by E, the above Navier's equation is simplified to 
(Jc+ 2µ)c:h.jj = 0. 

Since (Jc+ 2µ) * 0, E;; must be harmonic. 
(b) Again, from equation (1.77) for zero body force, one can write 

= ((;\, + 

From part (a), 
Therefore, 

one obtains 

Example 1.9 

+ 

+ + =0 

+ µui,ii ),1c1c = (,l + + =0 

=0. 
= 0. Substituting it into the preceding equation, 

+ =0 

Obtain the governing equation of equilibrium in terms of displacement 
for a material whose stress-strain relation is given v;i = cx,j1c/EJw,Em1 + b,(Y, 
where cxijkl are material properties that are constants over the entire region, 
and yis the residual state of stress that varies from point to point. 

Solution 
Governing equation: 

+ f =0 

+ +y; + f = 0 

1 =-· 4 + + )+ + + +r; + .r = o 

35 
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1.2.15 fundamental Equations of Elasticity in Other 
Coordinate Systems 

All equations derived so far have been expressed. in the Cartesian coordi
nate system. Although the majority of elasticity can be solved 
in the Cartesian coordinate system for some problem geometries, such as 
axisymmetric problems, cylindrical and spherical coordinate are 
better suited for defining the problem and/or solving it. If the equation is 
given in the vector form (equations 1.75 and 1.76), then it can be used in 
any coordinate system with appropriate definitions of the vector opera
tors in that coordinate system; however, when it is expressed in index 
notation in the Cartesian coordinate system (equation 1.77), then that 
expression cannot be used in a cylindrical or spherical coordinate system. 
In Table 1.2 different vector operations, strain displacement relations, and 
equilibrium equations are given in the three coordinate systems shown 
in Figure 1.14. 

1.2.16 Time-Dependent Prnblems or Dynamic Problems 

In all equations derived previously, it is assumed that the is in static 
equilibrium. Therefore, the resultant force acting on the body is equal to 
zero. If the body is subjected to a nonzero resultant force, then it will have an 
acceleration iii (time derivatives are denoted by dots over the variable) and 
the equilibrium equation (equation 1.24) will be replaced by the following 
governing equation of motion: 

In the preceding equation, pis the mass density. Therefore, Navier's equa
tion for the dynamic case takes the following form: 

+2µ)'£.f'! ___ • -µ£x£xu+f= 

Dynamic problems of elasticity have been solved in Kundu (2004) and are 
not presented here. 

L3 Some Classical Problems in Elasticity 

Fundamental derived in section 1.2 are used in this section to solve 
a few classical two-dimensional and three-dimensional of elastic-

For solutions of additional problems readers are referred to Timoshenko 
and Goodier (1970). 
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TABLE 1.2 

Important Equations in Different Coordinate Systems 

Equations 

Grad¢ 

= "!_¢ 

Div 1/f= :£ • vr 

Curl 1/f= :£xvr 

Strain-displacement 
relation 

Equilibrium 
equations 

Cartesian Coordinate 
System 

¢,, 
= ¢,M + ¢,2,2 + ¢;3,3 

l/f;,;=J/fu+l/f2,2+1/f3,3 

e,fl<lfh,j = 

e, e, e, 

a 
ax, ax, ax, 
1/f, 1/f, 1/f, 

Equation (L7a) 

1 
f,; = z(u;,i + Uj,i) 

Equations (1.24 and 
1.22) 
a,;,;+!,=O 

Cylindrical Coordinate 
System 

0¢ 0¢ 1 0¢ 
-e, +-e, +--ee 
or oz r ae 

01/f, 01/f, 1 01/f, 
-+-+--

ar oz r ae 

a 
r iJr ae oz 

1/f, rvr, 1/f, 

au, 
Err=-

iJr 

1 au. u, 
Eoo=--+-

r ae r 

aa,, aac 1 aa,, 
-+--+---

ar az r ae 

Spherical Coordinate System 

'ii¢ 1 a¢ 1 a¢ 
-e, +--ep +---e, 
or r o/3 rsin/3 ae 

01/f, 2 1 01/fp 
--+-vr,+---

ar r r a f3 

e, re, rsinf3ee 

a a 
-

r' sin/3 iJr 0/3 ae 

1/f, rvr, rsin/31/f, 

au, 
e,.,.=-

or 

1 OUp U, 
e{J{l =--+-

r 0/3 r 

1 due U, Up 
e(Jf) =---+-+-cot/3 

rsin/3 ae r r 

1 OU, OUp Up 
2£,p =--+---

r o/3 or r 

1 rJu, Us duo 
2e,e =-----+--;-

rsin/3 ae r ar 

1 dup 1 ilue Ue 
2e,, =---+----cot/3 

rsin/3 ae r 0/3 r 

ao-,, 1 aa,p aa,o 
-+---+----

di· r d/3 rsin/3 ae 

37 

+~(a,, -aoo)+ f, = 0 +2_[2cr,, +(cotp)cr,,-cr., -cr00 ]+ f, = 0 
r 

aac aa= 1 aa,. 
-+--+---

ar az r ae 

1 
+-a,,+f,=0 

r 

aa,e da,e 1 aaeo 
--+--+---

ar az r ae 

2 
+-a,e + Je = 0 

r 

,, 

cJa,/J 1 aa/i{J dO'jJo 
-+---+----

(11· r d/3 rsin/3 ae 

I 
+-[3a,p + (cot8)(afitl - O"oo)] + fp = 0 

' 
acr,e 1 aa/JIJ dae,1 
-+---+----

dr r d/3 rsin/3 ae 

2cr/JIJ cotf3 + 3a,e 
+ f, = 0 

Source: Moon, P. and Spencer, D. E. Vectors. Princeton, NJ: Van Nostrand Company, Inc., 1965. 
Note: ¢ and II' are scalar and vector functions, respectively. 
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f!GURE 1.14 

I 
1z 

r 

Cartesian and Cylindrical 
Coordinate Systems 

r l r I 

I 
I 

I 

Cartesian and Sphericai 
Coordinate Systems 

Cartesian (x1x2x3), cylindrical (rez), and spherical (r/38) coordinate systems. 

1.3.1 In-Plane and Out-of-Plane Problems 

When the elastic fields (stress, strain, and displacement) are independent of 
one coordinate other words, dependent on two coordinates these 
problems are called two-dimensional 2-D) problems. Two-dimensional 
problems can be further classified under two groups: antiplane or out-of
plane problems and in-plane problems. 

If the elastic field is a function of coordinates x 1 and x2 while the non-
zero displacement component is in the direction perpendicular to the plane 
containing x1 and x2 axes, then that problem is called the antiplane problem. 
Therefore, for antiplane problems, 

U1 = 0 
(1.80) 

For in-plane problems, on the other hand, displacement components in the 
plane containing x 1 and x 2 axes are functions of x1 and x2 and the perpen
dicular displacement component is not a function of x1 and x 2; it is either 
zero or a constant. Thus, for in-plane problems, 

u3 = 0 or a constant 
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1.3.2 Plane Stress and Plane Strain Problems 

In-plane problems can be classified into two groups: plane stress problems and 
plane strain problems. If all nonzero stresses act in one plane, then the problem is 
called a plane stress problem; when all nonzero strains act in one plane, the prob
lem is known as a plane strain problem. Therefore, for plane stress problems, 

and for plane strain problems, 

CY11 (xi, xz) * 0 

CY23 = 0 

£11 (X1,X2) °* 0 

£22(X1,X2) °* 0 

£12(X1,X2) °* Q 

£13 = 0 

£23 = 0 

(1.82) 

(1.83) 

From the stress-strain relation for isotropic materials (equation 1.73), the 
strain components for plane stress problems can be obtained: 

CY11 CYzz 
£ ---v-
n- E E 

CY22 CY11 
£ =--v-

22 E E 

(1 + V)CY11 
£12=~-E~= 

(1.84) 

£13 = £23 = 0 

Note that the normal strain c:33 in the x3 direction is not equal to zero for 
plane stress problems. 
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The first three equations of equation (1.84) can be written in matrix form: 

In index notation, 

-v 
1 

0 

(1.85) can be written as 

Greek subscripts a, /3, and y in equation (1.86) and in all subsequent equa
tions take values 1 and 2 only. 

Inverting (1.85), 

V 

1 

0 

(1.87) 

Similarly, the stress-strain relation for the plane strain problems can be 
written as 

£ = Ci11 _ V Cizz _ v 0"33 
11 E E E 

(j 22 c,11 (j 33 
£ =--v--v-22 E E E 

(1 + v)c,n 
E12 = E 

From the fourth equation of equation set (1.88), one gets 

After substituting equation into equation the first three equa-
tions of can be rewritten in the form: 

rll l(l-v) -v ~lf :~J l+v 
(1-v) E22 =--, -v 

E i , I r 

l E12 L o 0 lJla12J 
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Inverting equation (1.90), 

{
0"11) r(l -v) 

0"22 = (1 + v)fl- 2v) v 
0"12 0 

V 

(1-v) 

0 

41 

0 ]{£11
) 0 E22 

(1-2v) £12 

(1.91) 

For plane stress and plane strain problems there are only two equilibrium 
equations: force equilibrium in the x1 direction and force equilibrium in the 
x2 direction. These two equations are obtained from the complete set of equi
librium equations given in equation (1.24): 

O"at3,/3 +fa= 0 (1.92) 

Six compatibility equations (see example 1.1) for three-dimensional prob
lems are reduced to only one compatibility condition in the following form 
for plane stress and plane strain problems: 

Eu,22 + E22,11 - 2£12,12 = 0 (1.93) 

The preceding compatibility equation can be written in terms of the stress 
components using the strain-stress relations: equation (1.85) for plane stress 
problems and equation (1.90) for plane strain problems. 

1.3.2.1 Compatibility Equations for Plane Stress Problems 

Substituting equation (1.85) into equation (1.93), one gets 

1 
-{0"1122 - V0"22 22 + 0"2211 - V0"1111 - 2(1 + V)0"1212} = 0 E , , , , , 

~ (0"1122 + 0"2211)-V(O"u 11+0"2222)- 2(1 + V)0"1212 = 0 , , , , ' 

(1.94) 

From equation (1.92), it is possible to obtain the following two equations 
after taking derivatives of the two equilibrium equations with respect to 
x1 and x2, respectively: 

0"11,11 + 0"12,12 + !1,1 = 0 

0"12,12 + 0"22,22 + !2,2 = 0 

Combining the two equations of equation (1.95), 

< a 11,11 + a 22,22) + 2a 12,12 + U1,1 + f 2,2) = o 
~ (0"11,11 + 0'22,22) + (!1,1 + !2,2) = -20'12,12 

(1.95) 

(1.96) 
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Substituting equation into equation 

(0-11,22 + )- v( 0"11,11 + + v)o-12,12 = 0 

+ + 0"22,22) + (1 + =0 

+ + 

::::} (f aa,/3/3 = -(1 + (1.97) 

Note that in the absence of the body force, equation (1.97) is reduced to 

=0 

1.3.2.2 Compatibility Equations for Plane Strain Problems 

Substituting equation (1.90) into equation (1.93), one obtains 

( (l-v2)0'11 -v(l + v) 0'22 I + ( (l-v2)a22 
E E J,22 E 

) 0'11) - 2(~ ) + V - 0"17 
E ,11 E - ,12 

=> (l-v)0'11,22 -V0'22,22 + (l-v)o-22,11 -vcr11,11 = 2cr12,12 

Equations (1.95) and (1.96) are the same for plane stress and plane strain 
problems. 

Substituting equation (1.96) into equation (1.99), 

=> (l-v)(cr11,11 + 0'11,22 + CY22,11 + 0"22,22) = -(!1,1 + /i,2) 

=> (j - _ ___j_y___ 
acx,/3/3 - (1-v) (1.100) 

It should be noted here that in the absence of the body force, equation 
(1.100) is reduced to equation Therefore, in the absence of the body 
force there is no difference in the compatibility equations for plane stress 
and plane strain problems; for both cases it is given by equation (1.98). How
ever, in the presence of the body force there is some difference, as one can see 
in equations and (1.100). 

1.3.3 Airy Stress Fm,ction 

If an elasticity problem is formulated in terms of stresses1 then solution of 
that problem requires solving the governing equilibrium equations and com-
patibility conditions, subjected to the conditions and 
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conditions. In problems having semi-infinite or infinite geometry, the condi
tions at infinity are known as regularity conditions. Note that if the problem 
is formulated in terms of displacements, then the compatibility conditions 
are automatically satisfied. Airy (1862) introduced a stress function </J(x1, x2) 
that is related to the stress field in the following manner in absence of the 
body force: 

0'11 = </J22 

0"22 = </J11 
(1.101) 

The advantage of this representation is that when these expressions are 
substituted into the equilibrium equation (1.92) in the absence of the body 
force lfa = 0), the simplified equilibrium equation CY af3,/3 = 0 is automatically 
satisfied. Substituting equation (1.101) into the compatibility equations (equa
tion 1.98), one obtains 

O"aa,/3/3 = 0 

~ (CY11,22 + 0"22,11 + 0'11,11 + 0"22,22) = 0 

~ </J22,22 + </J11,11 + </J22,11 + </J11,22 = 0 
(1.102) 

~ <l>i1,11 + 2</J11,22 + </J22,22 = 0 

Therefore, any biharmonic function </) satisfies the compatibility equa
tion in absence of the body force and is a valid stress function. As a 
result, the elasticity problem is significantly simplified in terms of Airy 
stress function because in the stress formulation one needs to find three 
unknowns-CYn, CY22, and CY12-that satisfy two equilibrium equations and 
one compatibility equation. However, in Airy stress function formulation 
only one unknown biharmonic function </) is to be evaluated. In both for
mulations the unknown functions are obtained by satisfying boundary 
and regularity conditions. 

In the presence of the body force, the stress components and Airy stress 
functions are related in a slightly different manner as follows: 

0"11 = <I>22 +V 

0"22 = <!>11 +V (1.103) 
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where Vis the potential function for the force defined as 

When these are substituted into the 
1.92), those equations are satisfied. 

Substituting equations and 
(equation 1.97) for plane stress 

O"aa.[3/3 + (1 + = 0 

=} 0"11.11 + + (J" 22,11 + O" 22,22 + (1 + 

=} <P22,11 + + <P22,22 + + 

=} \74cp + (1- =0 

=} y'4(J) = -(1- v)V 2V 

For plane strain problems, equations and 
substituted into the appropriate compatibility equation 
obtain 

1 
+ 0"1122 + 0"7211 + 0"22 22 +---(!11 + , - , , (1- , 

"' (V11 + V2J 

=0 

Mechanics 

equations 

+ =0 

(1.105) 

to 

=}"" -~~-~ 

acx,/3/3 - (1-v) 
_ 1-2 + 2v (V + V )- 2v-1 V 
- (1-v) 11 22 - (1-v) aa 

=} v4(J) = 2v- l v2v 
(1-v) 

Clearly, in absence of the force, the potential function V = O; then 
equations and are reduced to equation (1.102). If the 
has a constant value, then V2V = 0 also, and equations and are 
reduced to (1.102). 
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1.3.4 Some Ciassicai Elasticity Problems in Two Dimensions 

A number of hvo-dimensional are solved in this section. 

1.3.4.1 Plate and Beam Problems 

Solutions of some plate and beam problems are given in the 
examples. 

Example 1.10 
Obtain the stress field for a cantilever subjected to a concentrated 
force at the free end as shown in Figure 1.15. 

Solution 
For this problem one can assume that the stress field is independent 

of the x3 coordinate. For thin plate it can be also assumed that 
0"33 = a13 = v23 = 0, since these stress components are zero on the front and 
back surfaces of the plate. 

Stress boundary conditions for this plate geometry are 
0"22 = 0"12 == 0 at x2 == ±c 
and, at x1 = 0, u11 == 0 and t [c a 12dx2 == - P, where t is the plate 

thickness. 
If we want to solve this problem in terms of the stress 

then we will have to find an Airy stress function that will satisfy the fol
lowing boundary conditions: 

At x2 == ±c, ¢m == ¢m == 0. c 

At x1 = 0, ¢m == 0 and -t f </Jm dx2 == -P. 
-( 

One can easily show that if the Airy stress function ¢ is assumed to 
have a form, it requires at least up to fourth-order polynomi
als to satisfy all boundary conditions. The polynomial expression postu
lated for the Airy stress function for this problem is 

dJ _ a2 2 
--Xl + 

' 2 

f!GURE 1.15 
Cantilever plate. 

+ __:i_ 
12 

+ 

b a +-2x2 +-~ 
2 2 6 

x3x + C4 

6 , l 2 ' 2 

b3 +- + + 
2 6 

(1.107) 
d4 +~x4 +~ 
6 12 2 
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this expression in the = 0, 
one obtains 

Note that the expression of ¢ starts with the 
The reason for omitting the constant and linear terms is that do not 
contribute to the stress fields. Numbers 2, 6, and 12 in the denominator 
are carefully chosen to have a minimum number of terms with fnKtions 
in the stress expressions derived from equation 

+ 

+ + + 

Applying the boundary condition, at x2 = c, a22 = 0, we get 

+ 

Therefore, 

Applying the second boundary condition, at x2 = c, cr12 = 0, one obtains 

Therefore, 

b2 + c,c + c2 = 0 .. 2 

+ 
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Therefore, 

:::0 (1.112) 

From equations (1.110) and (1.112) it is easy to see that 

Applying the fourth boundary condition, at x2 = -c, O"t2 = 0, 

Therefore, 

d 
b - C C + __i_ c2 = 0 

2 3 2 

From equations (1.111) and (1.114), 

(1.115) 

Since c4 = 0 (equation 1.115) and a4 = 0 (equation 1.110), one can write 
from equation (1.108): 

(1.116) 

From the fifth boundary condition, at x1 = 0, O"ll = 0, 

c2 + = 0 for all x2 between - c and + c 

::::} c2 = 0 and d3 = 0 
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After five 

values are zero and substitute d4 = -

2b2 
=---X1X2 c2 -

( '1 
=-b2i 1- I 

\ c2 J 

The final boundary condition at x1 = 0 is 
Therefore, 

P= 
-c 

Then, 

-c 

-x~) 
c2 

4c ::::::> b = 3P 
3 2 4ct 

. 2b? 2 3P 3P 
a,=----=----=-~-

. c2 c2 4ct 2c3t 

Substituting b2 and d4 in equation one obtains 

CJ, = _ 3P (l -x~) 
' 2 4ct c2 

JVJ.echanics 

(1.121) 

If the shear stress (a12) at the free end is applied in a parabolic man
ner as shown in equation (1.121) to produce the resultant force P, then 
the computed stress field (equation 1.121) is valid very close to the free 
end also. However, if the applied shear stress field at the free end does 
not follow a parabolic distribution but produces a resultant force P, then 
the computed stress field of equation (1.121) is valid in the plate in the 

away from the free end. This is because, according to St. Venant's 
principle, in an elastic statically equivalent loads rise to the 
same stress field at a point far away from the application of 
the loads. 
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FIGURE 1.16 
Simply supported plate. 

Example 1.11 

f f 

L 

f 
f Ji 
i 

Obtain the stress field for a simply supported plate subjected to uniformly 
distributed load q per unit surface area at the top surface, as shown in 
Figure 1.16. 

Solution 
Similar to the problem in example 1.10, here also one can assume that the 
stress field is independent of x3 direction and a33 = a13 = 0"23 = 0. 

Stress boundary conditions for this plate geometry are 

0"22 = 0"12 = 0, at X2 = c 

and, at x2 = -c, 0"22 = -q, 0"12 = 0 
C 
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At x1 = L, a11 = O and f <J'12dX2 = -qL (1.122) 
-c 

C 

At x1 = -L, 0"11 = 0 and f <J'12dx2 = qL 
-c 

If the Airy stress function is assumed to be composed of second-, 
third-, and fourth-order complete polynomials, as given in equation 
(1.107), then one can easily see (after following the steps of example 1.10) 
that all boundary conditions cannot be satisfied with that Airy stress 
function. However, if the fifth-order polynomial is also included in the 
Airy stress function expression, then these boundary conditions can be 
satisfied. For this reason we start with the following expression of the 
Airy stress function: 

a b c d e + +-s xs +-2.x4x +2x3x2 +2x2x3 +ix x4 +&xs 
20 1 12 1 2 6 1 2 6 1 2 12 1 2 20 2 

(1.123) 

From the symmetric and antisymmetric conditions of the stress field 
one can conclude whether a11, a22, and a12 should be even or odd func
tions of x1• Taking into account this consideration and the boundary 
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conditions at x2 = +c and -c, one can evaluate a number of unknown con
stants (many of these constants become to zero as we have seen 
earlier). After substituting these constants in the stress expressions, one 
obtains 

+ 
3q 0 

---XfX2 + 
4c3 

a =-i(i- 3x2 + x~ J 
22 2 \ 2c 2c3 

Note that at x1 = L, tc a 12dx2 = -qL and, at X 1 = -L, c;12dx2 = qL 

(1.124) 

are automatically satisfied by equation (1.124). However, a 11 = 0 at x1 = L 
and xl = -L will give additional conditions: 

Therefore, 

C2 = 0 

Is =O 

3qL2 
d3=~-

4c3 

Thus, the final solution becomes 

- 3q 
c,11 - --" X2 

4c" 

a =-i(i- 3x2 + x~ J 
22 2 2c 2c 3 

(1.125) 

(1.126) 

If, at the two end surfaces xl =Land x1 = -L, the a,1 = 0 condition can
not be explicitly satisfied for all x2 values, but the following two condi
tions can be satisfied: 
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-c 

C 

f =0 
-c 

then this is also acceptable because the preceding two equations 
that the axial force and the bending moment at the two ends are 
zero even if a 11 ;tc. 0 for all values of x2 . Since two equations given in equa
tion (1.127) are statically to the o-11 = 0 case, fro:n St. Venant's 
principle we can state that at a distance away from the two equa
tion (1.127) and the a11 = 0 case will give identical solutions. 

1.3.4.2 Half-Plane Problems 

51 

The full space is extended to infinity in all directions and does not have any 
boundary. The half space is half of the full space. the half space 
has a boundary at x1 = c, and is extended to infinity either in the xi > c or xi < c 
direction. Note that c is a constant, and j is 1, 2, or 3. For two-dimensional prob
lems, the half space is known as the half plane. In other words, two-dimen
sional half spaces are called half In this section, the solution steps are 
given for solving half-plane problems that are subjected to external loads 
applied at the as shown in Figure 1.17. The problem geometry and 
applied loads are independent of the out-of-plane or x3 direction. Therefore, 
the solution should be also independent of x3. This problem can be formulated 
in terms of three stress components: O"n(Xv G2i{x1, and 

Boundary conditions for this problem are at x2 = 0, 0"22 = 
In such problems where the problem geometry extends one 
also needs to satisfy the conditions at infinity that are called con-
ditions. For this specific problem, the regularity condition is that all stress 

FIGURE 1.17 
Half to surface traction. 
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components must vanish [CY11(x1, x2) = CYzz{x1, x2) = CYiz{x1, x2) = O] as x1 and x2 

go to infinity. The equilibrium equations ( CY af3,/3 = O; see equation 1.92) and the 
compatibility condition ( CY aa,/3/3 = O; see equation 1.98) constitute the govern
ing equations of this problem. 

The half-plane problem is solved by introducing the Airy stress function 
(see equation 1.101) that must satisfy the biharmonic equation (see equation 
1.102). This partial differential equation can be solved by integral transform 
techniques such as the Fourier transform method. 

1.3.4.2.1 Fundamentals of Fourier Transform 

Fourier transform of a function g(x1) is denoted by G(k), where 

= 

G(k) = .3(g(x1)) = f g(x1)eikx1dx1 (1.128) 

g(x1) is obtained from G(k) by applying the inverse Fourier transform operation: 

(1.129) 

Fourier transforms of the derivatives of a function g(x1) are expressed in 
terms of its Fourier transform G(k) in the following manner: 

g( dg ) = -ikG(k) 
dx1 

g(dng) = (-ik)nG(k) 
dxr 

(1.130) 

1.3.4.2.2 Solution of Half Plane Problems by Fourier Transform Technique 

Fourier transform with respect to the variable x 1 is applied to the governing 
compatibility equation 'v4 </) = 0 to obtain 

(( cF cF ) ( cF a2 ) ) ( a2 ) ( a2 ) .3(V2'v2</))=.3 -+- -+- </) = -k2+- -k2 +- <1>=0 axr ax1 axr ax1 ax1 ax1 

(1.131) 

In equation (1.131) <I>(k, x2) is the Fourier transform of </)(x1, x2). Solution of 
equation (1.131) is given by 

(1.132) 
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the solution can be expressed as 

and (1.133), it can be concluded that A = o for 
positive k and A = b for negative Jc. Similarly, B, and D can be defined. 

In the Fourier transformed domain the three stress components can be 
expressed as 

From equation and the regularity condition (I:11, I:221 and L12 should 
approach zero as x2 -,, 00 ), one can conclude that <I> and its first and second 
derivatives with respect to x2 must vanish as x2 approaches 
fore, constants A and C of equation (1.133) must be to zero. 
applying the regularity condition, equation (1.133) is simplified to 

©(le, = Be-11c1x2 + (1.135) 

Applying Fourier transform to the boundary conditions at x2 = 0, one obtains 

where 

= 

P(k) = 3(p(x1)) = f 
From equations (1.135) and (1.136), one gets 

B = P(k) 
Jc2 

<t>(k 0) = P(k) 
I Jc2 

(1.136) 

b 

=f (1.137) 
-a 



54 Fundamentals of Fracture Mechanics 

Substituting equation (1.138) into equation (1.135), <I>(k, x2) is obtained: 

<I>(k x ) = P(k) e-lklxz + P(k) x e-lklxz = P(k)(_!_ + X2 Je-lklx2 
I 2 k2 /k/ 2 k2 /k/ 

(1.139) 

Substituting equation (1.139) into equation (1.134), the three stress compo
nents in the Fourier transformed domain are obtained: 

I:22 = -k2<I> = -P(k)[l+ /k/ x2]e-lklxz 

I:12 = ik o<I> = -iP(k)kx2e-lklxz 
OX2 

(1.140) 

To obtain the stress field in the Xi-X2 space, one must take the inverse trans
form of the preceding equations: 

(1.141) 

1.3.4.2.3 Solution of the Half-Plane Problem for a Uniform Load over 
a Finite Region 

If the applied load in Figure 1.17 has a constant value of p0 and is applied in 
the region extending from x1 = -a to x1 = a (see Figure 1.18), then the Fourier 
transform of the applied load is given by 

= a 

P(k) = :3(p(x1)) = f p(x1)eikx1dx1 = f Paeikx1dx1 = ~; [eikx1 J'.a = 2po sinta) (1.142) 
-a 

Note that here p(x1) is an even function of x1 and P(k) is an even function 
of k. When P(k) is an even function of k, then the inverse transform can be 
expressed in the form of a semi-infinite integral instead of an infinite inte
gral as follows: 
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FIGURE 1.18 
Half plane subjected to uniform traction over a finite region. 

= 

+J 
0 

= 

P(k)e-ikx1dk + f 
0 
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(1.143) 

Similarly, the direct transform can be expressed in the form of a semi-infi
nite integral when p(x1) is an even function of x1: 

= = 

P(k) = '3(p(x1)) = f p(x1)e;1cx, dx1 = 2 f p(x1)cos(kx1)dx1 
(1.144) 

\f\lhen is an odd function of x1, then the direct and inverse transforms 
take the following forms: 

= = 

P(k) = '3(p(x1 )) = f p(x1 )eikx1dx1 = 2i J p(x1)sin(kx1)dx1 

0 

= s-1(P(k)) =-; f P(k)sin(kx1 )dk 
0 
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and the stress fields can be obtained in the 

= - f sin(ka) I 1- lkl 
1[ J k L 

= - f sin(ka) [ l+ lkl 
n: k 

Alternately, recognizing that the problem geometry and the load 
are symmetric with respect to the x2 axis, it is concluded that the generated 
stress field should be symmetric also. Therefore, the normal stresses o-11, a22 

must be an even function of x1 while the shear stress CY12 should be an odd 
function of x1• Using the transformation laws (equations 1.143-1.145) for even 
and odd functions, the stress fields can be expressed in terms of the semi
infinite integrals: 

= 

=-Po J.:1:_[l+kx2 ]{sin[k(x1 + -sin[k(x1 -
n k 

0 

= 

= ; f x2 {cos[k(x1 + a)]
o 

After integration, the stress field takes the following form: 

where angles 81 and 82 are shown in Figure 1.18. 
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For the stress state given in equation (1.148), it is possible to obtain the maxi
mum shear stress at a rotated coordinate system XyX2, using the stress transfor
mation law (or from the Mohr's circle for this two-dimensional stress state): 

1 

= .E_g__{sin2 281+ sin2 2(}2- 2sinW1 sinW2+ cos2 W1}2 

2,r + cos2 2(}2 - 2 cos 281 cos 2()2 

(1.149) 

Note that rmax = ~ sin((J1 - e2 ) = C (where C is a constant) corresponds to 
all points on a circle going through the points x1 = a and x1 = -a. For differ
ent values of C, different circles are obtained. Among all these maximum 
shear stress contours, the absolute maximum shear stress value is ~ for sin 
((}1 - (}z) = 1. 

1.3.4.2.4 Half Plane Subjected to a Concentrated Load 

When the half plane is subjected to a concentrated load of magnitude P0 as 
shown in Figure 1.19, the solution field for this problem can be obtained from 
the preceding expressions. 

FIGURE 1.19 
Half plane subjected to a concentrated force. 
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Applied load distribution at the x 2 = 0 boundary is given by 
Poli(x1), where 8(x1) is the Dirac delta function. Therefore, its Fourier trans
form is 

= 

P(k) = f P08(x1 )eikxidx1 = P0 

and, from equation (1.141), 

or 

lkJ 

= - Po f [l + jk[ x2 Je-lklx2-ikx1dk 
2n 

_ 2P0 x}x2 

TC + x? )2 

_ 2P0 x1x;\' 

TC +xn2 

(1.150) 

(1.151) 

In the polar coordinate system (if 8 is measured from the vertical axis as 
shown in Figure 1.19), the stress field is given 

2Pcos8 arr==-~~~ 
nr 

a,-e = Cfee = 0 

It should be noted here that if we know the force solution 
tion Figure then the solution for a general load distribution 
applied on the from x1 = -a to x1 = b, can be obtained 
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linear superposition of point force solutions. Thus, the stress field for this 
general load distribution p(x1) on the boundary is given by 

b 

<J (x x ) =_If p(k)(x1 - k)2 X2 dk 
11 1' 2 . [( k)2 2 ]2 77: x1 - +X2 

-a 

(1.153) 

b 

<J (x x )=-If p(k)(x1 -k)x~ dk 
12 1' 2 [( _ k)2 z ]2 77: x1 +X2 

-a 

1.3.4.3 Circular Hole, Disk, and Cylindrical Pressure Vessel Problems 

Problem geometries such as a circular hole in an infinite sheet, disks with 
or without concentric holes, and cylindrical vessels subjected to surface 
tractions are solved in this section. These problems can be solved relatively 
easily by the complex variable technique shown next. 

1.3.4.3.1 Compatibility Equation in Terms of Complex Variables 

A complex variable z and its conjugate z are defined in terms of the real part 
x and imaginary party in the following manner: 

z=x+iy 

z=x-iy 

Therefore, x and y can be written in terms of z and z as 

x=1(z+z) 

y= ;/z-z) 

(1.154) 

(1.155) 

Substituting the preceding expressions of x and y in the Airy function 
<f>(x, y) (described in section 1.3.3), one obtains the stress function in terms of 
the complex variable z and its conjugate z. For notational simplicity in this 
section, x1 and x2 are substituted by x and y, respectively. </> (x, y) and <l>(z, z) 
represent the same Airy function in terms of two different sets of variables. 
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Therefore, 

d</J(x,y) =~<l>(z z)= d<l> ~+ d<l> dz= d<l> + d<l> =(~+~)<l> 
dX dX I dZ dX dZ dX dZ dZ dZ dZ 

d</J(x,y) =~<l>(z z)= d<l> dz+ d<l> dz =i(d<l> _ d<l>)=i(~-~)<l> 
dY dy ' dz dY dz dY dz dz dz dz 

d2</J(x,y) =(~+~)(~+~)<l>=(d2<l> +2 d2<l> + d2<l>) 
dX2 dZ dZ dZ dZ dZ2 dZdZ dZ2 

d2</J(x,y) =-( d - d )( d - d )<l>=(- d2<l> +2 d2<l> - d2<l>) 
dyz dZ dZ dZ dZ dZ2 dZdZ dZ2 

(1.156) 

dz</J(x,y) = i(~+~)(~-~)<l> = i(~-~)<l> 
dXdY dZ dZ dZ dz dz2 dz2 

:. VZ<fJ(x, ) = d2</J(x,y) + d2</J(x,y) = 4 az<I>(z,z) 
y dx2 dy2 dzdz 

:.V4,f,( )=16a4<I>(z,z) 
'I' x, y az2az2 

From equation (1.102) it is known that the compatibility condition implies 
that the Airy stress function must be biharmonic. Therefore, the compatibil
ity condition takes the following form: 

V4'"(x ) = 16 d4<l>(z, z) = O 
'I' ,y dz2dz2 

(1.157) 

1.3.4.3.2 Stress Fields in Terms of Complex Potential Functions 

Note that if Xi, Xz, X3, and Mare four analytic (or differentiable) functions of z 
or z, then the following <I>(z,z) should satisfy equation (1.157): 

Since Airy stress function must be a real function, one can write 

1 
X1(z) = Xz(Z) = -</J(z) 

2 

1 
x3(Z) = X4(z) = -vr(z) 

2 

(1.159) 
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Substituting equation into equation (1.158), one gets 

+x4(Z)=~ +zq>(z)+l,il(Z)+ 

Therefore, 

+ z¢'(z) + 

cJ2<J)(z, z) 1 
+ 

clz2 2 

From equations (1.101), (1.156), and (1.161), one obtains 

CJ.u + 
"i)2 ¢ ;:p q> a2 (j) 

=-+-=4~-::: 
oy2 ox2 dZdZ 

+ + 

and 

= c)2(j) + 2 c)2(j) + az(j) i _ r - a2qi + 2 cJ2<!) - a2(j)' + 2 r c)2(j) - a2qi 1 (1.163) 
clz2 azaz oz 2 ) l oz2 dZdZ cfr2 ) l clz2 oz 2 ) 

- 4 cJZ(j) - 2[z,l.,"lz'\ + !1,"(7\l - az2 - 'I' \~1 'I' -JJ 

From the stress transformation law it is possible to show that the stress 
fields in the (r, 8) polar coordinate system are given by 

+ 

Subtracting equation from equation 

Let us specialize the 
the following two special cases: 
q/(z) = 0. 

:::: = 0: 

=2[(/l'(z)+ 

= 2[z<p''(z) + 

one obtains 
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if is a real num.ber, 

a,,+ CJ88 = 2[¢'(z) + ¢'(z)] = 2A,,r 11 [eine + cosne 

f3ee - (frr + 2ia,e = + 

C5,,, -

+ 

If A 11 is an imaginary number, 

sinne 

Equations and can be combined to obtain 

CTee - a,,,+ 

CT',, - ± 

In this equation, the plus(+) sign is for the case when A,, is real and the minus 
(-) sign is for imaginary Aw 

Stress fields for = B 111z111, 8'(z) = 0: 

For the case 1/f"(z) = and =0, 

arr+ O"ee = 2[¢'(z) + = 0 

Note that equation 

Example 1.12 
Obtain the -~HC,J "·" 

tions 
=0. 

is valid for both real and values of B,w 

functions and given in equa-
for a plate under uniaxial tension = CJ0, CJn = 
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Solution 
From equations 

2[¢'(z) + = (Jxx + 

2[z¢i"(z) + lf/"(z)] = (Jyy - (J'YX + 2iCJxy = (JO 

Note that these two equations are satisfied when 

¢'(z) = :o ' lf/"(z) = ~o (1.171) 

Example 1.13 
An infinite plate with a circular hole of radius a is subjected to a biaxial state 
of stress axx = aYY = a0 at the far field (far away from the hole) as shown in 
Figure 1.20. Obtain the stress field in the entire plate. 

Soiution 
The original problem can be decomposed into two problems (I and II) as 
shown at the bottom of Figure 1.20. 
Solution of problem I: Solution of problem I is straightforward: axx = a,1y = 
a0 and axv = 0. 
From eq11ations (1.162) and 

2[</J'(z) + ¢'(z)] = er xx + 

2[z¢"(z) + lf/"(z)] = - (}"xx + 2icJ xy = 0 

FIGURE 1.20 
Infinite plate with a circular hole subjected to a biaxial state of stress at the far fiejd (top 
is decomposed into two (I and ll) as shown at the bottom. 
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These two equations are satisfied when 

O"o 

2 I 
=0 

JM.echanics 

Solution of problem II: For problem II the boundary condition is 
by 

er,.,.= -a0 = G,,9 = 0 at r = a, or 

Regularity conditions (conditions at infinity) are given by 

Note that both boundary and regularity conditions are independent 
of e. Therefore, the solution should be independent of 8 also. Keeping 
only the 8independent terms of equations (1.169) and (1.170), we can con-
struct the complex potential functions and lf!"(z) for II: 

Since </f (z) = A 0 does not give a decaying stress field as r increases, it 
violates the regularity condition. Therefore, A0 must be equal to zero. 
Keeping only the ljl"(z) term, the boundary condition takes the follow
ing form (see equation 1.170): 

Therefore, 

ql(z) = 0, (U73) 

Superimposing these two solutions (equations 1.172 and one 
gets the solution for the problem: 

2 I 

one obtains 

C\., + O"ee = cosne = 

+ + 

a2 
=O"oz2 

1n and (1.170), 

n2 J u 

r2 
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From these two equations it is easy to see that 

( a2 \ 
- 1-_::':__ I 

(Jrr - O"o \ - r2) 

CJ re= 0 

Note that at the circular boundary (r = a), CJ88 = 2cr0. Therefore, the hole 
increases the normal stress value by a factor of 2. This factor is called the 
stress concentration factor. 

Example 1.14 
An infinite plate with a circular hole of radius a is subjected to uniaxial 
state of stress (JYY = c,0 at the far field (far away from the as shown in 
Figure 1.21. Compute the stress field in the entire plate. 

Solution 
The original problem can be decomposed into two problems (I and as 
shown at the bottom of Figure 1.21. The stress field at the circular boundary 
of problem II is obtained after solving problem I. 

t t 
I 

~ 
{I 

I i I t .j, w 
cro 

FIGURE 1.21 

is 

~ 
) (J 
t I .. .. i 

era 

11 

~ + 
\ . ~; I 

n--~ 
f ='R ~ / ---

to the uniaxia l state of stress at the far field 
(I and !I) as shown at the bottom. 

65 
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Solution of problem I: Problem I has been solved in example 1.12; see 
equation (1.171): 

Clo (l.175) 
2 

After knowing the potential functions </J"(z) and 
the circular boundary (r = a) is obtained from equations 

(JIT - iO're = <j/(z) + <j/(z) [z¢"(z) + ip"(z)]e2i8 = A,,r'1[(1- + 

_ B rmei(2+m)e = 2A _ B e2;e = era _ 0 o e2ie = O'o fl- e2ie) 
m O O 2 2 2' 

Solution of problem II: From the preceding equation, one can clearly 
see that the boundary stresses at r = a are not zero in problem I. To make 
the boundary stresses zero at r = a in the original problem, the following 
stress field is assigned in problem II as the boundary condition: 

a. _ ie5. = _ O"o (1- e2ie) = _ O'o + O"o e2;e 
If ,8 2 2 2 at r a 

Regularity conditions (conditions at infinity) for the preceding 
applied stress field are 

CYrr,Ciee,CJ,e-+ 0 as r-+ co 

Note that the boundary conditions have two terms; one is e inde
pendent term and the second one has e dependence in the form of ez;e 

or cos28 and sin28. Therefore, the solution should have some terms that 
are independent of e and some terms having e dependence of the form 
cos2e and sin28. 

In example 1.13, in equation (1.173) the solution of problem II is given 
for the case when arr -iCJre = -CY0 at r = a. Utilizing that solution, one 
obtains the following potential functions for the boundary stress field: 

. CTo er,_, - zcr,.8 = - 2 

2 

= 0, ip"(z) = era I!__ 
2 z2 

(1.176) 

Next, the potential functions corresponding to the following bound
ary condition: 

O'rr - ic;,B = 2 at r = a 

are obtained in the manner. 
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From equations (1.167) and (1.170) we see that the terms associated 
with A 21 A_2, B0, and B_4 give the desired angular dependence required 
by the boundary conditions. Out of these four terms, only A_2 and B_4 

also satisfy the regularity conditions while A2 and B0 do not. Therefore, 

Substituting these expressions in the boundary condition equation, 
one obtains 

Equating the coefficients of e2i 9 and e-2rn on both sides of the preceding 
equation, 

Therefore, 

67 

<f/(z) = O"oa22, lfl"(z) = 30"oa4 
2z 2z4 (1.177) 

Combined solution of problems I and II: Adding equations (1.175), 
(1.176), and (1.177), the complete potential functions for the original prob
lem are obtained: 

A,'( ) O" o O" oa2 "( ) O" o O" oa2 30" oa4 
'I' z =-+---, lfl z =-+--+--

4 2z2 2 2z2 2z4 
(1.178) 

From equations (1.178), (1.167), and (1.170), the stress fields are obtained: 

_ O"o O"oa2 [3 -2-e 2;e] O"o 2-e O"oa2 30"oa4 -2-e --+-- e ' +e --e' ------e ' 
2 2r2 2 2r2 2r4 (1.179) 

= O" o + O" oa2 [3e-2;e + e2;e _ ~ e2;e _ 1- 3a2 e-2ie] 
2 2,2 a2 ,2 

=-o +-o _ -l+ 1 __ e2;e + 3 1 __ e-2ie O" O" a2 [ ( y2 ) ( a2 ) ] 
2 2,2 a2 ,2 
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cos n() = 

From the preceding equations one obtains, at r = a, 

+O+O] = 0 

:. CJ,,,, = 0, a,,6 = 0 

and 

( 2a2 1 
CJrr + O"ee = CJ0 1 + ~cos 28) = cr0 (1 + 2cosW) 

:. a 88 = CY0 (1 + 2 cos 28) 

Clearly, at r=a, the maximum value of 0"88 is 30"0 at 8=0° and 180°. There
fore, the stress concentration factor for the uniaxial state of stress is 3. 

Example 1.15 
An annular plate (or a cylindrical tube) of inner radius a and outer radius 
b is subjected to a pressure p0 at the inner surface, while the outer surface 
is stress free, as shown in Figure 1.22. Obtain the stress field in the entire 
plate. 

Solution 
Boundary conditions for this problem are 

O",,,, - iCFre = -p0 at r = a 

a,.,, - ia,,e = 0 at r = b 

/.J\ 
i MA \ 
I Por-:v:-i l 
\ '<d ) 
C/ 

FIGURE 1.22 
A tube or an or a vessel is to a compressive 
stress or pressure p0 at the inner surface at r =awhile the outer surfr,ce at r = bis stress free. 
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Since the boundary conditions are independent of the angular posi
tion, the potential functions should have the form 

Therefore, 

[(1-

B 
= A0, v1"( z) = -----2_ 

' , z2 

+ 

For simplicity we substitute 2A0 = A and B_2 = B to obtain 

B 
-B r-2 =A--

-2 r2 

Applying the boundary conditions at r = a and b, 

B 
A--=-po 

a2 

B 
A--=0 

b2 

From the preceding two equations, one obtains 

B B 
:. b2- a2 = -po 

==> B = Poa2b2 A = Poa2 
b2 - a2 , b2 - a2 

Therefore, 

. B Poa2 ( b2 j 
Grr - lCJ,.8 = A- - = --- 1- -

r2 b2 - a2 r2 

and 

O',T + O' ea = 
2poa2 

cosn8=4A0 =2A=~· ~ 
b2 -a2 

69 
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From these two equations, the three stress components are obtained: 

__ o __ 1--p az ( bZ) 
<J',, - bz _ az rz 

(1.180) 

<J',e = 0 

Example 1.16 
An annular plate (or a cylindrical tube) of inner radius a and outer radius 
bis subjected to a nonaxisymmetric stress field a,,= p0 cos20, a,8 = q0 sin20 
at the inner surface, while the outer surface is stress free. Obtain the stress 
field in the entire plate. 

Solution 
Boundary conditions for this problem are 

<J'rr-i<J're =p0 cos28-iq0 sin28 at r=a 

<J',r - i<J're = 0 at r=b 

Note that this loading is symmetric about the line e = 0. 
Since the angular dependence of the boundary conditions is of the 

form cos20 and sin20 in the a,, -ia,8 expression, only the terms contain
ing e±zie are kept. Thus, 

<J" - i<J" = A rn[(l- n)eine + e-in°J- B rmei<z+mJe rr rfJ n m 

= [-A2r 2 + A_2r-2 -B0 ](cosW+ i sinW) 
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Applying the boundary conditions at the two boundaries, 

= [ 4A_2a-2 - B0 - B--4a--4] cos 2() + i[-2A2a2 - 2A_2a-2 - B0 + B--4a--4] 

sin 2() = Po cos 2()- iq0 sin 2() 

[ (J rr - i<J re ],=b 

Note that from these two complex equations the following four alge
braic equations are obtained to solve for the four unknowns A2, A_2, B0, 

and B_4: 

4A_2b-2- B0 - B_4b-4 = 0 

2A2b2 + 2A_2b-2 + B0 - B_4b- 4 = 0 

It should be noted here that if the applied stress field at the inner 
surface is changed to arr= p0 sin2a, a,8 = q0 cos28, then all four coeffi
cients-A2, A_2, B0, and B_4-will be imaginary. In that case, equations 
(1.168) and (1.170) should be used to obtain 

<J _ i<J = A rn [(1- n)eine _ e-ine]- B rmei(2+m)e 
rr re n m 

= [-A r2 -A y-2 _ B ]e2;e + [-A r2 + 3A y-2 _ B r--4]e-2ie 2 -2 0 2 -2 --4 

71 
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the boundary conditions at the two boundaries, 

[ a,, - iCJ,8 

sin2fJ = p0 sinW- cos28 

[ er,, - ia,e L-~b 

These two complex equations give four algebraic equations to solve 
for the four unknowns. 

If the applied stress field at the inner surface is changed to a,,= p0 cos28 
and a, 8 = q0 cos2B, then all four coefficients-A 2, A_2, B0, and B .. 4-become 
complex equations that have both real and imaginary components. In 
this case the problem should be solved in two steps, first considering 
a,, = p0 cos2B, a,8 = 0 that give real coefficients and then considering 
a11 = 0, CJ,8 = q0 cos2B that should give imaginary coefficients. The final 
solution is then obtained by superimposing these two solutions. 

1.3.5 Thick Wall Spherical Pressure Vessel 

A stress field in a spherical pressure vessel of inner radius a and outer radius 
b subjected to an internal pressure p0 as shown in Figure 1.22 is computed 
in this section. In the spherical coordinate system (Figure 1.14), the strain
displacement relations are given in Table 1.2. 

E,, 

1 d/.,/13 u, 
E -~~-+~ 

/3/3 - r cJ/3 r 

1 du8 
E -~~~-'- + cot/3 

ee - r sin /3 ae ' r r 

1 
2E,e == ~~~ 

, r ae + 
r cJr 

1 +~ 1 

r sin /3 d8 r 
cot /3 
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Since the boundary conditions are independent of angles ,B and e, the dis-
placement field inside the spherical shell should have the form: 

Ue = = 0 

Ur= 

dur au 
or ctr 

- 1 OU f3 ' Ur - U 
£ /3/3 - -;- T -;: - --; 

1 au u u/3 e r u =-----. +-+-cot/3=-
r sin /3 ae r r r 

1 dUr OU/3 
2£ =--+--- =0 

r/3 cJ/3 or r 

] OUr Ilg dU() 
2£ =------+-=0 

re r sin /3 ae r dr 

1 dU/3 1 OU U 
2£ = --- + _ __fl_ - _fi cot B = 0 

,Be r sin f3 ae r d/3 r , 

From equation (1.182) and Table 1.2, one obtains 

curl u = V x u = 0 

d . n ou 2 
lV U = V fl U = - + - U or r 

. o2u 2 au 2 
grad(d1vu) = V(V @u) = -+----u ' - - or2 r or r2 

Substituting equation (1.184) into Navier's equation of equilibrium, 

(A+ 2µ)'Si'(Y" u)- µ'Si7x ~x u = 0 

( cPu 2 dU 2 J +2µ) -+-----u =0 or2 r or y2 (1.185) 
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Equation (1.185) can be solved by assuming u = Anrn. Substituting this 
expression in equation (1.185), 

[n(n -1) + 2n - 2]~rn-z = O 

:. (n - l)(n + 2)~rn-z = O 

Therefore, n = 1 and -2, and the general solution is 

Substituting equation (1.187) into equation (1.183), 

E =du=A _2A_2 

rr dr 1 r3 

u A_2 
E /3/3 = Eee = -; = A1 + ~ 

Er/3 =Ere= E/38 = O 

From the stress-strain relation, 

= (3}. + 2µ)A1 - 4µA_z 
r3 

CJee = A(Err + Eee + E/3/3) + 2µt:ee 

,( ) , 2µA_z 
CJ /3/3 = /l, Err + Eee + E/3/3 + 2µt:/3/3 = (3/l, + 2µ)A1 + -r3 

From the boundary conditions, 

( 1 ) 4µA_2 3/l,+2µ A1 ---=-po 
a3 

(3}. + 2µ)A1 - 4~:-2 = O 

(1.186) 

(1.187) 

(1.188) 

(1.189) 

(1.190) 
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Coefficients and are obtained from equation and then those 
values are substituted into equation to obtain 

(Jrr = -po 

Oee = CJ1313 = Po 

Note that cr,r is compressive, while CJ88 and a1313 are tensile and maximum 
at the inner radius. 

lA Concluding Remarks 

This chapter has given a brief review of the fundamentals of the mechanics of 
deformable solids. The chapter started with the derivation of basic equations 
of the theory of elasticity and continuum mechanics and ended after solv
ing some classical problems of elasticity. It is an chapter because 
different equations of fracture mechanics given in the following chapters 
are derived based on the fundamental knowledge of the theory of elasticity 
presented in this chapter. 
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Exercise Problems 

Problem 1.1: Simplify the expressions that is the Kro-
necker delta, repeated index means summation, and comma repre
sents 
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Problem 1.2: Express the following mathematical operations in index 
notation: 

Y•U 

(b) V2¢ 

(c) V2u 

(d) Y._q; 

(e) Vx u 

Y._ X (Y._ Xu) 
(g) [CJ = [A][B] 

[A]Y[B] * [A][BJT 

(i) {c} = [AF 
(j) Y._ • (Y._ X 

(k) '57._ X (Y._(/J) 

Y._(Y._.u) 

y_. ('£¢) 

where u is a vector quantity and ¢ is a scalar quantity; A B, and Care 
3 x 3 matrices; and c and b are 3 x 1 vectors. 

Problem 1.3: Consider two surfaces passing through point P (see 
Figure 1.23). The unit normal vectors on these two surfaces at point 
P are and ni, respectively. The traction vectors on the two surfaces 
at point P are denoted by f. and f, respectively. Check whether the 

111 I I -

dot product between T and 11 is same as or different from the dot 
d b 11 d pro uct . etween T an l!J.. 

Problem 1.4: 

A thin triangular plate is fixed along the boundary OA and is 
subjected to a uniformly distributed horizontal load p0 per unit 

\ 

FIGURE 1.23 
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FIGURE 1.24 

area along the boundary AB as shown in Figure 1.24. Give all 
boundary conditions in terms of displacement or stress compo
nents in the x1x2 coordinate system. 

(b) If p0 acts normal to the boundary AB, what will be the stress 
boundary conditions along line AB? 

Problem 1.5: The quarter disk of radius a, shown in Figure 1.25, is sub
jected to a linearly varying shear stress, which varies from Oto T0 along 
boundaries AO and CO and a uniform pressure p0 along the bound
ary ABC. Assume that all out-of-plane stress components are zero. 

(a) Give all stress boundary conditions along the boundaries OA 
and OC in terms of stress components 0"11, 0"22, and CY12 in the 
Cartesian coordinate system. 

Give all stress boundary conditions along the boundaries OA 
and OC in terms of stress components arr, a ee, and a,8 in the 
cylindrical coordinate system. 

(c) Give all stress boundary conditions at point B in terms of stress 
components a 11, CJ221 and 0"12 in the Cartesian coordinate system. 

FIGURE 1.25 
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y 

Water 

h 
Dam 

Water h/3 

B X 

FIGURE 1.26 

(d) Give all stress boundary conditions along the boundary ABC 
in terms of stress components ()'"' CJ fJfJ, and CJrfJ in the cylindrical 
coordinate system. 

Problem 1.6: 

(a) A dam made of isotropic material has two different water heads 
on two sides, as shown in Figure 1.26. Define all boundary condi
tions along the boundaries AB and CD in terms of stress compo
nents CJ'xx, CJYY' and 'fxy. 

(b) If the dam is made of orthotropic material, what changes, if any, 
should be in your answer to part (a)? 

Problem 1.7: Express the surface integral f cX;niS in terms of the volume 
V bounded by the surface S (see Figure 1.27). n1 is the jth component 
of the outward unit normal vector on the surface. 

Problem 1.8: Obtain the principal stresses and their directions for the 
following stress state: 

Xz 
s 

FIGURE 1.27 

-3 
2 

0 1~] 
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Problem 1.9: An anisotropic elastic solid is subjected to some load that 
gives a strain state E;; in the x1x2x3 coordinate system. In a different 
(rotated) coordinate system XrX2,X3,, the strain state is transformed 
to Em'n'· 

Do you expect the strain energy density function 
tion of strain invariants 

to be a func-

(b) Do you expect the same or different expressions of when it is 
expressed in terms of E;i or 

(c) Do you expect the same or different numerical values of when 
you compute it from its expression in terms of E;i and from its 
expression in terms of Em·,/ 

(d) Justify your answers. 

Answer parts (a), (b), and (c) if the material is isotropic. 

Problem 1.10: Stress-strain relation for a linear elastic material is given 
by a,1 = C;ikIE1ci· Starting from the stress-strain relation for an isotro
pic material, prove that CijkI for the isotropic material is given by 

M;/i1cr + µ(8;1coi, +8;,,oik)· 
Problem 1.11: Obtain the governing equation of equilibrium in terms of 

displacement for a material whose stress-strain relation is given by 

where and are material properties that are constants over the 
entire region, and y is the residual hydrostatic state of stress that 
varies from point to point. 

Problem 1.12: Starting from the three-dimensional stress transforma
tion law O'i'j' = l;,mlj'11 am11, prove that for two-dimensional stress trans
formation the following equations hold good (see Figure 1.28): 

O'n = 0'11 cos2 8 + a 22 sin2 8 + 2a12 sin8cos8 

(jl'2, = (-0"11 + 0'22) sin8 cos e + 0"12 (cos2 e - sin2 8) 

FIGURE 1.28 
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Problem 1.13: Derive the constraint condition that must be sat-
isfied for the following states to be valid solutions of 
linear, elastic, isotropic material of volume V and surface 
S, when surface tractions forces) are on the 

Note that m, n, and p are different constants. 

+ + 

+ + 

Problem 1.14: Prove that the compatibility 
and plane strain problems can be written as 

for plane stress problems and 

(b) 

where v is the Poisson's ratio, fr is the body force per unit 
and a, /3, ycan take values 1 or 2. 

stress 

Problem 1.15: Consider a cantilever beam of thickness t, depth 2c, and 
length L (L >> c, L >> t), subjected to a uniform pressure (force per 
unit area a 0) on the top surface, as shown in Figure 1.29. The follow
ing two solution states are proposed for this 

Solution state 1: Solution state 2: 

Check if the preceding solution states satisfy the stress boundary 
conditions and governing equations for this problem. 

~ V I l IN l I ! I ! ! j ! I I I ! l l l l j j ! ~ 
I !c L V 

X2 

i'iGURE 1.29 
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In your undergraduate mechanics of materials class, you learned 
under beam that the stress and shear stress for
mulae have the following forms: 

and 

where I is the area moment of Q is the first moment of the 
of the cross-sectional area, and A1 and V are bending moment and 
shear force at the cross section. if either of the two solution 
states corresponds to the beam theory formulations. 

For a not too dose to the ends (at a distance greater than 2c 
from both which solution state do you think is closer to the 
true solution and 

For large values of Xi, should both solution states give almost 
identical results? Explain your answer. 

Problem 1.16: A half plane > 0) is subjected to the shear load 
per unit area on its surface in the region -a < x2 < +a, as shown in 
Figure 1.30. Calculate the stress field at a 
inside the half Express your results in terms of some infinite 
integrals. 

Problem 1.17: Two linear elastic half planes are to force cou-
ples, as shown in 1.31. 

Give three Cartesian components of stress (o-111 c;221 for these 
two problems. 

Specialize these expressions along two lines: x1 = 0, and 
(2) Xi= X2· 

(c) Prove St. Venant's principle by computing the stress field for the 
two geometries along the x1 = 0 line. 

FIGURE 1.30 
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p p P/2 
t I 

0 I 0 
~_.___,___,___~-xl ~v ~~-'---r--X1 
\ (-a/2, O) j (a/2, 0) \-a, O) (a, O) 

I 

I 

F!GUIU: 1.31 

At what along the line x1 = 0 do the results for the two 
problems become almost identical (difference is less than 

Problem 1.18: A thin plate of infinite extent is subjected to a far field 
stress distribution axx = Cfyy = 0 and Cixy = r. The plate has a circular 
hole of radius a at the origin which has stress free boundary. Find the 
stress field arr, CJ88, and a,8 at a general point P(r,8) (see Figure 

Problem 1.19: A cylindrical tube is subjected to an uniform pressure p 
at its inner boundary (r = a) and a e dependent pressure p cos28 at its 
outer boundary (r = b) (see Figure 1.33). 

Give expressions of the three stress components <Irr, CJ ee, and CJ,e 
at a general point P(r/J) in terms of some unknown constants. 

Give all equations that you must satisfy to solve for the unknown 
constants of part Note that for n unknown constants you 
need n equations. Do not try to solve these equations for the 
unknown constants. 

Problem 1.20: Prove that if O'yy-O"xx+2iGn1 =2[z</J"(z)+lf/"(z)], then 
0'88 - arr+ 2iCfre = 2[z,P"(z) + lf1 11(z)]e 2w, where z is the complex vari
able z = x + iy. 

Problem 1.21: Air is pumped out of a hollow sphere of outer radius 2 
m and inner radius 1 m; then it is placed at a depth of 2 km in the 

FIGURE 132 

l 
l 
l 
l 
l 

y 
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FIGURE 1.33 

ocean (density of water is 1000 Compute the stress field in 
the sphere material. If the sphere is taken deeper into the ocean, state 
whether the failure will start from the outer surface or inner surface 
of the sphere if the sphere material is 

weak in tension but infinitely strong in compression and shear 

weak in compression but infinitely strong in tension and shear 

weak in shear but infinitely strong in tension and compression 

Problem 1.22: Starting from the stress expressions (Equation for a 
spherical thick wall pressure vessel to an internal pressure 
p0, prove that, for a thin wall spherical pressure vessel of wall thick-
ness t [t = (b - where t << a, (a) the circumferential stress u88 = 

and (b) the radial stress Gm varies from -p0 at 
inner surface to zero at the outer surface. 

Problem 1.23: An infinite plate with a circular hole of radius a is sub
jected to a varying normal stress at r = a, as shown in Figure 1.34. Let 
the applied stress field at r = a be approximately represented as one 
of the trigonometric functions (sine, cosine, or 

flGURt 1.34 
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(a) Which trigonometric function (sine, cosine, or tan) and what 
angular dependence will be appropriate for this problem geom
etry? Give the boundary and regularity conditions that you must 
satisfy for this problem. Note that the normal stress at r = a is 
continuously varying and changing between tension and com
pression, reaching their maximum values (±p0) at e = 45°, 135°, 
225°, and 315° and their minimum values (O) at e = 0, 90°, 180°, 
and 270°. 

(b) Give the expression of a,, - iCJ,e in the plate material in terms of 
some unknown constants An and Bm. 

(c) For this problem give all acceptable values of n and m of part (b). 
There is no need to solve for An and Bm· 



2 
Elastic Crack Model 

2.1 Introduction 

Airy stress function technique can be followed to solve many two-dimensional 
elasticity problems as discussed in chapter 1. Williams solved the 
fundamental problem of the stress field computation near a crack tip in an 
elastic, isotropic material using the Airy stress function as described in the 
following section. 

2.2 Williams' Method to Compute the Stress Field 
near a Crack Tip 

We are interested in computing the stress field near a crack tip, located at the 
origin; the problem geometry is shown in Figure 2.1. The stresses are defined 
in terms of the Airy stress function ¢: 

a = 1-_ o</J + 1_ cP</J 
rr r or r2 c)()2 

(2.1) 

(J = _ _<!__(l d<p) 
,e or r ae 

Note that with the preceding definition of the stress field, the governing 
equilibrium equation is automatically satisfied in a two-dimensional polar 
coordinate system. However, satisfaction of the compatibility equation 
requires the Airy stress function <p to be biharmonic (see equation 1.102). 
Therefore, <p must satisfy the following equation: 

(2.2) 
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FIGURE 2.1 
Infinitely smooth crack in a solid. Crack surfaces are at f) = ±a= ±180°. 

Williams postulated the solution in the following form: 

qy = 

Therefore, 

= y'2 

+ 

= [(1+ + 

=( i)-=_+.!~+~ cP r1 a2 + + ]r1-1 
~ ar2 r d"( r2 ofJ2 ) _ d82 

=I a2 +(JL+i)2 l( i=_+l~+~l=._ I 
L 082 J l ar2 r ar r2 ae2 ) 

1 a2 =lae2 +(l+ + + 

+ =0 -1)2 l 
I 

_J 

Since rl-3 =I: 0 in the preceding equation will be satisfied if 

d2 
de2-+ + 

1 d2 
l-·-+(l
Ld82 ] =0 
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Note that will be satisfied if either 

1 d2 1 
!-+ I =0 
Lae2 

_J 

or 

I d2 , 
Ld()2 T 

+ 1)2 JF(B) = 0 (2.7) 

Solution of equation is 

= c1 cos{(;\,- + C2 -l)e} (2.8) 

and that of equation (2.7) is 

F(e) = c3 cos{(!L + + C4 + (2.9) 

Therefore, the general solution of equation (25) is given 

+ (2.10) 

Thus, 

tp(r,e) = 
(2.11) 

+ c3 cos{(;\,+ 1)8} + c4 sin{(?,+ 

is an acceptable Airy stress function because it is biharmonic and therefore 
satisfies the compatibility condition. 

Then, from equation (2.1) three components of stress can be obtained: 

1 a2 '"" 1 a,!,, , a,.,.= __ '+' +-__'I'._= 1"·-1F"(8) + (l + 
r 2 ae2 Y dr 

+(,l + 

a2<1> er = - = ,l(1 + l)r,.-1 F(81 
88 c)r2 I (2.12) 

CJ,.e = -- __ '+' I= --(r,.F'(B)) = -;\,rA-lf'(B) a(1a'""1 a 
or r ae) ar 

In the preceding expressions, 

F'(B) = -c1 Ul-1) sin{(JL-1)8} + c2 (1- l)cos{(,t -1)8} 

-c3 ().+l)sin{(JL+l)e)+c4 (1+1) + 

F"(B) = -c1 (A - cos{ (A -1)8} - sin{(l-

- c3 + 1)2 cos{(1 + - c4 (A+ 1)2 sin{(1 + 1)8) 
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2.2.1 Satisfaction of Boundary Conditions 

For the problem geometry shown in Figure 2.1 with stress-free crack sur
faces, the boundary conditions are given by: 

at ()=±a, CJ'ee = (Jr/J = 0 (2.14) 

Substituting the stress expressions in equation (2.14), we get, at ()=+a, 

a00 = ?i,(?i, + l)r,1.-1[c1 cos{(?i,- l)a} + c2 sin{(A- l)a} + c3 cos{(?i, + l)a} 

+ c4 sin{(?i, + l)a}] = 0 

a,0 = -Ar,1.-1[-c1 (A -1) sin{(?i, - l)a} + c2 (A -1) cos{(?i, - l)a} 

-c3 (A + l)sin{(?i, + l)a} + c4 (A + l)cos{(?i, + l)a}] = 0 

and, at () = -a, 

a00 = A(A + l)r"'-1[c1 cos{(?i,- l)a}- c2 sin{(?i,- l)a} + c3 cos{(?i, + l)a} 

- c4 sin{(?i, + l)a}] = 0 

a,0 = -Ar"'-1[c1 (Ji, -1) sin{(A - l)a} + c2 (Ji, -1) cos{(?i, - l)a} 

+ c3 (A + l)sin{(?i, + l)a} + c4 (A + l)cos{(?i, + l)a}] = 0 

(2.15) 

(2.16) 

Carrying out addition and subtraction operations between equations (2.15) 
and (2.16), one gets 

c1 cos{(?i,- l)a} + c3 cos{(?i, + l)a} = 0 

c1 (A -1) sin{(?i,- l)a} + c3 (A + 1) sin{(?i, + l)a} = 0 

c2 sin{(?i,- l)a} + c4 sin{(?i, + l)a} = 0 

c2 (Ji, -1) cos{(?i,- l)a} + c4 (A+ 1) cos{(?i, + l)a} = 0 

The preceding four equations can be written in matrix form: 

and 

[ 
cos{(?i,- l)a} 

(A-1) sin{(?i, - l)a} 

[ 
sin{(?i, - l)a} 

(?i,-1) cos{(?i,- l)a} 

cos{(?i,+ l)a} ]{c1 } {O} 
(A+ 1) sin{(?i, + l)a} c3 - 0 

sin{(?i,+l)a} ]{c2 } {O} 
(A+ 1) cos{(?i, + l)a} c4 - 0 

(2.17) 

(2.18) 
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For the nontrivial solution of c1, c2, c3, and c4, the determinant of the coef
ficient matrices must vanish. Therefore, 

(1 + 1) sin{(l + l)a} cos{(}c - l)cc)-(;\, -1) sirc{(;L- l)a} cos{(l + l)a} = 0 

(1 + 1) cos{(l + l)a} sin{(l - l)a}-(), -1) cos{()" - l)a} sin{(?,+ l)a} = 0 

The first equation of (2.19) is simplified to yield 

l[sin{(l + l)a} cos{(l- -sin{(tl- l)a}cos{(;l + l)a)] 

(2.19) 

+ [sin{(;l + l)a} cos{(1-1)a} + sin{(). - l)a} cos{(;\,+ l)a}] = 0 (2.20) 

::::;, A sin[(},+ l)a - (l- l)a] + sin[(l + l)a + - l)a] = 0 

::::;, A s:in[2a] + sin[2Aa] = 0 

The second equation of (2.19) gives 

l[cos{(l + l)a) sin{(l- l)a} - cos{(A- l)a) sin{(;L + l)a}] 

+ 1[cos{(1 + sin{(,l- + cos{(J - l)a} sin{(A + 

::::;, ;L sin[{(}, - l)al- {(l + l)al] + sin[{(l- l)a} + + l)a}] = 0 

::::;, -!Lsin[2a] + sin[2Aa] = 0 

From equations (2.20) and (2.2n one obtains 

sin(2Aa) = 0 

1sin(2oc) = 0 

=0 
(2.21) 

(2.22) 

For a = n, the second equation of (2.22) is automatically satisfied and the 
first equation becomes 

sin(2n}c) = 0 (2.23) 

Equation (2.23) is satisfied for IL = 1-, where n = ±0, ±t ±2, ±3, .... 
For different values of A, the function given in equation (2.10) has different 

expressions with different constants, C;w i = 1, 2, 3, and 4: 
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2.2.2 Acceptable Values of n and ;\, 

From equation (2.12) one can see that the stress components have the r depen
dence, r"-1. So strains should also have the same r dependence, r"-1. Since 
displacements are obtained by integrating strains, the displacements should 
have the r dependence, r". Therefore,;\, cannot have any negative value since 
the displacement cannot be infinity at the crack tip where r = 0. ;\, cannot be 
zero either because then the displacement components become a function 
of e, which can give rise to multiple values of displacement at the crack tip. 
This is because at the origin r = 0, e can have any value between +a and -a. 
To have a single value of the displacement at the crack tip, only positive 
values of ;\, are acceptable. Thus, 

n = 1, 2, 3, 4 ... 

1 3 
;t = 2, 1, 2, 2 ... 

Substituting ;\, = f and a= 1t in equation (2.17), one obtains 

C1n COS { ( %- 1) n} + c3n COS { ( % + 1) n} = 0 

C1n ( %-1 )sin { ( %- 1) n} + c3n ( % + 1 )sin { ( % + 1) n} = 0 

Czn sin{(%-1 )n }+c4n sin{(%+ 1 )n} = 0 

c2n (%- l}os{(%-1 )n }+ c4n (%+ 1 )cos{(%+ 1 )n} = 0 

(2.25) 

(2.26) 

For odd values of n (= 1, 3, 5 ... ), the first and fourth equations of (2.26) are 
automatically satisfied and the remaining two equations can be simplified 
after substituting the following relations: 

. { nn} . (nn) sm n+ 2 =-sm 2 

. { mr} . (nn) sm n- 2 =sm 2 

. { nn } . { ( nn )} . { nn} . ( nn) :::}Sm 2 -n =sm - n- 2 =-sm n- 2 =-sm 2 
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n-2 
==> C~n :::: - -- C111 

· n+2 

For even values of n (= 2, 4, 6 ... ), the second and third equations of are 
automatically satisfied and the remaining two equations can be simplified 
after substituting the following relations: 

nn l nn 
{ 1 [ ' 

cos n+ 2 J =-cos\ 2 ) 

{ nn 'r ( nn l cos TC - - = - cos - I 
. 2 , l 2 ) 

Inn l r ( 111c1l I nnl (nn'i 
=? cos~- - ref· = cos~ - 1 re - - , r = cos~ n - - 1 = - cos I - J 

L 2 L \ 2 )j l 2 ) \ 2 ) 

( !!_ - ' ' (!I_ .J_ \ -

Czn \ 2 1) T C471 \ 2 ' 1) - 0 

Using equations (2.12t (2.24), (2.27), and (2.28), the stress components can 
be expressed as a series expression: 

I n ln '\ 11__1 r f(n l I lln I l 
CJee= - -+lir2 lC1,zCOS 1 --lj8(+CznS111] --l),8J 

_? 2 2 J l\2 ; J l 2 n-l,-,3 

, '( n \ IL , fl n ) l 11 TC311COS1 -+1) 1eJ+C411Sill~ -+1 el' 
L\2 L2 JJ 

I- 1 '( J 1 sr \ , \ n n 11__1. n n - 2 11 1 I 
= I_( -+1)r2 I C1n cos{ -;:_;--1 e -~cosl -+1 :8~) 

00 2\2 . \ L J n+2 \2 ) J 
11=1,.,,:J L 

( r( \ 1 '(. \ l\ l . 11 1 n-2 _ n 1 1 

+Czn sm j - - 1 18 ~ - -. -- Sill J - + -'-_ I 8 r .J !. l 2 J J /1-t-2 h2 ) J J 
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and 

CJ,0 = - ~ %rl-1 [-c1n (%-1)srn{(%-1)e}+c2n (%-1}os{(%-1)e} 
n-1,2,3 

-c3n (%+ 1)srn{(%+ 1 )e}+c4n (% + 1}os{(%+ 1 )e}] 

~ "~3,; '[c'" ( ( %-1 )sm { ( %-1 Je}-:: ~ (% + 1 )sm{ ( % + 1 )e} J 

+c2n (-( %-1}os{ (%-1 )e} + ( % + 1 )cos{(%+ 1 )e} J] 
(2.29b) 

+ J,;, F' [c," ((%-1)sm{(%-1 )9}-(%+1 )sm{(%+1 Je}] 
+ c2n (-( %- 1 )cos { ( %- 1) 8} + : : ~ ( % + 1 )cos { ( % + 1) 8} J] 

2.2.3 Dominant Term 

Among all acceptable values of A the term that gives maximum stress value 
near the crack tip corresponds to n = 1 or A = 1h, because then the stress field 
near the crack tip is of the order of r-ll2. Clearly, for small values of r (when 
the point is located very close to the crack tip), the stress values become very 
large and, at the crack tip, become infinity. For other values of A and n (n = 
2, 3, 4, 5 ... ), one gets bounded stress field at the crack tip. Naturally, those 
terms (corresponding ton= 2, 3, 4, 5 ... ) are not as important as the term cor
responding to A= 1h (or n = 1). 

Substituting n = 1 in equation {2.29), 

CJee = ~(~+ 1}i-1 [cu ( cos{ (~-1)e}- ~=~cos{(~+ 1 )e} J 

+c2i( srn{ ( ~-1 )e }- srn{ ( ~ + 1)e }J] (2.30a) 

= 4~ [ Cu { COS (;) + i COS ( 
31) }- C21 { SID (;) + SID ( 

31)}] 
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and 

1 !_, 1 (( 1 1 {'( 1 \ -~ 1- 2 ( 1 , r( 1 1 J, \ er = - r2 ' I c - - 1 1 sin - - lj 8 - --1 ..:'.:_ + 1 I sin~ - + 1 1 e j 
re 2 l 11 2 ) 2 J 1 + 2 \ 2 ) L 2 ) 

(2.30b) 

From equation (2.30) one can clearly see that if the problem geometry and 
loading are symmetric about the x1 axis, then only the first term with the 
coefficient Cn should be considered; for antisymmetric loadings, only the 
second term with the coefficient c21 should be considered. 

The even and odd terms of equation (2.30) can be further simplified as 

3c r ( e \ 11 ( e) ( e \ l} = - 1-1 1 cos I - I+ -1 4 cos3 - - 3 cos - 11 

4-fr L \.. 2 J 3 L \ 2 \ 2 ; J 
(2.31) 

where = c11 -J2ir . Similarly, 
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where 

( (D\ (3D \ [ r C11 , . u J • o , . C11 

= -----r ~ sin, - J + sm, -JJ = ----y ~ 
4'\/ r l \ 2 / \ 2 4-.,i r l 

c1, r . ( e , . r e \'l :::: ~ i Sill - ! - sm 3 [ - I r 

-Jr L \2) \2Jj 

C { ( 8) ( 38 J l 
= 2;- cos - i + 3cosi -)·J· 

4-\/r \ 2) \ 2 

c?, r re, ( re, (e),l 
= -j;; i cos -J + 31 4 cos3 I ~J- 3 cos l- JI ( 

4" r l \ 2 \ \ L 2 ) 

c? { ( e \ ( e )i C ( e I r ( e \ l =~ 12cos3 !- f-8cosl- ~=_.D_cos -)13cos2 - /-2r 
4-Jr , \ 2 J 2 J Jr 2 L \ 2 ) J 

c?1 (e) r . (e1} KII (e'\ r . (e,l =~cos - 11-3sm2 -1 =--cos - l~l-3sm2 -Jr 
Jr 2 L 2) J2icr \2) l 2 J 

In the same manner, the a,.,. expression can be derived. From equation 

er,.,.= y?,-1 {F"(8) + + 

:::: " y;\,,-1 /f'f8) _[_ (? + ~ 1·71\ I /1,,/1 since .IL has values 
11 

( 17 ) I f ( I ( \ 21 f ( \ ( ---1 , 11 11 1 n n 
= "" r 2 I J_ I - + 1 - ' - - 1) C . cos - - 1) e + C sin - -
~ 1 \ 2 ) \ 2 I 1,, 2 211 2 

11 LL ) , \ . \ 

r( , \ o 1 ( ) ( , 1 I 11 . 11. ti . 11 • 11 • ) 
+~ -+11- -+lj' ( C3 11 COS[-+l 8+C4 11 Sm -+l)8J 

l 2 J 2 J \2 \2 
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For n = 1, 

(f-1)1111 "j\ (1 12 1 r (1 "1 . (1 .1 1 a,, = r - I 1 - + 1 - - - 1)· 1 J c11 cos, -- - 1. i e - c21 sm ~ - 1 di r 
Ll\2 2 Jl \2 ; L )J 

+{(l+11-(l+ 1
1 

~c31 cos(1+1)i8+c41 sin(-21 +1\,l 1J 

2 ) \2 ; l \ ) ( 

=r-H~c cos(ii_~c sin(!?)1 _ _'.3_c cos( 3ei _ _'.3_c .. sin( 38 ill. 
L 4 11 \. 2) 4 21 \ 2 4 31 2 ) 4 4' \ 2 ) ~ 

1 l I 5 ( 8 \ 3 ( 1 - 2 ) ( 38 \ l r 5 . ( 8 ) 3 . ( 38 \ 1 l 
=- ~-cos - I+- -- cos -)'rc11 +~--sml- +-sm! -J~C21 I Jr l4 2; 4 1+2 2 J l 4 2 4 \2 J J 

= _l__f 1 ~ cos(i 1 _ l cos( 38 ')lf c +~-~sin( i).\ _'.3_sin ( 38 l}c , -j. 
Jr L l 4 \ 2 ) 4 \ 2 11 L 4 \ 2 4 \ 2 ) 2' 

The symmetric component of equation (2.36) is 

(5 (8\ 1 (38)1 1-cos ~)--cos - r 
l4 \L 4 2 ) 

{ ~ . 11 c11 s e 1 11 . 1 re I e '\ , 
=- -cos(-)--l 4cos· l-1-3cos( ~J 1r Jr c 4 2 4 L 2) \. L Jj 

= Si {2 cos (i 1 _ cos3 ( i 1} = ___!Si_ r 2 cos ( i L cos3 ( ij\ 1 
Jr, 2) \2) 5rl \,2) \2 j 

K, (e)r ?rle'} = --cos - ~ 2 - cos- -- I 
5r 2 l 2) 

and the antisymmetric component is given by 

I c21 { 5. (e) 3. (38)1 a =- --sm - +-sm -
,.,. antisymm ,Jr , 4 2 4 ~ 2 ) 

(2.37) 
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Model 

FIGURE 2.2 
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-------X2 

Mode II 

--------
Opening mode (or mode I, left figure) and shearing or sliding mode (or mode II, right figure) 
loading of a cracked plate. 

Symmetric and antisymmetric responses are obtained when the cracked 
plate is loaded symmetrically and antisymmetrically, respectively, as shown 
in Figure 2.2. When the load is applied in a direction perpendicular to the 
crack surface, as shown on the left-hand side of Figure 2.2, then that loading 
is called opening mode or mode I loading. It is called opening mode because 
the applied load tries to open the crack. When the load is applied parallel 
to the crack surface, as shown on the right-hand side of Figure 2.2, then the 
applied load tries to shear off the crack surface; that loading is called shear
ing or sliding mode or mode II loading. If the applied load has both open
ing mode and shearing mode components, then that loading is called mixed 
mode loading. 

2.2.4 Strain and Displacement Fields 

From the computed stress fields, the strain and displacement fields can be 
obtained as described in the following sections. 

2.2.4.1 Plane Stress Problems 

For mode I loading from equations (2.37) and (2.31), one obtains 

~ E ~ = 4~ [<s-3v)cos(~)-(l+v)cos(3:)J 

2K Jr [ (8) (38)] ~ur = 4EJ2ir (5-3v)cos 2 -(l+v)cos 2 

= 2(1 + v)K1./r [ (5 - 3v) cos(!!_)- cos( 38)] 
4E.fiir (1 + v) 2 2 

'1 
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K1.fr 1(5-3v) le.) (3e)l = ' cos - - cos: - ' 
4µ-J2li L (1 + v) 2 \ 2 J 

(2.39) 

K,.fr -I (8'j 3811 = '~ (2K"-l)cos - -cos I. 
4µv2n L \2 2 )j 

where 

3-v 
K = 1 + v for plane stress problems 

and 

= ~ 'l1(3-5v)co/ (}_)+(l+v)cos( 38 )] 
4'\/2n:r l2 \ 2 

=? dUe = Ki Jr I (3 - co/ !!._2 ) + (1 + v) co/ 32
8 )] 

ae 4E5L l l 

= -- cos - I+ cos - I K1.fr 1(3-Sv) (81 (38\l 
8µ5l l+v 2) 2) 

(2.41) 

Kr.fr l(5-3v) (8) (38)1 - 1-- cos - -cos -
4µ-J2;i L \ 1 + V 2 2 .J 

Kr.fr 1(3-5v-10+6vj (8) (1 i) l38)j' = l cos - + I - + cos -4µ5 2(1+v) 2 \2 2 

= K1.fr [(-7 + v) co/!!._]+ ~co/ 38)1 
4µ5 2(1+v) l2) 2 l 2 J 

. _ Kr.fr [2(-7+v). (Bi 2 3~. (38\J1 
.. u8 - ~ s111 -j+-x-,,m, - I 

4,U'\/211: 2(1+v) 2 3 2 \ 2) 

K,.fr 'l . (81 . (3811 = Jin -(2K+l)sm - 1+sm - J 

4µ 2n \ 2) \ 2 1 J 

and the definition of K is the same, as defined in 
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2.2.4.2 Plane Strain Problems 

For plane strain problems, 

Therefore, 

(2.42) 

E£rr = C5'rr - VO" ee - VO" zz= O" rr - VO" ee- v2( O" rr + O" ee) = (1 - V2 )arr - v(l + V )a ee 

E 
(l + v) £rr = (1- V)O"rr - VO"ee (2.43) 

E 
(l + v) £ee = (1- v)aee - VO"rr 

Then, for mode I loading, 

E au, (1-v)Kr ( 8 38) vKr ( 8 38) 
(l+v)£rr=2µa;;-= 4./iir 5cos 2 -cos2 - 4.J2nr 3cos 2 +cos2 

Kr ( 8 38) =-- (5-5v-3v)cos--cos-
4./iirr 2 2 

Kr ( 8 38) =-- (5-8v)cos--cos-
4.J2nr 2 2 

K Jr ( 8 38) K Jr ( 8 38) :. u, = r (5-8v)cos--cos- = r (2K"-l)cos--cos-
4µ./iii 2 2 4µ./iii 2 2 

(2.44) 

where, for plane strain problems, 

K"=3-4v (2.45) 

Similarly, 

Kr ( 8 38) vKr ( 8 38) =(1-v)-- 3cos-+cos- --- Scos--cos-
4./iirr 2 2 4./iir 2 2 
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1 KI(l-v)( e. 3e\ vK1 ( e 36 1 
=> - = i 3 cos - --i-- cos - I - ,---- , 5 cos - - cos - I 

r ae 8µJ2ir \ 2 2 ) 8µ,,J2nr \ 2 2 ) 

- ~I ((5-
4µ-,J27rt \ 

e 3e\ 
cos--cos- i 

2 2) 

e 381 
cos - + (1 - v + v + 2) cos - I 

2 2 ) 

KIJr (( - s , e 3 3e11 = I -;J + V) COS - + COS - I 
8µ.fi;i'\ 2 2; 

. e 2 . 38' 
sm-+3x-sm-j 

2 3 2 

Similarly, the displacement fields for mode II loading can be obtained. 
After obtaining stress and displacement fields in the polar coordinate sys
tem, those expressions in the Cartesian coordinate system can be derived 
transforming the stress and displacement expressions using the transforma
tion laws. 

In summary, near a crack tip where the term corresponding to n = 1 domi
nates, the stress and displacement fields in polar and Cartesian coordinate 
systems are given by 

K1 I,. 1e1 (38)1 KII I . (8\ . (3811 =---1 ocos -1-cos - +---1-ssm - 1+3sm - 'J 
4J2iri L , 2 J 2 J 4J2iri L \ 2) 2 ) 

K1 • (8) ?(8') K/1 (e"i 
are =-_--sm, - cos-.- 1+----cos1 -)' 

.J2nr \ 2 \ 2) J2ir \ 2 

K r re) ( 3e )l K r r B) 3e, l 
= ~ 1lsin1l- +sin - Ji+_____:'.'~lcosl- +3cos 1

1 4-v 2nr , 2 , 2 4v 2nr 2 2 ) ~ 
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u0 = 4:~[-(2K+l)sm(~)+sm(3:)J 

+ :;:~ [-(2K+ l)cos(~)+3cos(3:)J 

Ur= 4:~[(2K-l)cos(~)-cos(3:)J 

+ 4:~[-(2K-l)sm(~)+3sm(3:)J 

uY = 2:~ [(K+ l)sm(~)-sm(O)cos(~)] 

+ 2:r~cos(~)[(K-1)+2sm2 (~)] 

ux = 2:~ [(K-l)cos(~)~sm(O)sm(~)] 

+ 2:~sm(~)[(K+1)+2cos2 (~)] 

(2.47b) 

(2.48) 

where K = f~~ for plane stress problems and K = 3 - 4v for plane strain 
problems. 

2.3 Stress Intensity Factor and Fracture Toughness 

Equation (2.47) implies that for any two-dimensional in-plane (plane stress 
or plane strain) problems, irrespective of the problem geometry and applied 
load distribution, the stress field near the crack tip is dominated by the 
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expressions given in equation (2.47) because of the square root singularity 
in the stress field expressions. Values of the constants and KII depend on 
the problem geometry and the applied load distribution; however, r and e 
dependence of the functions does not change with the problem geometry 
or loading. Kr and Ku are called the stress intensity factor (SIF) for mode I and 
mode II loadings, respectively. Note that the stress field near the crack tip 
is linearly dependent on the SIF; in other words, if Kr and Ku are multiplied 
by a factor n, then the stress and displacement fields near the crack tip are 
also multiplied by the same factor n, while the stress values at the crack tip 
remain infinity. 

Since the stress values near a crack tip are always very high (and infinity at 
the tip), the strength-of-material approach of failure prediction that the mate
rial fails when the stress exceeds some critical value (ultimate stress or yield 
stress) cannot be used here. When a cracked plate is subjected to a small 
load, although the stress field near the crack tip becomes very high, the plate 
does not fail. However, as the applied load increases to some critical value, 
the plate fails. In the fracture mechanics approach, instead of comparing the 
maximum stress value with a critical stress value, the material failure is pre
dicted by comparing the stress intensity factors Kr and Ku with some critical 
value Kc This critical value is called the critical stress intensity factor or the 
fracture toughness of the material. It will be shown later that when the applied 
load is small, Kr and Kn values are small. As the applied load increases, KI 
and Kn values increase proportionately and the structure fails when Kr, Kn 
values exceed some critical stress intensity factor or the fracture toughness 
of the material. Note that Kc is a material property, as the ultimate stress and 
the yield stress are, while Kr and Ku depend on the problem geometry and 
applied loads, as the stress developed inside a structure is dependent on the 
problem geometry and applied loads. 

2.4 Stress and Displacement Fields for Antiplane Problems 

When the applied loads act in the x3 direction only but the problem geometry 
and applied loads are functions of x1 and x2 only (see the Figure of exercise 
problem 2.2, Figure 2.8), the solution fields are expected to have the following 
form: 

These problems are called antiplane or out-of-plane problems. Applying 
Williams' method to antiplane problems, it can be shown (see the solution 
of exercise problem 2.3) that for such problems the stress and displacement 
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fields are given by 

KIII (f}) <J'e3 = ~ cos -
v2rcr 2 

(2.50) 

This mode of loading is called the tearing mode or mode III loading. It is 
known as the tearing mode because this type of loading is applied to tear a 
paper. Km is the stress intensity factor for mode III loading. 

2.5 Different Modes of Fracture 

From the preceding discussions one can see that three different modes of 
loading relative to the crack geometry can exist. These are mode I (opening 
mode), mode II (shearing or sliding mode), and mode III (tearing mode), as 
shown in Figure 2.3. Note that modes I and II correspond to the in-plane 
problems and mode III corresponds to the out-of-plane problems. If the crack 
propagates under any of these three modes, then the failure or the fracture 
mode is identified with that mode. Under general loading conditions, the 
applied load may have components of all three modes; this situation is 
known as mixed mode loading. Failure or crack propagation under mixed 
mode loading is known as the mixed mode failure or mixed mode fracture. 

2.6 Direction of Crack Propagation 

Erdogan and Sih's (1963) hypothesis of crack propagation is that the crack 
propagates in the direction perpendicular to the direction of the maxi
mum tensile stress <J'ee· This hypothesis is identified as the direction of the 

FIGURE 2.3 
Three modes of loading relative to a crack: mode I (opening mode), mode II (shearing or sliding 
mode), and mode III (tearing mode). 
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maximum tensile stress hypothesis. Although other hypotheses, such as that 
the crack propagates in the maximum strain energy release rate direction, can 
be adopted to predict the crack propagation direction. For its simplicity, the 
maximum stress criterion is followed here to predict the crack propagation 
direction. It can be shown that all these hypotheses give similar results. 

From equation (2.4n 

1 r 
CJee = ~~K1 

v 27r:r L 

For maximum value of CJ ge, 

re1 . (e' 2(e'l I --;::;)- 3KIJ sm - [ cos - Ir 
\Z 2J \2)J 

(2.51) 

aa -3 (e\{ (e' re'\ re) (ej1 
_ _§Q_ = ~ cos -J K1 cos -j sin I -J + K11 cos2 i - - 2Kn sin2 , - J" = 0 ae 2v2JT:r 2 , \2 \2 \2 \2 

(2.52) 

Therefore, 

cos( ~J{ K1 cos(%) sin(%)+ Kn cos2 ( %)- 2K11 sin2 (%)} = 0 

=} cos(i I~ K1 cos(i\in(~ J + Kn 1l3cos2 ( ~I- 2 ll = 0 (2.53) 
2) l 2) 2; \ 2) Jj 

=} cos ( % ) = 0 or K 1 cos (%)sin ( 1) + Ku [ 3 cos2 ( ~ )- 2] = 0 

Equation (2.53) is satisfied if 

or e = ±n:, ± 3n:, ±Sn:, ... 

Note that these values of e correspond to the top and bottom crack surfaces 
where CJ ee = 0. The crack cannot propagate in that direction since the crack 
surface already exists there. Therefore, K1 cos(!) + Kn[3cos2 (!)- 2] 
must be equal to zero. In this expression1 after substituting = x for 
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simplicity, one gets 

±Krx-./l- x2 + KII(3x2 - 2) = 0 

~ Krr(3x2 -2) = Krx-./l-x2 

Krr x-./l- x2 
~-=----

Kr (3x2 -2) 

(2.54) 

Note that from equation (2.54) it can be stated that for f!J = O -that is, for 
mode I loading-x = cos(f) = O or± 1. Therefore, 8= 0, ±n, ±2n, ±3n, .... Since 
8 =±n, ±3n, ±Sn, ... are not of interest for the reasons stated earlier (that the 
crack cannot propagate in the direction in which crack already exists), we 
only consider e = 0, ±2n, ±4n, ±6n, .. .. Note that all these values correspond to 
the same plane at e = 0 located just ahead of the crack tip. Therefore, for mode 
I loading, the crack propagates along 8 = 0 plane. 

For KKII = °9 or KKI = a-that is, for mode II loading-equation (2.54) 
I II /2 

is satisfied when 3x2 -2 = 0 ~ x = ±vf = cos(f). Therefore, 8 = 2cos-1 

(±/f) = ±70.53°, ± 430.53°. 
One can easily show from equation (2.47) that, for 8 = +70.53°, the stress 

component a ee is negative or compressive. The crack cannot propagate under 
the compressive stress. The maximum positive normal stress is obtained 
for 8 = -70.53°. Therefore, the crack propagates along the plane located at 
8 = -70.53° under mode II loading. 

When both Kr and Kn have nonzero positive values, then the crack propa
gates in the direction between 8 = 0° and 8 = -70.53° because a ee is positive 
in this region. Then, in equation (2.53), cos f is positive and sin f is negative. 
Therefore, the right-hand side of equation (2.54) should be positive, as shown: 

Kn x~ 
Kr (3x2 -2) 

(2.55) 

For the mixed mode loading condition O ::::: 11!: ::::; oo, the direction of crack 
propagation or the exact value of 8 can be obtained from equation (2.55) as 
shown in Table 2.1. 

TABLE 2.1 

Crack Propagation Directions ( 8) for Different Values of Kn! K1 

(} oo -10° -20° -30° -40° -50° -60° -70° -70.4° -70.53° 

Ku/KI O 0.0888 0.1880 0.3129 0.4952 0.8252 1.7320 36.058 148.25 
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-+ -+ -+ -+ -+ -+ -+ -+ 

FIGURE 2.4 
Crack propagation direction (shown by the dark line) under shearing mode (mode II) loading. 

For pure shear (mode II) loading, 1;![ = o; therefore, the crack starts to prop
agate at an angle () = -70.53° relativ~ to the x1 axis as shown in Figure 2.4. 
However, as soon as the crack tip propagates a little distance, the applied 
stress field no longer satisfies the pure mode II condition relative to the crack 
tip and it becomes a mixed mode loading situation. Under mixed mode load
ing condition, the crack propagation direction continuously changes and, 
finally, the crack propagates at an angle 45° relative to the horizontal axis, 
as shown in Figure 2.4, because this is the direction perpendicular to the 
maximum tensile stress. 

Note that the crack propagation direction has been obtained from the 
maximum stress hypothesis-that the crack propagates in the direction per
pendicular to the maximum CJ ee direction. An alternative criterion can be 
defined based on the potential energy release rate criterion. In this approach 
the crack front can be extended in different directions by a small amount and 
the reduction in the total potential energy of the problem geometry can be 
calculated. The crack should propagate in the direction that gives maximum 
reduction in the total potential energy. Similar but not necessarily identical 
results are obtained from the maximum stress and the maximum energy 
release rate criteria. 

2.7 Mixed Mode Failure Curve for In-Plane Loading 

One can experimentally observe that under mode I loading, the crack 
starts to propagate along the () = 0 line when the applied load reaches some 
critical value that corresponds to some critical stress intensity factor KC" 
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From equation (2.47) one can compute the maximum (j ee value for crack 
propagation: 

I Kc 
(jee max = -J2nr (2.56) 

In the maximum stress hypothesis, it is assumed that under mixed mode 
loading the crack starts to propagate when (jeelmax reaches the same critical 
value of ~. Therefore, if 8= (Jc gives (jeelmax, then the failure criterion can 
be written as 

I 1 { 3 ( Be ) . ( Be ) 2 ( Be )} Kc (jee max = J2JIT Kr COS 2 - 3KII Sill 2 COS 2 = -J2nr 

3 ( Be ) . ( Be ) 2 ( Be ) :. Kr COS 2 - 3KII Sill 2 COS 2 = Kc 

(2.57) 

To generate the failure curve for mixed mode loading from equation (2.57), 
the following steps are to be taken: 

(1) Select a KIi value. 
( ) b . K1 • h 1 . (2 5 ) K11 x~ h e 2 0 tam Be usmg t ere ahon . 5 Ki= 3x2-2 , w ere x = cos-f and 

-.J1 - x2 = sin+· 
(3) Obtain t from equation (2.57). 

(4) Obtain KIi from steps (1) and (3) since KII = KIi x K1 • 
K, K, K1 K, 

(5) Plot t versus ~~ . The plot will look like the curve shown in 
Figure 2.5. 

The failure criterion developed here and presented in Figure 2.5 is called 
the maximum stress ( (j 88) criterion. Similar criterion can be derived from the 
energy consideration instead. These two criteria are similar, although not 
identical, as shown in Figure 2.6. Equation of the dashed curve in Figure 2.6 
is given by 

(2.58) 

while that for the solid curve is given by equation (2.56). 
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0.867 

Stable 

FIGURE 2.5 
Failure curve for mixed mode loading. K, is the critical stress intensity factor. 

2.8 Stress Singularities for Other Wedge Problems 

In this chapter we have computed the stress field near a crack tip or a wedge 
tip in a homogeneous solid. However, if the wedge tip meets one or two 
interfaces (as shown in Figures 2.7a and 2.7b, respectively), then this problem 
becomes more complex. The problem of Figure 2.7a has been solved by Suhir 
(1988) and Hattori, Sakata, and Murakami (1989), while the problem described 
in Figure 2.7b has been solved by Theocaris (1974) and Carpenter and Byers 
(1987), among others. Interested readers are referred to these publications. 

2.9 Concluding Remarks 

Fundamentals of linear elastic fracture mechanics are presented in this 
chapter. Here it is shown that the stress field should have a square root sin
gular behavior near a crack tip. The concept of the stress intensity factor, 
fracture toughness, failure curve, three modes of fracture, and the direction 

From Stress Criterion 

_ From Energy Criterion 
----./ 

',,',,, Unstable 

Stable 

o'--~~~~~~~~~-+-~Kyl~ 

FIGURE 2.6 
Failure curves for the mixed mode failure from the maximum stress criterion (solid line) and 
the energy criterion (dashed line). K, is the critical stress intensity factor. 
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(a) (b) 

FIGURE 2.7 
Wedge in inhomogeneous solids. (a) Wedge meeting two different solids; (b) wedge meeting 
three different solids. 

of crack propagation for different fracture modes are introduced here. In a 
short course on the fundamentals of fracture mechanics, all the concepts 
discussed here should be covered. Depending on the availability of time 
and interest of the students, a few more relatively advanced topics from sub
sequent chapters, like Griffith's energy balance, plasticity correction factor, 
J-integral, fatigue crack growth, and numerical/analytical fracture mechan
ics analysis, can be included in a short course. However, in a regular graduate 
level course on fracture mechanics, all materials discussed in chapters 2-9 
should be covered. 
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Exercise Problems 

Problem 2.1: An Airy stress function for an elastic solid without any 
body force must be biharmonic. Can the following functions be Airy 
stress functions in absence of body force? 
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FIGURE 2.ll 
A cracked cylinder subjected to antiplane loading. 

Alnr 

Br2 

(c) Cr2lnr 

(d) Dr2e 
(e) Ee 
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If you find some valid Airy stress functions in this list, then state 
why were these not considered while solving the crack prob
lem using Williams' method? Justify your answer with proper 
derivation. 

Problem 2.2: Let us consider a cracked cylinder that has a shape 
as shown in Figure 2.8. The cylinder extends to infinity in the 
x3 direction. External loads are acting only in the x3 direction as 
shown in the Figure. For this problem geometry u1 = u2 = 0 and 
u3 is nonzero. These problems are called antiplane or out-of-plane 
problems. 

(a) Show that the Navier's equation of equilibrium 

(l + 2µ):£(:£· W- µ(:£x Y. x U)+ E = 0 

(where U is the displacement vector and E is the body force vec
tor per unit volume) is simplified to the following equation for 
the antiplane problems in absence of body force: 

U3,11 + U3,22 = 0 

Following Williams's approach, show that the stress and dis
placement fields near the crack tip (r << 1) for this problem are 
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FIGURE 2.9 
Cross-section of a cylinder made of two materials. 

given the following equations, where Kw is a constant: 

Km ( B 1 
Te3 = ~ COS! ~2 jl 

-v2Jrr \ 

Km . ( e, 
Tr3 = p;;;; Slll_l2 j 

v2nr ) 

Problem 2.3: Consider the cross-section of a cylinder as shown in 
Figure 2.9. It is composed of two 1 and 2. The body is sub
jected to antiplane stress field on surface S2. The surface S1 is traction 
free. 

Try to determine the character of the stress field in the 
hood of point 0. (Set up the characteristic for nontrivial 
solution but do not solve 

Complete all necessary details for the case µ 1 = µ2 and obtain the 
stress field in the neighborhood of 0. 

Consider the two limiting cases, ,a1 = 01 µ 2 finite and µ2 = 0, 
µ1 and then obtain the stress fields near the origin for both 
these cases. 

Problem 2.4: Two half spaces are joined together in a circular 
of radius a as shown in 2.10. The circular connection 
between the two half spaces transmits a resultant In 
the circular at x 3 = 0, it is known that the shear stress field 
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fiGURE 2.Hl 
Two half spaces joined in a circular region. 

is given by 

r83 (r,8,0) = O ................... r > a 

(a) Find the crack tip stress intensity factor in terms of torque T0 and 
the radius of the connected region. 

What is the mode of loading (I, or III) for this '-'""-'"d-" 

Problem 2.5: Take a long piece of chalk or any cylindrical brittle mate
rial and make three surface cracks with a razor blade as shown in 
Figure 2.11. All cracks should have same length and depth. Position 
them as far as possible from one another so that there is no interac
tion effect. 

FIGURE 2.11 

45° 

1 /--~
-: 2 

3"{ 
45° 

~ 
T 

Cylindrical chalk with three surface cracks. 
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(a) If a torque T is applied to the chalk as shown, identify the stress 
modes (I, II, or III) for each crack. 

(b) Which is the critical crack for this applied loading-in other 
words, which crack will fail first and why? 

(c) Break the chalk and see whether your prediction is right or 
wrong. 

Problem 2.6: 

Case# 

(a) Plot an interaction curve (Kr/Kc along the horizontal axis and Kn/ 
Kc along the vertical axis) for mixed mode failure. Take at least 
six values of Kn /KI to plot this curve. 

(b) Let a cracked material (Kc= 200 kip.in.-312) be subjected to differ
ent loading conditions that give following combinations of stress 
intensity factors: 

1 2 3 4 5 6 7 

KI kip.in.-312 

KII kip.in.-312 

180 
0 

160 
40 

140 
100 

120 
120 

100 
140 

40 
160 

0 
180 

State for each case whether the crack will propagate. 

Problem 2.7. Stress intensity factors KI and Kn of a Griffith crack in an 
infinite plate under opening mode (mode I) and shearing or sliding 
mode (mode II) are CYe{1ta)112 and re{1ta)112 respectively, where CY0 and r 0 

are applied normal and shear stress fields, respectively. 

(a) Using this information, obtain KI and Kn for the loading shown 
in Figure 2.12. 

(b) What should be the initial and final directions (with respect 
to the horizontal axis x) of crack propagation for this problem 
geometry if e is 30°? 

O"o 

FIGURE 2.12 
Griffith crack under mixed mode loading. 
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3,1 Introduction 

Some fundamental of fracture mechanics are derived in this 
ter from the principle of conservation of energy. This approach of 
the fracture mechanics equations from the energy conservation laws was 
first proposed Griffith (1921, who is often considered the father of 
modern fracture mechanics. 

3.2 Griffith's Energy Balance 

In Figure 3.1 we see a cracked subjected to some external loading at two 
different states. In state O the has a crack of surface area A. L,_ state 1 the 
surface area of the crack is A + fl.A. According to Griffith, if the total stored 
energy in t_he ir1 state O plus if the work done on the body the external 
loads force and surface traction) from state O to state 1 is u-n~,11·µr 

than the total energy stored in the in state 1 then the moves from 
state O to state 1 because all objects tq to achieve the minimum energy state. 

Note that the total strain energy in state O is the vol-
ume integral: 

is the strain energy 
Work cione the 

W= ff 
! JI 

,I 

V 

r~ 
+ J 1; 

5 

and V is the total volume 
from state O to state 1 is 

is the force per unit volume, T; is the surface traction per unit 
surface area, and S is the surface area of the 

113 
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t t 

r I 
r 

t 

/";-' 

State 0 State 1 

t V 

FIGURE 3.1 
A loaded cracked body with crack surface areas A (state 0) and A + L'iA (state 1). 

Total energy in state 1 can be written as 

E1 = f u1 dV + f yds + J qr; - (3.3) 
V LIA V 

On the right-hand side of equation (3.3) the first term is the strain energy, 
the second term is the additional surface energy due to the creation of the 
new crack surface area liA, the third term is the increase in the heat energy 
in the body due to the temperature rise from T0 to and the last term is the 
kinetic energy in the body. Note that yis the surface energy per unit area of 
the new crack surface, C is the specific heat, and pis the mass density. 

If the temperature rise from state O to state 1 is not large and the velocity 
in state 1 is negligible, then one can ignore the last two integrals of equation 
(3.3) and Griffith1s criterion for crack propagation from state O to state 1 can 
be written as 

)dV + f T; (uf - )dS 2 f U1dV + ydA 
(3.4) 

5 V 

From equation (3.4), 

-f T;ufdS 2 f U1dV - f f;u;dV - f T;u;dS + f ydA (3.5) 
5 V V S LIA 

From the definition of the potential energy, TI (Il = U - W = strain energy
work done by the applied loads), equation (3.5) can be rewritten as 

(3.6) 

=> - Il0 + f ydA ::::; 0 
LIA 
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For small the preceding equation takes the following form: 

+ :::::o 

Lill 
=>~~+y:S:0 

t,.A 

dn 
=> dA +y:S:01 as L1A~O 

Therefore1 according to Griffith, if ~~ + y :S: 0 , then the crack will propagate 
and the body will move from state O to state 1. However, if 1~ + y > 0, then 
the body will not achieve state 1 because state O is the lower energy state and 
hence more stable than state 1. 

Later, Irwin (1948), Orowan (1955); and others concluded that the failure 
criterion proposed Griffith works if the surface energy term y is replaced 

a much larger term where Ge is an order of magnitude greater than y 
because the energy required to form a new crack surface area is much greater 
than the free surface energy that Griffith suggested. The additional energy is 
required to take care of other phenomena associated with the crack surface 
formation such as plastic dissipation, heat generation, etc. With this modifi
cation Griffith's criterion for crack propagation takes the following form: 

dll G <O + C -

dA 
(3.8) 

When y is replaced 
small LliA: 

Ge, equation (3.6) takes the following form for 

Equation (3.9) is the alternate form of Griffith's criterion for crack propagation. 

3.3 Energy Criterion of Crack Propagation Fixed Force 
and Fixed Conditions 

Let us consider a at two states, 0 and l. The is 
afi~d ~ 

a in state O and a + tia in state 1, as shown in Figure 3.2. 
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State 0 

/ 77777 

FIGURE 3.2 
Spring-mass system is given an elongation I::.. Crack length increases from a in state O to a + l::.a 

in state 1. 

Let us denote the displacement of the spring and the mass by /'J.5 and 
respectively, and let P be the force acting on the system. Since the stiffness of 
the spring and the mass are k5 and respectively, one can write 

LI,,= '15 + 

(3.10) 

If the effective stiffness of the spring-mass system is denoted by ktt then 

(3.11) 

Comparing equations (3.10) and (3.11), 

(3.12) 

Strain energies U5 and U111 in the spring and in the mass are given by 

1 p2 ,12 
Us =-Pt,,s =-=----~ 

2 2ks 2ks(i;-+ 1Lt 
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Therefore, the total strain energy U in the system 

(3.14) 

Total strain energies in the spring-mass system in states O and 1 are denoted 
as U0 and U1, respectively, where 

(3.15) 
Li2 Li2 

u - -----
1 - 2(i;-+-km-(a1-+M-))- 2(i;-+ kin) 

Equation (3.9) states that the crack propagates when I11 + 11A.Gc ~ I10. From 
Figure 3.2 it is clear that applied force P does not move when the system 
moves from state O to state 1. Therefore, there is no external work done on the 
system. Hence, I11 - Ila= U1 - U0 and Griffith's criterion of crack propagation 
becomes 

(3.16) 

From equations (3.15) and (3.16), 

N{ 1 1 ) U1 - U0 + LiA · Ge = 2 (.1.. ...1..) - (.1.. ...1..) + Gi · Lia ~ 0 
k,+k/,, k,+k~ 

(3.17) 

It should be noted here that in equation (3.17) t is the thickness of the mass. 
Therefore, the incremental crack length 11a and the incremental crack surface 
area 11A are related in the following manner: 

LiA = t · Lia (3.18) 

Let us now specialize equation (3.17) for two special cases: soft spring 
(ks « km) and hard spring (k, » k,J. 

'1 
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3.3.1 Soft Spring Case 

For k5 << kw one can write 

Therefore, 

Combining 

1 

- ~-J=- k -~ 1=-K - 1 ~ I d ( 1 1 d ( k! \ l 2 d ( 1 \ 
da i;- + k;,, ) da s ) s da ( ) 

(3.17) and (3.20), 

,12 !i__(-1~] + r; < 0 
1 1 ..,___,c -

2t aa r, + 

!i2k2 d ( 1 \ 
=;,---5 - --J+G.:::; 0 

2t da ' 

Combining equations (3.10) and (3.19), 

= L1. ks 

Mechanics 

(3.22) 

Both t,, and k5 remain unchanged when the system moves from state O to 
state 1. Therefore, from equation (3.22) one can conclude that the applied 
force P remains unchanged. For this reason this case is also known as the 

or 

case. 
Combining equations (3.21) and (3.22), 

Substituting equations and into equation 

=-~(U,11 )+ 
dA 

dUIII >G 
dA - C 
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3.3.2 Hard Spring Case 

For k5 >> k111, one can write 

1 1 ( 1 \-1 ( \ 

~ -k ·1+~) -k 11- +···I"' l/ "l k,,., ) - /11 I k - 111 1 " I I + T; \ S ) \ /(5 ) t+ 

Therefore, 

equations (3.17) and (3.27), 

L<.2 dkm . G 0 ==>---;- < 
2t da C -

Combining equations (3.13) and (3.26), 

A2k;, = A2k111_ 

21c,11 2 

From equations (3.28) and (3.29), 

or 

(3.31) 

From equations (3.10) and (3.26), one can write 

(3.32) 

but 

P= 
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Therefore, 1'1 111 = /'.1. Since Ii is constant, /:,. 111 should also be constant. For this 
reason this case is called the case. Note that as the 
system moves from state O to state 1, 
constant, the force P because 
force situation. 

33.3 General Case 

For the general case when the spring stiffness ks and the mass stiffness are 
of the same order, then 

Therefore, equation (3.17) becomes 

A? d ( 1 \ A2 1 dJc 
ti- -l~-- l+G =~ti _i_ - ·m + 
2t da ~1,1_ + )I c 2t zc2 -'- .i_)2 da 

'> i m , km 

From equations and 

tk111 da 
+Ge :s: 0 

=>-

< il _v 

Note that the stiffness of the mass decreases as the crack increases. 
< 0. For this reason the negative sign appears on the left-hand 

(3.36). 

3.4 Experimental Determination of G c 

In 1964 Strawley, Jones, and Gross described an experimental to 
determine the critical strain energy release rate for a given material. They 
fabricated a number of double cantilever specimens with different crack 

A double-cantilever specimen is shown in Figure 3.3. When 
two opposing forces (P) are at the free the crack opens an 
amount 211. the work done on the that goes into the mate-
rial as the strain energy is given 

" ' 
U=!._Pl'l+~Pil=Pt.. 

2 2 
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p 

p 

FIGURE 3.3 
Double cantilever specimen for experimental determination of Ge 

In terms of compliance ( C = j-) , the preceding equation can be written as 

(3.38) 

For the fixed force case, since P is constant, one can write from equation 
(3.38): 

du P2 dc 
dA t da 

(3.39) 

For the fixed grip case, since t,, is constant, it is possible to write from equa
tion (3.38): 

dU L'i2 dC 
dA tC2 da 

Clearly, to evaluate strain energy release rate for given P or /:,, one needs 
to know the compliance C and its rate of change with the crack length a. 
For this purpose a number of double cantilever specimens, as shown in 
Figure with different crack lengths are fabricated. Deflection versus 
load curves are obtained experimentally for different specimens. A typi-
cal /',,-P curve is shown in Figure 3.4. Note that in this plot the slope of the 
linear part is the compliance C. 

flGURE 3.4 

~I 
I 
I .-

il-P curve of double cantilever specimens. 

p 

of this curve is the 
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C(a) I 

I 
a 

FIGURE 3.5 
Experimentally obtained crack length versus compliance curve. 

After measuring compliance of different specimens, compliance versus 
the crack length curve is obtained, as shown in Figure 3.5. 

3.4.1 Fixed force Experiment 

A cracked specimen as shown in Figure 3.3 is loaded a pair of force P. 
Then the load Pis continuously increased until the crack starts to propagate. 
If the crack propagation starts at load P = then the critical strain energy 
release rate Ge is obtained from equation (3.39): 

G =dUI 
c dA critical 

P} dC 

t da 
(3.41) 

is obtained from Figure 3.5. Note that once the crack starts to propagate at 
P = the applied load is not changed during the crack propagation. There

fore, in this case the crack propagation occurs under fixed force condition. 

3A.2 Fixed Grip Experiment 

If the crack propagation occurs under fixed force condition, as discussed in 
the previous section, then once the crack starts to propagate, the specimen 
fails. Alternately, the experiment can be carried out under fixed grip condi
tions. In this setup, the specimen is subjected to a specified displacement 
ll and then this fl is continuously increased until the crack starts to propa-
gate for /'.. = After propagating a little the crack stops when fl 
is constant at since the of the specimen increases as the 
crack length increases. In this case the critical strain energy release rate is 
obtained from 

Liz dC 

tC2 da 
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3.4.3 Determination of Ge from One Specimen 

If the crack length of the double cantilever specimen, shown in Figure 3.3, is 
much greater than the depth of the beam (h), then one can use the formula 
obtained from the beam theory to compute the crack opening 11, as shown: 

Pa3 12Pa3 4Pa3 
A=-=--=--

3EI 3Eth3 Eth3 

A 4a3 

:. C= P = Eth3 
(3.43) 

dC 12a2 
-=--
da Eth3 

Therefore, for fixed force experiments combining equations (3.41) and 
(3.43), one obtains 

P2 dC 12a2P2 
G =-c---=---c 

c t da Et2h3 
(3.44) 

and for fixed grip experiments combining equations (3.42) and (3.43), one 
gets 

A2 dC A2 E2t2h6 12a2 3A2Eh3 
G =-c -=-c x--X--=-c __ 

c tC2 da t 16a6 Eth3 4a4 

Equations (3.44) and (3.45) give less than 10% error when f > 3. 

3.5 Relation between Strain Energy Release Rate 
(G) and Stress Intensity Factor (K) 

(3.45) 

Two crack propagation criteria have been defined earlier. These two criteria are: 

(1) The crack propagates when O"eelmax ~~.For opening mode load
ing, this criterion implies that when the stress intensity factor K 
exceeds the critical stress intensity factor Kc, the crack propagates. 

(2) The crack propagates when the strain energy release rate ( G = ± 1~) 
exceeds the critical strain energy release rate Ge. Fixed force and 
fixed grip conditions determine whether the positive or the negative 
sign of ( 1~) should be taken. 
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a !'_,,a 

State 0 

FIGURE 3.6 
Cracked body under fixed-grip loading. Crack length is a for state O and a + Ila for state 1. 

G and K (or G, and cannot be completely independent of each other. In 
this section, the relation between these two parameters is investigated. For 
this purpose consider a cracked body being stressed and held under fixed 
grip condition as shown in Figure 3.6. 

The original crack length is a in state O while it is a + /'J.a in state 1. However, 
in state 1 a closing force is applied, as shown in the Figure, to close BC part 
of the crack whose length is !'J.a, to make state 1 identical to state 0. To dose 
the crack length BC, one needs to do some work, which increases the strain 
energy of the body. Therefore, the strain energy in state O is greater than the 
strain energy in state 1 before applying any closing force. Since the problem 
is linear, the difference in the strain energy between these two states is sim
ply half of the work done by the closing forces going through the dosing 
displacements. 

Note that the dosing forces in BC in state 1 should be identical to the stress 
field in state O along line BC because, after the crack length BC is closed, 
states O and 1 must be identical. Therefore, the closing force amplitude at 
position x(=!'J.a - over an incremental length dx is given by }z}, tdx on the 
top and bottom surfaces of the crack along line BC. The plate thickness is 
denoted by t. The displacement traveled by this closing force to bring the two 
surfaces of the crack together along line BC is obtained from the expres
sion given in equation (2.48). Note that for the dispiacement computation, the 
crack tip is at point C. Therefore, the radial distance of the point of interest 
from the crack tip is x* and the angle measure is +n for the top surface and 
-n for the bottom surface. Thus, the displacement of the closing forces on the 
two faces of the crack is by 

~(!ia - x) 
. (1+ 

EJ2ii + 1) 
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Therefore, the strain energy stored in the body 
through the closing displacements is given by 

tia 
1 i K1 K1 ,j(b.a - x) 

11U=2x-J -- ~ (1+ 
2 .Jinx E-v2n 

0 

11a 

-(1 )( 1) tKf f .,j(l'la-x) d - _+V K+1- -- ,- X 
2nE ,Ix 

0 

the dosing forces 

+ 

The integral can be solved in dosed form substituting 

X = llasin_2 () 

dx = 2trn sine cos ede 

Then, 

11a 72. 
f .J(11a - x) f ji:a cos e Jx dx = ~ . 2,6,asinecosede = 

J x '1/'la sm8 
cos2 ede 

0 0 

I 1 172. n!ia 
(1 + cos28)d8= L'i.al 8 +-sinW, = _ _:_ 
. L 2 Jo 2 

Substituting equation (3.49) into equation (3.47), 

11a ,-----

li.Ll = (1 + 
tK2 f .J1 Aa - x) 1\__L \ d -(1 + ! C aX- + 
2nE -vx 

+ l) tKl nli.a 
2nE 2 

0 

(1 + v)(x: + 1) MaKr 
4 E 

AU KJ ·--a-.. Ma - E 

t.i.U K2 
=}-=a-1 

M E 

Note that for the plane stress 

1 ') 1 +1 = + 
4 

(3-v+l+v\ _ 
+v)r-- i=l 

\ l+v ) 
(X ==- + 

4 

(3.48) 

(3.49) 

(3.50) 
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and for the 

1 
a= -(1+ 

4 

In the 

strain problems, 

1 
+1)= + 

4 
1 

-4v+1)= + 
4 

-v)=l-v2 

case, as 11A -> 0, equation becomes 

dU K 2 
G=-=a-r_ 

dA E 
(3.53) 

Similarly1 the critical stress intensity factor and the critical strain energy 
release rates are related: 

K; 
=a-

E 
(3.54) 

One can also show that for mixed mode the strain energy release 
rate is related to the three stress intensity factors in the following manner 
(Broek 

1-vz [ 
G=-~-- Kr+ 

E \ 
+ Kf-rr 1 

1-v) 

3.6 Determination of Stress Intensity Factor 
for Different Problem Geometries 

In this section stress intensity factors (SIFs) of different problem 

(3.55) 

are obtained applying equation (3.53) to the elasticity solutions. In some 
occasions when the exact elasticity solutions are not available, engineering 
judgments are applied to estimate the SIF. 

3.6J Griffith Crack 

A crack of finite length in an infinite as shown in 
is known as the Griffith crack Note that a Griffith crack does not interact 
with another or the since none of them 

,.,-,.,c,c,,nt in the of the crack. VVhen the Griffith crack is sub-
to the uniaxial stress field o-0 at the far 

can be into two 
-nr,,n,,om 1 does not have any crack. The crack 

is shown the dashed line in 
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Original Problem 
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~ \ . . 
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/ Problem I . \ 
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F!GURE 3.7 
Cracked plate or cross-section of a circular crack in an infinite solid subjected to an axial stress 
(original problem) can be decomposed into two basic problems, as shown. 

problem I along the dashed line the stress field is a22 = a 0 and a12 = 0. How
ever, in the original problem, on the crack surface o-22 = a12 = 0. To satisfy this 
boundary condition in problem II, the stress field a 22 = -0"0 is added on the 
crack surface. When problems I and II are added, both far field conditions 
and the stress-free boundary conditions on the crack surface are satisfied. 
Therefore, the superimposed solutions of problems I and II should be the 
solution of the original problem. 

For I the stress field at all points is given o-22 = a0 and a11 = a 12 = 
0. For problem II the vertical displacement field at the two crack surfaces can 
be obtained from the theory of elasticity as shown: 

where the origin of the x1-x2 coordinate system coincides with the center of 
the crack. Kappa is the same as that defined in equation (2.48). 

Strain energy stored in problem II geometry by the applied stress 
through the displacement of equation is given 

n 

U = 2 x 2 f '!_a0(K + l)!!.rL~a2- x? tdx1 
J 2 
(I 

In this expression/: is the thickness of the 
of the integral appears because the 
the crack surface. The integral is 

a 
,• 1 

U= I J. + 
J 2 

The multiplying factor 4 in front 
is carried out on one fourth of 

further to obtain 
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Substitute X1 = a sine, = a cose de in the integrand to obtain 

a2 r si..11_ 28 j''Yz rrn2 =-,e+- =-
2 - 2 0 4 

(3.59) 

Substituting equation (3.59) into equation (3.58), 

(3.60) 

Therefore, 

au aU 2na(K + l)a5 (K + 1) 2 ~=--= =---a0na 
aA 2tda 2 x 8µ 8µ 

(3.61) 

The crack surface area A = 2at; therefore, oA = 2toa. The total strain energy 
stored in problem I is independent of the crack length. Therefore, the rate of 
change of strain energy with the crack length variation in the original prob
lem is the same as that of problem II. 

Combining equations (3.53) and 

Kr_ oU _ (K+l) 2 _ (K+l)(l+v) 2 a-- - - - --CJ0rca - a0 na 
E aA 4E 

. K -J(K+l)(l+v) c-: 
·· 1- l3o'\/rt:a 

4a 

(3.62) 

Note that for both thin plate (or plane stress) and thick plate (or plane strain) 
problems, the argument inside the first square root of (3.62) is 1 as 
shown below. 

For plane stress problems, 

(K+l)(l+v) _ __J.__(3-v 1 \ 1 , , _ __1.__(3-v+l+v1(l..L )-l - + _l_ I\ T VJ- ) ' V -
4a 4 1 + V ) 4 1 + V 

and for plane 

4a 
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From equations and (3.63) one can conclude that for both plane stress 
and plane strain problems, the opening mode stress intensity factor for the 
Griffith crack is given by 

Equation (3.56) remains unchanged for the biaxial state of stress. There
fore, for this case also, equation (3.64) is valid. 

If the far field is subjected to a shear stress field 0'12 = r 0 instead of the nor
mal stresses (0'22 and a 11), then following similar steps one can show that the 
sliding mode stress intensity factor is given by 

(3.65) 

3.6.2 Circular or Penny-Shaped Crack 

Let us now consider a penny-shaped crack of radius a in an infinite solid. 
Figure 3.7 shows the cross-section of a circular (or penny-shaped) crack in an 
infinite solid. Following the same arguments presented in section 3.6.1 it can 
be shown that the rate of change of strain energy with the variation of the 
crack surface area in the original problem is the same as that for problem II. 
From the theory of elasticity, the vertical displacement of the circular crack 
surfaces in problem II can be obtained as 

(3.66) 

In the preceding equation the vertical displacement (normal to the crack 
surface) is denoted as u3, and the radial distance r is measured from the crack 
center. The factor ,6 is defined as 

4 /3 = -(1- v2 ) 
TC 

(3.67) 

Therefore, the strain energy stored in problem II by the applied stress field 
on the crack surface is given 

1 Jr:. CJ o ,;:;----;:;2 2n /3 0'2 J" ~ U=2x~ f3--,Ja 2 -r -a0 2nrdr=~~i -..Ja2 -r2 -rdr 
2 E E 

0 0 

Substitute r = a sine, dr = a cos8 de in the integrand to obtain 

(! 7i 5~ f ~a2 - r2 .rdr = f a2 sine coseJa2 - a2 sin2 ede = a3 f cos2 e sine de 
0 0 0 

a3 a3 
= _:___ r- cos3 

3 ~ 3 
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Substituting equation (3.69) into equation (3.68), 

2n/3CJ2a3 
U= o 

3£ 

Note that 

A= na2 ,iJA = 2naai 

Therefore, from equations (3.53), (3.70), and (3.71), 

Kr aU 1 aU 1 2n /3CJ5a 2 /3CJ5a a-=-=----=-- =--
E aA 2na aa 2na E E 

(3.70) 

(3.71) 

(3.72) 

What should be the right value of a for the penny-shaped crack problem? 
Note that this problem is neither plane stress nor plane strain, but rather axi
symmetric. However, axisymmetric problems are closer to plane strain prob
lems than to plane stress problems because under plane strain conditions all 
movements in the x3 direction are restricted and in axisymmetric conditions 
movements in the e direction are restricted. Therefore, the value of a should 
be same as that for the plane strain condition. Thus, we get 

/3 4 (l-v2 ) 4 
-=----=-
a n (l-v2 ) 1r 

(3.73) 

Substituting equation (3.73) into equation (3.72), 

(3.74) 

3.6.3 Semi-infinite Crack in a Strip 

Knauss (1966) and Rice (1967) solved the problem of a semi-infinite crack 
in a strip as shown in Figure 3.8. The strip of width 2h and thickness t is 
stretched in the vertical direction by an amount 2Li. Note that as the crack 
advances by an amount Lix, region A on the right side of the crack is reduced 
and transformed to region B. Note that the strain energy of region B is zero 
because top and bottom segments of region B simply go through the rigid 
body translation. However, region A is under tension and therefore should 
have some strain energy. 

If segment A is subjected to uniaxial stress CJYY = CJ0 = E(f ), then the strain 
energy density in the segment U0 = t E( t )2. Note that if segment A is sub
jected to uniaxial strain t:YY = t:0 = f,-, then also the segment should have the 
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FIGURE 3.8 
A semi-infinite crack in strip of infinite length. 

same strain energy density. For uniaxial stress axx = 0, but Exx cf- 0, and for 
uniaxial strain crxx cf- 0, but Eu = 0, in both cases t O"xxExx = O. 

Strain energy of segment 

(3.75) 

Therefore, the strain energy release rate as the crack propagates is given by 

.Kf_E(t.12
1 .. -- l~) 1 E h 

(3.76) 

3.6.4 Stack of Parallel Cracks in an Infinite Plate 

Let us consider a set of parallel cracks of length 2a and spacing 2h in an infinite 
sheet as shown in Figure 3.9. If the plate is subjected to uniaxial state of stress 

= cr0, what should be the stress intensity factor? Note that for h >> a, the interac-
effect betvveen the neighboring cracks can be In this case the stress 

intensity factor should be to that of the Griffith = u 0 .J n a . 
On the other for crack much greater than the 

or * << 1, the cracks may be considered as a stack of semi-infinite '-H''---"3, 

shown in because the crack on the side are not affected 
on the left side and vice versa. 

Note that a of width 2h in Figure 3.10 by dashed is uni-
stretched to width 2h + 2121 under the tensile load. It should also be 
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1 

I :k_2h I 
I ,f. I 

l---========--J 
FIGURE 3.9 
A stack of paraile! cracks of length 2a and spacing 2/z, 

noted here that there is no difference between the geometry of Figure 3.8 
and the strip of width 2h shown in Figure 3.10 when it is stretched uniformly 
to the new width 2h + 2fi. The stress intensity factor for this case should be 
u0 -/h as given in equation (3.76). 

Therefore, for these two extreme cases, h >> a and h << a, the stress inten
sity factor is given as 

FIGURE 3.10 
half of 

K1 =a0 Jna =;> __1& __ 1 
CfoJn°a -

K1 =CJ0 Jh =;> K1 )! 
C50Jn°a = na 

3,9, Stack of semi-infinite cracks in a 
Crack length is infinite relative to its spacing. 

for 
h 
->>1 
a 

(3.77) 

for h 1 -<<L 
a 

subjected to uniaxial tension. 
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Stress intensity factor variation in a stack of parallel cracks as shown in Figure 3.9 for different 
h/a ratios. 

If we plot the variation of the normalized stress intensity factor (nor
malized with respect to SIF of the Griffith crack), then we get the plot of 
Figure 3.11. Note that after knowing the curves for small and large values of 
h/a, it is possible to interpolate the curve for intermediate values of h/a, as 
shown in Figure 3.11 by dashed lines, using our engineering judgment. Stress 
intensity factor obtained in this manner generally gives less than 5% error. 

3.6.5 Star-Shaped Cracks 

We now consider the geometry of multiple cracks radiating out from a point 
and thus forming a star-shaped crack system, as shown in Figure 3.12. The 
cracked plate is subjected to a biaxial state of stress. A total of n cracks are 
equally spaced. Note that n can be either even or odd. If a brittle plate, such 
as a glass plate, is struck by an object, then the impact force can form such a 
star-shaped crack system. Our interest is to obtain the stress intensity factor 
for this crack system for different values of n. Note that if the crack length is 
a, then the diameter of the star formed by n cracks is 2a. 

FIGURE 3.12 
Star-shaped crack system subjected to biaxial state of stress. 
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For the special case of n = 2, a Griffith crack of length 2a is formed. For 
this case we know the stress intensity factor from equation For very 
large value of n, the angle 2

1~ between two neighboring cracks is very small. 
Therefore, in this case it can be approximately assumed that the 
cracks are almost parallel to each other. The spacing between two 
ing cracks is 2h = 2~". In section 3.6.4, we have seen that the packed 
parallel cracks of spacing 2h subjected to an applied stress field of c,0 in the 
direction perpendicular to crack surfaces give a stress intensity factor value 
of a0 Jh. 

Now the question is for the biaxial state of stress: What should be the 
applied stress near the crack tip in the direction perpendicular to the crack 
surfaces? To answer this question, it should be noted here that for a large 
number of cracks, the star-shaped crack system behaves almost like a circu
lar hole. From the theory of elasticity (see chapter 1, example 1.13) one knows 
that when a plate containing a circular hole is subjected to a biaxial state of 
stress, the circumferential stress CJ ee = 2o-0 at the periphery of the circular 
hole due to the stress concentration effect, as shown in Figure 3.13. Note that 
the circumferential stress is perpendicular to the crack surface whose 
touches the periphery of the circle. Therefore, for large n the stress intensity 

factor of the star-shaped crack system should be equal to 2CT" 0 Jh = 2o-0 J¥. 
Combining the two special cases: (1) n = 2 and (2) n = a large number, the fol
lowing equation is obtained: 

for n = 2 

n = Large Numbers 

flGUIU: 3.13 
Circumferential stress at the normhc,,·v of a circular hole is 2v0 when the plate is 
a biaxial state of stress. 

(3.78) 

to 
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Variation of stress intensity factor for star-shaped crack as the number of cracks n increases 
from 2 to a large value. 

If the normalized stress intensity factor (r = aoJna) is plotted for the two spe
cial cases shown in equation (3.78), we obtain the plot of Figure 3.14. 

Similar to Figure 3.11, here also engineering judgment is used to interpo
late the curve between n = 2 and large values of n, and shown as the dashed 
line in Figure 3.14. Note that for very large n, the SIF becomes zero. This is 
justified because very large n essentially transforms the star-shaped crack 
into a circular hole. Circular hole causes stress concentration, but the stress 
field near the periphery of the circular hole is finite. Therefore, SIF must be 
zero. For a more elaborate study on this problem, the reader is referred to 
Clark and Irwin (1966). 

3.6.6 Pressurized Star Cracks 

If the star-shaped crack system shown in Figure 3.12 is pressurized instead 
of having traction-free crack surfaces and the internal pressure inside the 
crack is not constant, then the problem becomes more complicated. This 
type of problem appears in mine blast situations. Its solution has been 
given by Westmann (1964). To solve this problem, all forces acting on a 
solid segment between two neighboring cracks are first considered. The 
free body diagram of this segment in Figure 3.15 shows the applied pres
sures on the two crack surfaces and the internal stress in the solid between 
two cracks. 

Note that for small e (i.e., large n), the normal stress (jee can be approxi
mately assumed to be equal to p(r). For computing (jrr we apply the force 
equilibrium condition in the horizontal direction of the solid segment to 

E55J3 f) Clrr 

p(r) 

FIGURE 3.15 
Free body diagram of the solid segment between two neighboring cracks. 
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obtain 

dr=O (3.79) 

0 

In Figure 3.15, r varies from O to p, and p can be any value less than or 
equal to a. Since the pressure field is perpendicular to the crack surface, 
its horizontal component is obtained by multiplying the pressure p 
sin(f). However, since e is small, sin(f)"" f = ~~ = If,. Thus, equation (3.79) 
becomes 

2n JP Ci,.,.p~+2 
n 

0 

n 
-dr=O 
n 

p 

2n nf :. crrr(P) = --- . 
2np n 

0 

r 

:::::} a,.,. = - ~ f p(r')dr' 

p 

= _ 2_ f p(r)dr 
p 0 

(3.80) 

Therefore, the radial stress at the periphery of the circle of radius a is 
arr(a) = -1, J; p(r')dr'. Then the stress, strain, and displacement fields outside 
the star crack region (r > a) are very dose to a plate with a circular hole of 
radius a and subjected to a compressive radial stress a,.,.(a). From the theory 
of elasticity (see problem II of example 1.13), it can be shown that the radial 
displacement in a plate with a circular hole subjected to a constant compres
sive radial stress O',./a) is given by 

1 + V a2 
u,.(r) = -~-arr(a)-

E r 

l+v 
:. u,. 

E 

,,m•or,,ro the strain energy stored in the r :::: a in the 
ness t containing the pressurized star crack is given 

21[ 

= 1 + V ta2 f 
2E J 

0 

(3.81) 

of thick-
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and the strain energy in the region r < a, which is the cracked 

17 
f' 

u =-J 1 2E 
0 

+ 
17 

tnJ - 2VC>rrO'ee )2nrdr = E 
0 

+ 
\ -

- 2vcr,rCJee l nlr 
I 
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For the general case when the pressure p varies as a function of the radial 
distance the total strain energy U = + can be obtained from 
(3.82) and Then the stress intensity factor can be derived from 
(3.53). 

Let us consider the special case when = p0, a constant. In this case, 

from equations (3.82), 

n 
1 {' =-;J 

l+v 
2E 

0 

Note that at a radial distance r from the center, Cfee = -p0 from 
Figure 3.15), and = - + J~ = - + J; p0dr' = -p0 ; substituting these 
expressions of CY ee and arr, can be computed as 

a 

• T - tn f U-
1 E 

17 

) , tn f ( rur = -;.:: 2 -
£"' 

0 

2(1- v)tn a2 (1- v)tnp§a2 
----- ------

E 2 E 

Therefore, the total strain energy in the cracked plate, 

U= + 

If total crack area is A, then 

l+v 
--+ 

E 

A= nat 

:. dA = ntda 

1 - V _ '?}rp§a2t 
E E 
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Therefore, 

au au 41ep5at 41Cp5a K'f 
-=--=---=--=-
aA ntaa ntE nE E (3.88) 

3.6.7 Longitudinal Cracks in Cylindrical Rods 

The next geometry considered is a cylindrical rod with equally spaced longi
tudinal cracks propagating from the periphery to the central axis of the rod. 
The cross-section of such a cracked rod is shown in Figure 3.16. One applica
tion of this problem can be found in computing the stress intensity factors of 
cracked fuel element pellets of nuclear reactors. 

Consider the case when the spacing between two neighboring crack tips is 
much smaller than the crack length. In other words, we first investigate the 
case when 2;: r1 « (R- r1 ) and the crack is loaded by normal pressure p(r). 
The free body diagram of a solid segment between two neighboring cracks 
for r varying between r1 and R is shown in Figure 3.17. 

From the force equilibrium in the radial direction for small angle (), one 
can write 

R 

2TCr _ 2f ( ') TC d , (5rr-- pr - r 
n n 

(3.89) 
R 

:. <5rr = ~ f p(r')dr' 

Therefore, the tensile stress applied along the periphery (r = r 1) of the central 
region (r < r1) is crrr =-,} I: p(r')dr'. From the theory of elasticity we know that 

2R 

FIGURE 3.16 
Cross-section of a cracked cylinder. 
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FIGURE 3.17 
Free body diagram of a solid segment between two neighboring cracks of a 
Figure 3.16. 
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shown in 

when a circular disk is subjected to a uniform radial stress O"rr on its periph
ery, the state of stress inside the disk is given by 

dr' (3.90) 

Therefore, the strain energy stored in the inner core (r < r 1) is 

15 1 U; = 2 (a,.rErr + CJeeEee)dV = 2E + G§e -2vurraee )dV 
V V 

Let us consider the special case of uniform pressure p(r) = p0. In this case, 

R R 

1 f 1 f = - p(r')dr' = -
r r 

Po (R ' =--(R-r)=p0 --1) 
r r 

Therefore, the stress field in the inner core region (r < 
CJ88 = CJrr = p0(f-1). Strain energy stored in the inner core, 

'i 

(3.92) 

1s given by 

= 2if 
I} 

n' f' 

) 2nrtdr = _!_ J 
E 

+ - 2va,.,cr86 )rdr 
0 ll 

r1 

2(1- v)nt f 
E ., 

0 
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(3.93) 

The length of the rod is assumed to be t. In the outer region (R < r < r 1t a ee = 
-p0 and a,,= p0 (f-1); therefore, the strain energy stored in the outer region 
is given by 

R 

U0 = _!_J ( a; + aie - 2V<J'rr<J'ee )2mtdr 
2E 

r1 

n~21R{R2 } = T ---;:- -2(1- v)R + 2(1-v)r dr 
r1 

n~2 { r2 }R = _o R2 lnr-2(1-v)Rr+2(1-v)-
E 2 '1 

n~2 
= -f {R2(lnR-lnr1)-2(1-v)R(R-r1) + (1-v)(R2 - ri2)} 

Therefore, the total strain energy stored in the cylinder is given by 

n~2 
U=U0 +U; =-f{R2(lnR-lnr1)-2(1-v)R(R-r1)+(1-v)(R2 -r?)} 

(1- v)ntp5 (R2 2R z) + E - r1+r1 

(3.94) 

(3.95) 
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Total crack area A= nt(R- r1); :. aA =-ntar1, since R does not change but r1 

changes when crack lengths change. Therefore, 

au au ar1 n:tpli [{ ( 1 ) } ] ( 1 ) -=--=- R2 -- +2(1-v)R-(1-v)2r1 +(1-v)(-2R+2r1 ) --
aA &1 dA E r1 nt 

n:p5 [{ R2 } ] n:p5 R2 Ky =- --2(1-v)(R-r1 ) +2(1-v)(R-r1 ) =--=a-
nE r1 nE r1 E 

(3.96) 

In the preceding equation, a = 1 is taken because plane stress condition is 
assumed; in other words, two ends of the cylinder are free to expand or shrink 

When r1 is close to R or the crack tips are close to the cylinder surface, the 
stress intensity factor is given by 

(3.97) 

The factor 1.12 appears because of the presence of the free surface near the 
crack tip. This point will be discussed in detail later. Equation (3.97) can be 
written in the following form: 

K1 = l.12p0 ,Jn:(R-r1 ) = l.12p0 JJiR~( 1- ~) 

(3.98) 

:. PoiiR = 1.12~( 1- ~) 

Stress intensity factors given in equations (3.96) and (3.98) are plotted in 
Figure 3.18. In this plot the horizontal axis varies from O to 1 as the crack 
length varies from O to R. Note that the stress intensity factor increases with 
increasing crack length and decreases as the number of cracks increases. 
Engineering interpolation functions (curved dashed lines) are used to inter
polate the curves between small crack lengths and large crack lengths. 

3.7 Concluding Remarks 

The relation between the stress intensity factor and the strain energy release 
rate is derived in this chapter from the energy balance principle proposed 
by Griffith (1921, 1924). Using this relation, the stress intensity factors for 
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Po~ 

F!GURI: 3.18 

Engineering 
Interpolations 
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1-.::.i:. ~ 
R 

Variations of SIF in a cracked cylinder with variations of crack lengths and number of cracks. 
See Figure 3.16 for the problem geometry. 

various problem geometries are obtained and presented. Stress intensity fac
tors for some more practical problems are given in chapter 7. 
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Exercise Problems 

Problem 3.1: The distance between points A and B is increased from 
L0 to L0 + 211 when opposing loads P are applied Figure 3.19). 
Load-deflection curve for the specimen for crack lengths a and 
a+ oa (oa << a) are shown in Figure 3.20 straight lines OB and 
respectively. Express in terms of different areas of Figure 3.20 the 
following parameters: 

The strain energy stored in the material with crack length a, load 
P, and deflection /1,,. 

If the crack length is increased from a to a + keeping P 
which area does represent the change in strain energy in the mate
rial? Does it give an increase or decrease in the strain energy? 

(c) If the crack length is increased from a to a + keeping I:,, fixed, 
which area does represent the change in strain energy in the mate
rial? Does it give an increase or decrease in the strain energy? 

(d) What is the change in the potential energy for cases (b) and (c)? 
Does the potential energy increase or decrease in cases and (c)? 

C 

FIGURE 3.20 
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FIGURE 3.21 

Problem 3.2: A Griffith crack in a large thin is loaded in an 
mode by two concentrated loads Pas shown in 
a maximum crack opening at the center, given 

+C 

where is the thickness of the plate, E is the Young's 
the half crack length, and C is a constant. 

Calculate the stress factor for this 

If the material has critical stress factor 

a is 

in. find the load P for which a 2-in. long crack will start to 
propagate in a 1-in. thick plate. 

After the crack starts to if the load is not 
should the crack continue to propagate until the plate fails com-

(unstable crack propagation) or should the crack propaga-
tion stop after a while crack propagation)? 

Problem 3.3: If the critical crack length is to LS cm for a Griffith 
crack in a subjected to a biaxial state of stress o-0 at the far 

What should be the critical crack when 18 
v,-,~~~~ cracks of intersect at the center to form 

crack system with radius ac and this is sub-
to the same stress field in the same material? Note that the 

cracks is to 10°. 



Balance 145 

What should be the critical crack two cracks 
of intersect each other at at an angle 90° and 

to the same stress field in the same material? 

(c) If of 2a and distance a 
in the same m_aterial 

and are subjected to uniaxial tension a 0 in the direction perpen
dicular to the crack axis1 then what is the critical crack 





Effect of Plasticity 

4.1 Introduction 

In chapter 2 it was shown that the elastic solution gives infinite stress value 
at the crack It implies that the material very dose to the crack can
not remain elastic when the cracked is loaded. This chapter discusses 
how the plastic zone size in front of the crack can be estimated, and what 
effect, if any, this plastic zone has on the stress computation and failure pre
diction of a cracked solid. 

4.2 First Approximation on the Plastic Zone Size 

A cracked plate subjected to tensile stresses is shown in Figure 4.la. The free 
diagram showing all forces on the top half of this linear elastic 

can be seen in Figure 4.lb. Upward and downward forces acting on the free 
body diagram of Figure 4.lb keep the top half of the plate in equilibrium. 
However, to keep the plate in equilibrium1 the stress very close to the crack 
tip obtained from the elastic analysis exceeds the yield stress of the 

~ • 1 macena1. 
If the solid material is assumed to be an elastic-perfectly plastic material 

with yield stress CJy5, then the maximum internal stress at the cut cannot 
exceed c;Ys· Then the stress field variation along the cut surface should be 
as shown in Figure 4.2. However, simply chopping off the stresses that are 
greater than CJy51 as shown in Figure 4.2a, violates the equilibrium condi
tion because it reduces the total downward force in the free 
of Figure 4.2a. The unbalanced force is denoted the shaded area A in 
Figure 4.2a. This unbalanced force can be taken care of 
the extent of the zone from rP to arP as shown in 
the shaded area A must be to the additional area obtained from the 
extension of the zone size, as shown in 4.2b. 

147 
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(J (J 

(J 

(a) (b) 

FIGURE 4.1 
(a) Cracked plate under tensile load; (b) free body diagram of the top half of the plate obtained 
from elastic analysis. 

4.2.1 Evaluation of rP 

For the opening mode loading, the stress field ahead of the crack tip is given 
by (see equation 2.47) CJ' = fin; . From this equation and Figure 4.2a one can 
write 

(4.1) 

(J 

CJys 

I/ A [,-.,,A 
I ,, 
I i'! 
I I 

(a) (b) 

FIGURE 4.2 
Internal stress field ahead of the crack tip for an elastic-perfectly plastic material. (a) Free 
body diagram is not in equilibrium-unbalanced force A is shown; (b) free body diagram is 
in equilibrium. 
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4.2.2 Evaluation of arP 

The unbalanced force area A of Figure 4.2a can be obtained from the follow
ing equation: 

(4.2) 

Substituting equation (4.1) into equation (4.2), 

A= ~2),;-<rysrp = ~ k(~J-<Jys 2~(~J2 

2 K 2 1 K 2 1 K 2 =--I ___ I =--I =<Jysf 
2n <rys 2n <Jys 2n <rys P 

(4.3) 

Note that the chopped off shaded area and the rectangular area shown 
in Figure 4.3a both have the same area, A = <ry5r p· After chopping off the 
shaded region, the downward force in the free body diagram of Figure 4.3a 
is reduced to A + B, while the total downward force needed for equilibrium 
is 2A + B. Therefore, to satisfy the equilibrium condition, the plastic zone 
must be extended to arP as shown in Figure 4.3b. If arP is much smaller than 
the plate width on which the downward force acts, then the total downward 
force in the elastic region may be approximately assumed to be B in both 
Figures 4.3a and 4.3b. Adding the downward force (2A) of the plastic region, 
one gets the total downward force = 2A + B, which is sufficient to satisfy the 
equilibrium condition. From Figure 4.3b, it is clear that arP = 2rP or a= 2. 

<l 

(a) (b) 

FIGURE 4.3 
(a) Free body diagram is not in equilibrium-downward force is A + B; (b) free body diagram 
is in equilibrium-downward force is 2A + B. The elastic region should be much greater than 
the plastic region. 
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Therefore, the plastic zone size ahead of the crack tip is given by 

R= (4.4) 

Note that the elastic stress field in Figure 4.3b is obtained by simply moving 
the elastic stress field of Figure 4.3a toward the right by an amount This 
field can be obtained by simply moving the crack tip toward the right an 
amount rP or increasing the crack length from a to a+ rP. It is a common prac
tice for fracture mechanics analysis to change the crack length from a to a + rP 
to take into account the effect of plastic deformation in front of the crack tip. 

4.3 Determination of the Plastic Zone Shape in Front 
of the Crack Tip 

In the previous section the plastic zone length has been calculated ahead 
of the crack tip for e = 0 only. In this section we calculate the extent of the 
plastic zone for all values of e. Note that for opening mode loading, the stress 
field in front of the crack tip is obtained from equation (2.47): 

_ Kr (8)[ 1 , , 2 (e)l (Jrr - ~ COS - L T Sill -
~2nr \2 2 J 

_ Kr 3 (8) Gee - ~ cos -
~2rcr 2 

(4.5) 

Kr . (e) 2 (81 
G,e = --sm - cos l- I Jinr ,2 2) 

Then the principal stresses can be obtained from the two-dimensional stress 
transformation law or from Mohr's circle analysis: 

_ Cfrr + Gee + l CY,,,. - Cfee )
2 

( ) 2 
CJ12- - +,G,·e 

· 2 2 

Substituting relations (4.5) into equation gives 

K 1 (fJ'\i'· . (e11 
01 = --cos I ·- I. l + Sill - I , 

J2rcr \2)l 2)j 
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a3 = 0 for plane stress condition 

=v(a1+<12 )=2v ~cos(i) 
v2rcr 2 

for plane strain condition 
(4.8) 

Von Mises and Tresca's yield criteria, given in equations (4.9) and (4.10), 
respectively, can be used to calculate the plastic zone size: 

(4.9) 

(4.10) 

Substituting three principal stresses in Von Mises' yield criterion (equation 
4.9), one gets for plane stress problems: 

[ Ji;; J[ 4cos' (!)sm'rn)+cos'(!){1 +sm(!)}' 

+cos'(!){ 1-sm(!) }} 2<r/s 

:. ;~P cos2 (~)[ 4sin2 (~) + 1 + sin2 (~) + 2sin(~) 

+ 1 + sin 2 ( ~ )- 2 sin ( ~)] = 2cr}5 

:. 2:~P cos2 (~)[ 6sin2 (~)+2] = 2cr}5 

:. r = ____!<1___cos2 (i)[6sin2 (i) + 2] 
P 4rca}5 2 2 

= 4:J}s [2cos2 (~)+6sin2(~)cos2(~)] 

= Kl2 [2cos2 (i) + isin2 e] 
4TC<Yys 2 2 

For plane strain problems, one gets 

[ Ji;; J[ 4cos'rn)sm, (!)+cos' (!){1+sm(!)-2v}' 

+ cos' ( rn 1- sill ( fr 2v r l ~ 2a}, 

(4.11) 
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K2 " ( (j \ Ir . ( e \ r 
:. - 1-cosL i -J 4sm2 i -) ~ (1-

2rr:rP \2 L '-2 l 

K 2 r re, . ( e \ re 11 
= --\-j 2(1- 2v)2 cos2 ! -j· + 6 sm2 - I cos2 i -), I 

4m:ry5 L \2 \2J \2 J 

e I '- .-, 2 '}21 -1 I- ""aYs 
2; I 

...! 

(4.12) 

Since the actual plastic zone size R is approximately two times r P (see 
equation 4.4), one can write 

K 2 r ( ej 3 1 R(B)=2rp(8)=--1 - 2cos2 1- +-s:in2 8I 
2nO"fs L \2 2 J 

for plane stress problems 

K2 I ( fJ) 3 l 
R(B) = 2rp(B) = __ I -

1
1 2(1- 2v)2 cos2 I - +-sin2 e I 

2no-2 \2 2 J YS -

(4.13) 

for plane strain problems 

The plastic zone shapes given in equation (4.13) are shown in Figure 4.4. 

Crack 

FIGURE 4.4 
Shape of the plastically deformed regions in front of the crack tip for mode I loading obtained 
from Von Mises' yield criterion for plane stress and plane strain conditions. 
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E) 
Mode II Plastic Zone Shape (b) Mode !II Plastic Zone Shape 

flGIJRE 4.5 
Plastic zone shapes for (a) mode II and (b) mode III loading. 

Note that the plane strain plastic zone size is significantly smaller than 
that for the plane stress condition. Along the e = 0 line (in front of the crack), 
one can obtain from equation (4.13): 

r l 1 
J.rRjplanestressl =lrpfplanestressj =I 2cos2 (f)+!s:in2 8 l = 1 
ILRj lanestrainJ r: 11 . L 2(1-2v)2cos2 (f)+!sin2 8 J _ (1-2v)2 

P G=O P plane stram B=O e-O 

Clearly, this ratio is 6.25 for v = 0.3 and it is 9 for v = 0.33. Thus, it is very sensi
tive to the Poisson's ratio of the material. 

For mode II and mode III loadings, the plastic zone shapes can be obtained 
:in the same manner considering appropriate stress field expressions. These 
shapes are shown in Figure 4.5. For more detailed discussion on the plas
tic zone shapes, readers are referred to McClintock and Irwin (1965). In 
Figure 4.5 one can see that for mode II loading, plane stress and plane strain 
plastic zone sizes are identical at 8= 0. This is because, under mode II loading 
at B= 0, the stress field from equation (2.47) is obtained as 

(4.15) 

For the stress field given in equation (4.15)1 one can easily show from Mohr's 
circle that two principal stresses in the xy plane are 

(4.16) 

The third principal stress in the z-direction is O for plane stress and 
a3 = v(a1 + a2) = 0 for plane strain conditions. Since all three principal stress 
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components match for plane stress and plane strain problems along the 
e = O line, the plastic zone size on this line is identical for plane stress and 
plane strain problems. 

It is well known that when the plate thickness is much smaller than the 
characteristic dimensions of the plate, the problem is a plane stress problem; 
when the plate thickness is much greater than the characteristic dimensions, 
the problem is a plane strain problem. Length and width of the plate and vari
ous dimensions of defects in the plate (such as the radius of a circular hole in 
the plate, if such a hole exists) are considered as the characteristic dimensions. 
A crack has two dimensions: its length and width. However, since the crack 
width is infinitesimally small, the plate thickness is always much larger than 
the crack width. For deciding whether the plane stress or the plane strain 
condition dominates in a cracked plate, the plate thickness is compared with 
the plastic zone size R in front of the crack tip instead of the crack width. If the 
plate thickness is much smaller than R, then it is a plane stress problem; if it is 
much greater than R, then the plane strain condition dominates. 

One major difference between a crack-free plate problem and a cracked 
plate problem should be mentioned here. Vv'hen a crack-free plate is sub
jected to in-plane stresses only and is free to expand or contract in the out
of-plane direction, the plate is subjected to a pure plane-stress condition since 
no out-of-plane stress is developed in the plate. This is because no restrictions 
are imposed on its movement in the out-of-plane direction. However, in a 
loaded cracked plate, the plastic zone is formed in front of the crack tip and 
the plastically deformed zone has different Poisson's ratio (close to 0.5) than 

Crack 

Plane Strain 

\ Plane Stress 

"'J 
FIGURE 4.6 
Plastic zone shape in front of the crack tip in a thick plate. 
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the material in the elastic region. Therefore, the plastically deformed region is 
not free to move in the out-of-plane direction. For this reason, when a cracked 
thick plate is loaded, the central part of the plate is subjected to the plane strain 
condition since the out-of-plane normal stress is developed in this region; the 
sections close to the two free surfaces of the plate exhibit the plane stress con
dition because, on the plate surfaces, out-of-plane normal stress and shear 
stresses are zero. Therefore, under mode I loading, the plastic zone shape in a 
thick plate in front of the crack should be as shown in Figure 4.6. 

4.4 Plasticity Conection Factor 

For a cracked plate subjected to an applied stress v in the far field (far away 
from the crack), where a~s < 0.5, the plastic zone size is very small. The 
small plastic zone has negligible effect on the computed stress field. For 
0.5 < a~s < the plastic zone affects the computed stress field. Its effect can 
be taken into account incorporating the plasticity correction factor. When 
the applied stress field is in this region, the elastic analysis after plasticity 
correction can correctly model the problem. when the 
stress is too large, G~s > 0.7, the elastic analysis with plasticity correction is 
not adequate to correctly model the problem. In this situation complete elas
toplastic analysis must be carried out to solve the problem. 

Plasticity correction is taken into account following Irwin's suggestion, 
simply by increasing the crack length from a to a + r P or from 2a to 2(a + r p). 
Justification for this modification is given in section 4.2. Let us now investi
gate how it affects the stress intensity factor of a Griffith crack. 

Since the modified crack length after plasticity correction is 2a' = 2(a + 
the modified stress intensity factor is 

Substituting equation (4.1) into equation (4.17), 

K 2 = a 2n(a + = u2n [a+ _1 I ~12 
2n L oy5 _, 

(4.18) 
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TABlE 4.1 

Critical Crack Lengths and Plastic Zone Sizes in Different Materials for Applied 
Stress = 50% of Yield Stress 

Material K1, (ksi .Jfn ) Gy5 (ksi) O"uz,(ksi) a, (in.) rP (in.) 

4340 Steel 42 214 264 0.0429 0.0061 
7075-T6Al 30 73 81 0.1882 0.0269 
Maraging steel 82 250 268 0.1199 0.0171 

Equation (4.18) can be used to calculate the critical crack length ac in different 
materials whose critical stress intensity factor Kc is known. 

(4.19) 

If applied stress a = 0} 5 , then equation (4.19) gives 

(4.20) 

From equation (4.20), critical crack lengths for a= 0} 5 in different materials 
can be computed as shown in Table 4.1. 

For more complex expressions of stress intensity factors (SIFs), the modi
fied SIF may not be obtained in dosed form such as the one given in equation 
(4.18). In such situations modified SIF can be obtained through iterative cal
culations, as shown in equation (4.21). The iterative steps shown in equation 
(4.21) generally converge within a few iterations: 

I((O) = f(a(O)) 

l 1 (l((O) )2 
a<1) = a<0) + r?· = a<0) + - --

2n O'ys 

/ )2 , 1 J((l) 
a(2) = a(l) + r/l = a(l) + _:::_ r --

2n l O\s 
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4.5 Failure Modes unde:r Plane Stress 
and Plane Strain Conditions 

4.5.1 Plane Stress Case 

157 

(4.21) 

Equations and (4.8) give principal stress expressions near a crack tip 
for both plane stress and plane strain conditions. Note that under the plane 
stress condition a1 > a2 > a3. Therefore, from Mohr's circle (Figure 4.7a), it is 
clear that the maximum shear stress occurs at a plane that bisects a1 and a 3 

directions, as shovm in Figure 4.7h In Figure 4.7b, o-1 and a2 are shown in 
the xy plane in two mutually perpendicular directions. However, it should 
be noted here that in the xz plane just ahead of the crack tip (8 = 0°), a1 

and a2 coincide with y and x directions, respectively, for the opening mode 
loading. 

We have seen earlier that if it is assumed that the crack propagates in 
the direction perpendicular to the maximum normal stress, then the crack 
should propagate along e = 0° plane. This is true when the material behaves 
like a brittle material. This theory is known as the brittle fracture theory. 

FIGURE 4.7 

"1 
~i--~~ ....... ~~~~-+-~(T 

(a) 

y 

z 

For plane stress condition, (a) Mohr's circle and (b) principal stress directions and maximum 
shear directions near a crack tip. 
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However, when a large plastic zone is formed in front of the crack tip, as in 
the case of the plane stress loading condition, then the material in front of the 
crack tip is ductile, not brittle. This is because plastically deformed materi
als show ductile behavior and are weak in shear. For this reason, under the 
plane stress loading condition the material in front of the crack fails along 
the maximum shear plane. Figure 4.7b clearly shows that the maximum 
shear plane forms an angle with the crack surface therefore, the 
failure plane should make an relative to the crack surface if the ductile 
failure occurs. 

4.5.2 Plane Strain Case 

Poisson's ratio is close to 0.5 in the plastically deformed region. Therefore, 
f l . d" . 2 Ki r<, ~h . th. or p ane strain con 1t10n 0 3 = v ,ffrr; "' ,ffrr; 1 cUS, 1n ,1s case, 
from equations (4.7) and one concludes that 0"1 > a3 > a2 . Mohr's circle 
and the maximum shear direction for the plane strain case are shown in 
Figure 4.8. Therefore, if the plastically deformed zone size is large, resulting 
in ductile failure, then the failure plane should propagate along the maxi
mum shear direction as shovvn in Figure 4.8b. However, under plane strain 
conditions, since the plastic zone size is small, the material exhibits mostly 
brittle failure-that is, the failure occurs not in the maximum shear stress 
direction but in the direction perpendicular to the maximum normal stress, 
as discussed in chapter 2. 

As discussed before, a cracked plate shows ductile failure under the plane 
stress condition and brittle failure under the plane strain condition. There
fore, the failure surface and the crack propagation direction show significant 
difference between plane stress and plane strain situations, as illustrated in 
Figure 4.9. The failure surfaces in Figure 4.9 are presented for the opening 
mode loading for three different plate thicknesses: thin, medium, and thick. 
Note that the stress intensity factor at failure is significantly higher under 
the plane stress condition. To be on the safe side, the critical stress intensity 
factor of a material is defined as the stress intensity factor at failure under 

y 

(a) (b) 

FIGURE 4.8 
For plane strain condition, (a) Mohr's circle and (b) principal stress directions and maximum 
shear directions near a crack tip. 
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FIGURE 4.9 
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Critical stress intensity factor variation with plate thickness (t). Failure surfaces for different 
plate thicknesses are also shown. 

plane strain condition, which is achieved when the plate thickness exceeds 
2.SrcR, where R is the plastic zone size ahead of the crack tip as defined in 
equations (4.4) and (4.13). 

4.6 Dugdale Model 

Dugdale (1960) proposed a simple elastoplastic analysis to compute the extent 
of plastic zone in front of a crack tip. He assumed the plastic zone size to be a 
thin strip BC in front of the crack AB as shown in Figure 4.10a. The material 
in region BC inside the thin strip whose boundary is marked by the dashed 
line in Figure 4.10a is plastically deformed. For the analysis presented next 
the material is assumed to be elastic-perfectly plastic. Then the stress level 

Plastic Zone 

_A _v1/l/z;) C 

I< 
b 

(a) (b) 

F!GURE 4.10 
(a) Dugdale model of plastic zone in front of the crack tip; (b) effect of th<2 plastic zone on the 
elastic material, CYy, is the stress. 
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in the plastic zone should be equal to the yield stress <Jys· The force applied 
by the plastic region on the elastic material should be opposite to what the 
plastic region experiences from the elastic region. Therefore, if the plastic 
region is subjected to a tensile stress of <Yy5, then the plastic region should 
apply a closing stress of the same amount on the elastic material ahead of the 
crack tip B along the elastic-plastic boundary, as shown in Figure 4.10b. If the 
plastically deformed thin zone is now removed and only the elastic part is 
analyzed, then the elastic region will be subjected to additional closing stress 
<Yys, as shown in Figure 4.10b along the removed plastic zone boundary. It 
will also increase the effective crack length by an amount b since the crack 
tip will advance from point B to C. 

One can compute the stress field near the crack tip C at point Q at a distance 
r from the tip (see Figure 4.10b) by adding the contributions of all applied 
loads and those of the closing forces. Therefore, 

(4.22) 

In equation (4.22) K1 is the stress intensity factor for the crack ABC in absence 
of the closing forces and K/ is the stress intensity factor for the crack ABC 
when it is subjected to only the closing stress <Yy5• 

The SIF of a semi-infinite crack subjected to two concentrated forces as 
shown in Figure 4.11 is given by 

K=P /2 Vm (4.23) 

From equation (4.23), the stress intensity factor K/ of equation (4.22) can be 
obtained by simple superposition: 

(4.24) 

p 

_A -~C 

p 

FIGURE 4.11 
A semi-infinite crack in a linear elastic material, subjected to two opening forces P at a distance 
a from the crack tip. 



161 

From equations (4.22) and 
tip C can be obtained: 

the stress at a Q in front of the crack 

v v• K ,-8' 1 1 f "'-r ""-1 r ! IJ ~ I , 
O" = - + r.:-- = ~ - O"ys -/- r.:-- = ~, K1 - Cfvs 

,j 2nr ;J 2rcr '\I 2nr 'J re ,J 2nr ·.J 2nr ~ ' 

However, Q is in the elastic Therefore, the stress at point Q 
must be finite. Therefore, 

Equation (4.26) gives the length of the plastic zone obtained from the Dug-
dale model. Note that the plastic zone size R (equation obtained from the 
r P model, described in section 4.2, and the plastic zone size b (equation 
obtained from the Dugdale model are different but are of the same order. 
It should be noted here that Barenblatt (1962) also solved this problem in a 
slightly different manner. For this reason sometimes this model is called the 
Dugdale-Barenblatt model. 

4.7 Crack Tip Opening Displacement 

v'lhen a plastic zone is formed in front of a crack tip, as shown in Figure 4.10a, 
the original crack tip at point B opens up as the cracked structure is loaded. This 
opening displacement of the crack tip is called the crack tip opening displace
ment (CTOD), Failure of the structure can be predicted from the CTOD value; 
when the CTOD reaches a critical value CTODc, the crack starts to propagate. 

In Figure 4.10b the opening displacement at point B can be estimated in 
the following manner. Considering the crack tip at point C, the displacement 
at point B due to external loads can be computed from equation (2.48) after 
substituting r = b and e = ±n: 

CTOD(1l = 2 Kr Ji; 
2µ.J2n 

Substituting K 1 from equation (4.26) in the preceding equation, 

+ l) = 20"y5 (1 + v)Ji; 
E5 

+ l) {8b = 4Gysb (l + 
· ~ n nE 

(4.27) 

+ 
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However1 true CTOD at point B is smaller than CTOD(1l because the dos
ing stresses shown in Figure 4.10b to reduce the opening displacement at 
point B. A pure elastic analysis in absence of the plastically deformed materi
als in region BC sandwiched in between the closing stresses predicts a clos
ing displacement CTOD(2l (due to closing stresses only) at point B to 
negative of CTOD(1), as shown: 

CTOD(2l = -2 Jb 
2µ5 

b ff * 2(l+v)Jb ,. 2 
+ l)f dK 1 = - J2ii (1 + K)j Clys -da 

E 2n na 
0 

£ b £ ~-~ 
=- 2ay5(1+v)-vb (l+K)J,. d/;; =- 2ays"ib (l+v)(l+K)[2-Ja]g 

nE "a nE 

_ 4a y5b (l )(1 ---- +V;.1+ 
nE 

0 

In equation (4.29) the negative sign implies the closing force. Note that 
the magnitude of CTOD(2) is reduced when the plastically deformed mate
rial is introduced in region BC, as shown in Figure 4.10a. In presence of 
the plastically deformed material, the closing stresses cannot move the 
crack surfaces inward freely. After incorporating all these factors, one can 
show that the true CTOD point B of Figure 4.10a) predicted by Dugdale 
model is 

( )

2 
2a b 2a n K 

CTOD = _rr__ (1 + v)(l + K) =_fl_~ _I (1 + v)(l + K") 
nE nE 8 ay5 

(4.30) 
(1 + v)(l + K") Kf- aKf 

4 Ea ys Ea Ys 

where a = 1 for plane stress problems and a = 1 - v2 for plane strain 
problems. 

From equation (4.30) it is easy to see that CTOD is related to the stress 
intensity factor as well as the strain energy release rate in the 
manner: 

(XK ? r. 
CTO D = ~· -1- = __'::___ 

EGy5 CJy5 

For more elaborate discussion on CTOD1 readers are referred to Burdekin 
and Stone (1966). 
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The crack tip opening displacement from the rP model of plasticity can be 
computed in the same manner, substituting r = rP and () = ±n in equation (2.48): 

K1,{r; 2K1,{r; 
CTOD = 2 .Jir (1C + 1) = -/ii (1 + v)(l + 1C) 

2µ 2n E 2n 

= 2~ (1 + v)(l + 1C) ~ ( K1 ) (4.32) 
E-.J27r -.J21t" CTy5 

= (1 + v)(l + 1C) ( Kl ) = _! (1 + v)(l + 1C) Kl = _! aKl 4 G 
nE CTys n 4 ECTys n Ecry5 n CTys 

CTOD and the plastic zone size for in-plane problems (from both the r P model 
and the Dugdale model) and out-of-plane problems are given in Table 4.2. 

So far we have seen that the crack propagation can be predicted by comparing 
the stress intensity factor (K), the strain energy release rate (G), and the crack tip 
opening displacement (CTOD) with their critical values Kc, Ge, and CTODc, respec
tively. Relations between these three parameters are given in Table 4.2. Other 
parameters as listed below are also used for predicting the crack propagation: 

critical stress intensity factor, Kc 

critical strain energy release rate, Ge 

critical crack tip opening displacement, CTODc 

critical plastic zone size, Re 
critical strain intensity factor, K/train 

critical J-integral value, le 

Most of these parameters work very well in brittle fracture theory, when 
the plastic zone size is small (for cr~s < 0.5) and work reasonably well when 
it is not too large (for 0.7 > --f- > 0.5)· However, for ductile fracture condi
tion (for cr~s > 0.7), many of the preceding parameters often do not work 

TABLE 4.2 

Plastic Zone Size and the Crack Tip Opening Displacement for In-Plane 
and Antiplane Problems 

rP Model Dugdale Model Antiplane Problems 

Plastic zone size 

CTOD _! aKy =_!_Q_ aKy =_Q_ 
;r: E<Jys ;r: <Iys E<Iys <Iys 
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well to predict the failure. Note that under brittle fracture and ductile 
fracture conditions, the failure modes that give rise to different failure 
surfaces and crack propagation directions under these two conditions are 
different, as illustrated in Figure 4.9. Therefore, it is not uncommon to con
sider different parameters as the governing or critical parameters for pre
dicting the crack propagation under brittle fracture and ductile fracture 
conditions. 

It should be also noted here that when the material in front of the crack tip 
is plastically deformed, the strain at the crack tip can be unbounded for finite 
stress value if the material shows elastic-perfectly plastic behavior. From this 
singular strain field, a strain intensity factor can be defined and its critical 
value can be used as a parameter for predicting the crack propagation. The 
J-integral will be discussed in the next chapter. 

4.8 Experimental Determination of Kc 

To obtain Kc for brittle fracture theory one needs to make sure that the 
failure occurs under a plane strain condition that produces a relatively 
small plastic zone and a smaller value of Kc compared, to the Kc value under 
the plane stress condition (see Figure 4.9). If the specimen thickness is not 
large enough to produce the plane strain condition, then the specimen 
fails under the plane stress condition and the Kc value is overpredicted 
for the brittle fracture theory. The experiment should be conducted on a 
crack with a sharp flat front and the crack should propagate at a stress 
level that is not too close to the yield stress. All these constraints should be 
satisfied if the experiment is conducted following the ASTM guidelines as 
described next. 

4.8.1 Compact Tension Specimen 

The diagram of the compact tension specimen with all its dimensions is shown 
in Figure 4.12. To ensure the plane strain failure and correct Kc measurement, 
the following constraint conditions must be satisfied according to ASTM: 

w w 
-:5,B:5,-
4 2 

0.4SW ::; a ::; O.SSW 

a, B:?: 2.S,rR = 2.s( Kc y 
<Yys) 

A step-by-step testing procedure is given next. 

(4.33) 
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FIGURl:4.12 
Compact tension specimen. 

4.8.1.1 Step 1: Crack formation 

Cut or machine a notch (or blunt crack of finite thickness) in the pat
tern shown in Figure 4.13a. 

(2) Apply fatigue loading to grow a sharp fatigue crack from the 
machined notch as shown in Figure 4.13b. During this crack growth 
process, the crack front should be almost straight and 

(4.34) 

Of course there is no guarantee that the preceding two constraint conditions 
(crack front being straight and satisfaction of equation 4.34) are satisfied dur
ing the fatigue crack formation process. We will check later if these condi
tions are satisfied. 

(,)~;!< 
Machined Surface 

(b) 

Fatigue Crack 

FIGURE 4.13 
(a) Shape of the machined notch and (b) the fatigue crack developed from the machined notch. 
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p 

p Failure Point 

Clip Gage 

p 

(a) (b) 

FIGURE 4.14 
(a) Loading of compact tension specimen; (b) P-/'i curve obtained experimentally by loading 
the specimen to failure. 

4.8.1.2 Step 2: Loading the Specimen 

Load the specimen as shown in Figure 4.14a. Measure the applied load (P) 
and the crack opening displacement (.6.). The crack opening displacement can 
be measured by a clip gage as shown in the Figure. The P-.6. curve shows a 
linear behavior in the beginning and then it becomes nonlinear before fail
ure. At this step the constraint condition that must be satisfied is that the 
nonlinear region in the P-.6. curve should be relatively small. If it shows a 
large nonlinear behavior before failure, then that is an indication of a large, 
plastically deformed zone developed during the plane stress failure. In that 
case specimen thickness must be increased and steps 1 and 2 will have to be 
carried out again. 

4.8.1.3 Step 3: Checking Crack Geometry in the Failed Specimen 

Observing the surface finish of the failed specimen, identify the crack front 
of the fatigue crack that was present before the monotonically increasing 
load P was applied in step 2. Note that the surface finish of the fatigue crack 
is different from the surface finish of the crack formed during the unstable 
crack growth under monotonically increasing load P: 

(1) Measure crack lengths a1, a2, and a3 along the thickness of the plate at 
B/4 intervals as shown in Figure 4.15. Also measure the crack lengths 
a51 and a52 along the two surfaces of the plate. 

(2) Compute the average crack length aav = t (a1 + a2 + a3 ). 

(3) Make sure that the following constraint conditions are satisfied: 

(a) lai - aavl s 0.0Saav· 

(b) lasi - a.vi s O.laav, i = 1, 2. 
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a., ., 
1, 

a2i, 
a3i '/ 

i, I 
I a SI 

Crack Front 

FIGURE 4.15 
(a) Failure surface of the compact tension specimen. 

(c) All parts of the crack front must be at a minimum distance of 
0.05aav or 1.3 mm, whichever is smaller, from the machined 
notch. 

If any of the preceding three constraint conditions are violated, then steps 1, 
2, and 3 will have to be carried out with a new specimen. 

4.8.1.4 Step 4: Computation of Stress Intensity Factor at Failure 

The SIF at failure (KF) can be computed from the failure load PF using the 
following formula: 

K - ___!i_ f (!!._) 
F - B.Jw w (4.35) 

where 

1 3 5 7 9 

f(; )=29.6(; )2-185.s(; )2 +655.7(; )2-1017.o(; )2 +638.9(; )2 

(4.36) 

Equation (4.36) is valid only in the region 0.45 s w s 0.55. For this reason 
the second constraint condition of equation (4.33) is necessary. Variation of the 
function f ( w) in this range is shown in Figure 4.16. Clearly, for 0.45 s w :<:::; 0.55, 
the function value variation is given by 8.34 s f ( w) s 11.26. 

Srawley (1976) proposed an alternate expression for the function f ( w) 
of equation (4.35). Srawley's expression is given in equation (4.37). It covers 
a wider range: 0.2 s w s 1. In this range the maximum error of the stress 
intensity factor obtained from equation (4.37) is less than 0.5%: 

(!!._) = (2 + w )[ 0.886 + 4.64( w )-13.32( w )2 + 14.72( w )3 - 5.6( w )4 J 
f W ~ (4.37) 

(1- w )2 
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Variation of the function given in equation (4.36). 

4.8.1.5 Step 5: final Check 

0.55 

KF computed in step 4 is the critical stress intensity factor Kc of the specimen 
material if the following two constraint conditions are satisfied: 

(1) aav, B ?_ 2.5(;;5 )2 

(2) During the fatigue crack growth described in step 1, the maximum 
stress intensity factor did not exceed 60% of the stress intensity fac
tor at failure, or Kmaxlfatigue :S: 0.60KF. 

If the preceding two conditions are satisfied, then KF = KC" If these condi
tions or the conditions stated in step 3 are not satisfied, then consider the I<F 
obtained in step 4 as the first estimate of Kc and design a new specimen sat
isfying the constraint conditions stated in equation (4.33). Then repeat steps 
1-5 to obtain Kc. 

4.8.2 Three-Point Bend Specimen 

The diagram of the three-point bend specimen with all its dimensions is shown 
in Figure 4.17. To ensure plane strain failure and correct Kc measurement, the 
following constraint conditions must be satisfied according to ASTM: 

w w 
-:s:B:s:-
4 2 

0.45W :s: a s 0.55W 

( "/ 
a, B ?_ 2.5nR = 2.Sl Kc I 

O"ys) 

(4.38) 
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FIGURE 4.17 
Three-point bend specimen. 

Steps 1-3 for the three-point bend specimen are identical to the corre
sponding steps for the compact tension specimen described in sections 
4.8.1.1-4.8.1.3 and are not repeated here. Step 4, which involves the SIP calcu
lation at the failure load, differs from section 4.8.1.4 because the KF formula 
for the bend specimen is different from equation (4.35): 

K - PpS f (!!:_) 
F - BW3/2 w (4.39) 

where 

1 3 5 7 9 

f(; )= 2.9(; Y-4.6(; y +21.8(; Y-37.6(; y +38.7(; y (4.40) 

Equation (4.40) is valid only in the region 0.45 ~ w ~ 0.55. For this reason 
the second constraint condition of equation (4.38) is necessary. Variation of the 
function f(w) in thisrangeisshowninFigure 4.18.Clearly,for 0.45 ~ w ~ 0.55, 
the function value variation is given by 2.28 ~ f( w) ~ 3.15-

Srawley (1976) proposed an alternate expression for the function f ( w) of 
equation (4.39). Srawley's expression is given in equation (4.41). It covers the 
entire range of w. In this range the maximum error of the stress intensity 
factor obtained from equations (4.39) and (4.41) is less than 0.5%: 

(!!:_) = 3'J"w[ 1.99-( w )(1- w )(2.15-3.93 w + 2.7 ;2 )] 
f · 3 

w 2(1+2w)(1-wF 

(4.41) 

Step 5, described in section 4.8.1.5, is then repeated to obtain the crucial stress 
intensity factor Kc for the specimen material. 
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FIGURE 4.18 
Variation of the function given in equation (4.40). 

4.8.3 Practical Examples 

Let us investigate what size of specimen is needed to test 7075 aluminum 
and reactor steel A533B. 

4.83.1 7075 Aluminum 

For 7075 aluminum, = 27 kip-in.-312, CJys = 79 ksi; :. 2.5nR = 2.5(~~)2 = 0.29". 
Therefore, different dimensions (a, B, etc.) of the specimen should be greater 
than 0.29 in. This condition is easy to satisfy. 

4.8.3.2 A533B Reactor Steel 

For reactor steel Kc= 180 kip-in.-312, CJy5 = 50 ksi; :. 2.5n:R = 2.sn,si)2 = 32.4". 
Therefore, different dimensions B, etc.) of the specimen should be greater 
than 32.4 in. This condition is not easy to satisfy for either compact tension 
specimen or three-point bend specimen, as illustrated next. 

4.8.3.2.1 Compact Tension Specimen 

Let us take B = 33 in. (Note that B must be greater than 32.4 in.) Then, 
W = 2B = 66 in.: 

:. ; = 0.5; f (;) ""10 

From equation (4.35), 

K _ PF '( 1 )- lOPF 
F - B.JW J W - 33./66 

180 X 33./6(; 4 8 106 d 
10 = . x poun s 

This failure load is too high. 
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4.8.3.2.2 Three-Point Bend 

Let us take B = 33 in. 
66 in., S ""4W = 132". 

that B must be greater than 32.4 in.) Then W = 2B = 

a ( a \ :. vv = 0.5; gi ~-)i"" 2.75 "w 
From equation (4.39), 

K = PFS ( -3__] = PF x 264 x 2.75 
F BW312 g \ w) 33 X 66./66 

. p _ 180 X 33./66 _ 4 L1 1QG d 
•• F - 4x2.75 - .~x poun s 

This failure load is too high. 

4.9 Concluding Remarks 

A complete analysis of fracture mechanics problems after ignoring the theory 
of plasticity is not possible because some plastic deformation always occurs 
near the crack tip. Whether the effect of this plastic deformation is negligible 
or not is discussed in this chapter. When it is negligible, the straightforward 
application of the linear elastic fracture mechanics analysis is per
mitted. When the plastic zone size is small but not necessarily negligible, 
LEFM analysis with some corrections for plastic deformation gives good 
results also. However, when the plastically deformed region is large, LEFM 
no longer works and complete elastoplastic analysis must be carried out. This 
chapter discussed what parameters and criteria decide whether the plastic 
zone size is (1) negligibly small so that straightforward LEFM is applicable; 

not negligible but still small, which requires LEFM analysis with 
ity correction factor; or (3) large, for which complete elastoplastic analysis is 
required. 

In chapter 1 the background knowledge on the of elasticity that is 
necessary to understand the linear elastic fracture mechanics was presented. 
However, no fundamental knowledge on the of plasticity, such as the 
derivation of Von Mises and Tresca's criteria, used here was in 
chapter 1. Readers who lack the fundamental knowledge on 
referred to basic text books on the of plasticity (Hill 
1968). 
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Exercise Problems 

Problem 4.1: 

(a) Using Tresca yield criterion, determine rp(8) (first estimate of the 
plastic zone in front of the crack tip for mode I loading) for a state 
of plane stress and plane strain (Poisson's ratio, u = 0.3). 

(b) Plot rp(8) for the case of plane stress in front of the crack tip show
ing the plastic zone shape. 

(c) Determine the ratio of rp(O) for plane stress to that for plane 
strain. 

Problem 4.2: Assume a center-cracked tensile specimen as shown in 
Figure 4.19 and let the crack tip stress intensity factor be given by 

w 

FIGURE 4.19 



Effect of Plasticity 173 

K 2 = a 2nasec( ';:) 

Assume a= W/4. If rP = R/2 = a/10, then find the ratio of the average net 
section stress O"N [aN = aW/(W-2a)] to the yield stress O"ys (a) ignor
ing plasticity correction and (b) considering plasticity correction. 

Problem 4.3: A specimen is being tested to determine Kc- Unfortunately 
the recorder broke during the test and nobody noticed, so the value 
of the load was not recorded. However, just prior to failure it was 
estimated (from the dimple location) that the plastic zone size ahead 
of the crack tip was about R = 0.2 in. If O"ys is 50 ksi, give an estimate 
of Kc based on (a) rP model and (b) Dugdale model. 
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5.1 Introduction 

An integral expression proposed by James R. Rice (1968) can compute the 
strain energy release rate for a cracked elastic solid in a different and simpler 
manner. This integral, named after its inventor, is known as the J-integral. 
The J-integral value also helps one to predict when a crack should propagate, 
as discussed in this chapter. 

5.2 Derivation of J-Integral 

Consider a cracked plate of thickness t containing a crack. An area A with 
boundary S contains the crack tip as shown in Figure 5.1. If the control vol
ume of Figure 5.1 experiences a surface traction T along the boundary S and 
no body force, then the potential energy in the control volume is given by 

n = r f UdA - J T · u dS 1 t = js UdA - f T;u;dS} t 
lA S J A S ) 

(5.1) 

In equation (5.1) U is the strain energy density and u is the displacement 
vector. If the crack is extended by an amount 6.a, then the potential energy 
in the control volume should change because both integrands of equation 

would change. If the potential energy in the control volume is denoted 
as n1 before the crack extension and as Il2 after the crack extension, then the 
potential energy release rate can be written as 

(5.2) 

Note that for a crack in an infinite plate the potential energies n1 and 
Il2 can be computed by extending the crack toward the right, as shown in 
Figure 5.2a, or keeping the crack length fixed but moving the control volume 
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FIGURE SJ 
Control volume with area A and 5 contains a crack tip. 

toward the left by the same amount, as shown in Figure 5.2b. In Figure 5.2b, 
boundary SJ (marked the solid line) and 52 (marked the dashed 
are the same boundary after it is shifted toward the left by amount /1,a. A 1 and 
A 2 are areas enclosed boundaries SJ and respectively. 

From equation (5.2) and Figure 5.2b it is possible to write 

an 
oA 

FIGURE 5.2 

UdA-f 

(a) 

( if J~ -1 UdA-
\ A1 S1 

(b) 

t 

(5.3) 

Crack extending toward the right (a), and the control volume moving toward the left (b); should 
have the same effect in computing the expression of equation (5.2). 
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In the limiting case /j,a approaching zero, one can assume that the displace
ment field u; is varying linearly between boundaries 51 and 52• Note that over 
small regions the displacement field can always be assumed to be varying 
linearly, even for nonlinear displacement fields, as long as there is no jump 
in the displacement field between 51 and 52• For linear displacement fields, 
the strain, stress, and traction fields should be constant. Therefore, equation 
(5.3) can be written as 

- arr= lim J_{ f UdA+JTuds-fTuds} aA Aa ~ 0 Aa 1 1 1 1 

A1-A2 52 S1 
(5.4) 

= lim J_{ f UdA-JT(u(1l-u(2l)as} 
Aa~OAa 1 1 1 

A1-A2 S 

In Figure 5.3 one can clearly see that the two boundaries 51 and 52 are sepa
rated by a horizontal distance /j,a; therefore, the displacement fields on these 
two boundaries are related in the following manner: 

(5.5) 

From equations (5.4) and (5.5), 

_arr= lim J_{ f UdA-f T (u(1l -u(2l)as} 
dA Aa ~ 0 Aa 1 1 1 

A1-A2 S 

(5.6) 

FIGURE 5.3 
Two boundaries 51 and 52 separated by a horizontal distance /'J.a. 
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one can dearly see that the elemental area dA = !ia · Sub-
it in equation (5.6), 

( 

an lim 1 r f ~ Ju 
--= -1 UdA-J T-1 !lads aA .!}.a-+ 0 L1a 1 

!11-/12 5 

( 

_ lim ~JJ 
- .!}.a----+ 0 Ila l 5 

I"' di/ l -J T; - 1 !-,,adS i 
s J 

=f dS= f 
5 s 

Integral expression of 
ary S. 

(5.7) is known as the J-integral over bound-

From the preceding derivation it is clear for an elastic solid, the J-inte-
gral is another way of expressing the potential energy release rate. 

5.3 J-Integral over a Closed Loop 

Note that the line S of Figure 5.1 is not a closed because of the presence 
of the crack. Two ends of line S meet the and bottom surfaces of the crack 
In absence of a crack when two ends of line meet, as shown in Figure 5.4, a 
closed loop is formed. We are interested in computing the J-integral over 
such a closed loop. 

s 

A 

FIGURE 5.4 
Closed loop S on which is to be computed. 



179 

In Figure 5.3 it is easy to see that 

Therefore, 

equation 

J = f (udx 2 - T; ~1
i dS I) = f ( 

J OX1 J \ 
S 5 

=f 
s 

=J 
s 

Applying Green's 

J 
s 

into equation the line 
area integral as shown: 

111 = cos8 = 
dS 

nc = sin8= -
L dS 

into equation 

dS-T dUz dC: i 
2 V i 

) 

( 
dS -1 0'21 - Vzz 

\ dS 

+ ( v,2 d.x + vzz 
\ l 

} 

+ )= f ( aN _ aMJ 
A\ 

of equation (5.11) can be converted to the 

-0'21 
i 
) 

~ 
J 
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Note that the strain energy density U can be expressed in terms of strain 
components. For two-dimensional problems, 

(5.14) 

Applying the chain rule, 

(5.15) 

In equation (5.15) we have used the relation O";j = !~ . This relation is true for 
elastic material only. Therefore, the region A bounded by S must be elastic 
for the preceding equation to be applicable. 

= J { 0"11 U1,11 + 0"22U2,21 + 0"12U1,21 + 0"12U2,11 - 0"11U1,11- 0"11,1 U1,1- 0"21U2,11 

A 

= J {-a 11,l U1,1 - (J" 21,1 U2,1 - (J" 12,2 U1,1 - (J" 22,2 U2,1 } 

A 

= J {-u1,1 ( 0"11,1 + 0"12,2 )- U2,1 ( 0"21,1 + 0"22,2)} = 0 
A 

(5.16) 

In equation (5.16) the equilibrium equation in two dimensions in absence 
of any body force has been used. From the derivation presented previously, 
one can conclude that the J-integral value over a closed loop is zero if the 
region inside the loop is elastic and has zero body force. 

5.4 Path Independence of J-Integral 

In the previous section it has been shown that the J-integral value over any 
closed loop is zero as long as the region inside the closed loop is elastic and 
does not have any body force. This property of J-integral can be used to prove 
that its value should be the same on different paths 51, 52, and 53 shown in 
Figure 5.5. 
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FIGURE 5.5 
Three different contours for J-integral should give the same J-integral value. 

To prove the path independence of J-integral, let us consider the J-integral 
contour as shown in Figure 5.6. Let the total path S be the union of four paths 
51, 52, 53, and 54 (5 = 51 U 52 U 53 U 54). Directions of integration in the four seg
ments are shown by the arrows in the Figure. Note that 5 is a closed contour 
and the material inside the contour is elastic, although a plastically deformed 
region may exist in front of the crack tip, as shown in Figure 5.6. Therefore, 

(5.17) 

Note that J3 and J4 must be zero because on paths 53 and 54 the traction 
T; = 0 and dx2 = 0. Therefore, both terms of J-integral given in equation 5.8 are 
zero on these two paths. Substituting these zero values in equation (5.17): 

(5.18) 

Note that the integration direction is counterclockwise on path 51 and clock
wise on path 52• If both integrals are carried out in the same direction, then 
!1 = J2, 

The main advantage of the path independence property of the J-integral is 
that it can be computed by choosing a path of our liking. For example, instead 

FIGURE 5.6 
J-integral contour 5 = 51 U 53 U 52 U 54. Plastic zone shape ahead of the crack tip is shown by 
the gray region. 
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of the path very close to the crack where it is difficult to LUH,.,u,,~ 

the stress and displacement fields accurately because of the stress 
ties or the presence of the zone near the crack it is now ,,,v,~,n,uH:: 

take the the boundary lines of 
and strain energy can be computed 

5.5 J-Integral for Dugdale Model 

Let us now compute the J-integral on a path surrounding the plastic zone pre
dicted the Dugdale plasticity model. The J-integral is carried out on path 
S (=S- u S+) as shown in Figure 5.7. Note that the property 
of the J-integral is valid as long as the material between two J-integral paths 
is elastic. 

Since the material enclosed by the J-integral path shown in Figure 5.7 is not 
elastic, the concept of the elastic strain energy release rate (G) does not exist 
here. Thus, in this case we cannot say that I = G. However, it is still possible to 
compute the J-integral value for this problem geometry and equate it to another 
important parameter, the crack opening displacement (CTOD), as shown: 

J= -T; au; asJ = J 
s-

-T; 

From Figure 5.8 it is clear that, on the lower 
and, on the upper path T2 = C'iys, dS = dx1; on both 
equation (5.19) can be written as 

b ( -

J = fl U X O - 7;- dil; 

0 

1, 
\ \ . dlli j+J I 

ch:1 ) 
0 

1 b ( \ r- f -Clys j 
0 

s+ s 

FIGURE 5.7 
contour around the zone 

,, 
rne 

dS I 
) 

= -ay5, dS = 
= 0. Therefore, 

n1odel. 
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FIGURE 5.8 
Traction fields above and below the plastic zone for the Dugdale model. 

(5.20) 

= CYys [ U2 - ur ]~ = -CYys [ur - U2 ]~ = -CYys(O- CTOD) = CYys x CTOD 

In equation (5.20), CTOD = [u! - u21x1=o = crack tip opening displacement. At 
the end of the plastic zone, at X 1 = b, [u! - U2 Jx1=b = 0. 

Therefore, we see that for the Dugdale model one can calculate the crack tip 
opening displacement simply by dividing the J-integral value by the yield stress 
(CTys) of the material. Therefore, the J-integral value is the strain energy release 
rate as well as the crack tip opening displacement multiplied by the yield stress 
of the material. Clearly, for a material, if there is a critical value of strain energy 
release rate (GJ that governs the crack propagation, then there must be a criti
cal value for the J-integral (Jc), as well as a critical value of the crack tip opening 
displacement (CTODc) governing the crack propagation phenomenon. 

5.6 Experimental Evaluation of Critical J-Integral Value, le 
Since the J-integral is related to the strain-energy release rate and crack tip 
opening displacement-the two parameters that can be experimentally 
evaluated-it is possible to evaluate the J-integral value at failure or the criti
cal J-integral value (le) experimentally. Begely and Landis (1972) described 
the experimental evaluation technique for critical J-integral. The test speci
men needed for this experiment is shown in Figure 5.9. 

If the force P versus the displacement l'1 is plotted, then for small values of 
P, the curve should show a linear variation and for larger values of Pit should 
show a nonlinear variation, as shown in Figure 5.10. If the crack length a of 
Figure 5.9 is then changed to a + /1.a, then the P-1'1 curve of Figure 5.10 should 
also change, showing a greater displacement l'1 for the same value of P, as 
shown in Figure 5.11. 

For the fixed force or fixed grip loading, the strain energy stored in the 
specimen can be obtained from Figure 5.12, drawn in the linear region. Note 

I. 
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p 

i 
i 

! I I 

~~· ======~~~~ 
T 

1 
p 

FIGURE 5.9 
A double cantilever subjected to two opening forces P a crack ti. 

that the strain energy stored in the specimen with crack length a for 
load is the triangular area OAC. For another specimen with crack length 
a + for the same load the strain energy stored in the specimen 
is the area OBD. Therefore, for the fixed force the 
increase in the strain energy as the crack increases from a to a + is 
equal to the area OAB. Note that both the height and the base 

of triangle OAB are proportional to displacement /'J.. 
the area of OAB is to 6.2: 

(5.21) 

where k of equation (5.21) is the proportionality constant. 
Instead of a fixed force condition, if a fixed grip condition is maintained 

and the displacement is kept constant at OC, then the load will decrease 
from AC to LC, in a decrease in the strain energy in the 
material from area OAC to area OLC Therefore, the strain energy released 
in the process is equal to the area AOL. Note that in this case also the base 
AL and height OC of the triangle AOL are proportional to displacement /'J.. 

flGURE 5.Hl 
Force (P) versus d1E:pl2tce1ne1r1t (Li) curve for the doub1e cantiJever speciE1en_ shown in 

5.9. 
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FIGURE 5.11 
Force (P) versus displacement (!'i) curve for the double cantilever specimen shown in Figure 5.9 for 
two different crack lengths. Dashed vertical line separates the linear and nonlinear regions. 

Therefore, the area of triangle AOL is proportional to /1,2: 

J = G = _ dU = _!_ X AL X oc = kt,,2 
dA tt,,a 2 

(5.22) 

where k of equation (5.22) is the proportionality constant. 
If the strain energy release rate is now computed in the nonlinear range 

of the P-/1,. curve (Figure 5.11), then one needs to refer to Figure 5.13, instead 
of Figure 5.12, to obtain the strain energy release rate as the crack length is 
increased from a to a + tia under fixed grip conditions. The shaded area of 
Figure 5.13 represents the strain energy released as the crack length is 
extended. From this figure it is clear that the shaded area increases propor
tional to the crack opening displacement ti. Therefore, the J-integral value in 

0 CD /'i 

FIGURE 5.12 
Force (/'i) relation in the linear range for the double cantilever specimen 
shown in Figun~ 5.9 for two different crack lengths. 
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A 

0 

FIGURE 5.B 
Force (P)-displacement (l'i) relation for the double cantilever specimen shown in Figure 5.9 for 
two different crack lengths. 

the nonlinear range should be proportional to /1, or 

J = G = - -~Y- = - 1- x (Shaded area of Figure 5.13) = k!J. 
dA Ma 

where k of equation (5.23) is the proportionality constant. 
From equations (5.22), and (5.23) one can see that J increases nonlin-

early for small values of the crack opening displacement (ti) and it increases 
linearly for large values of /J.. Therefore, the J-/'i curve obtained experimen

should have the shape shown in Figure 5.14. 
From double cantilever specimens of different crack lengths (or, alternately, 

taking one specimen and gradually increasing its crack P-/'i curves 
are generated for identical specimens with various crack lengths, as shown 
in Figure 5.15. 

To obtain the critical J-integral value one needs to take a number of 
double cantilever specimens with different crack and break the spec-
imens while recording the crack opening displacement see Figure at 
failure or as the crack starts to propagate. From Figure 5.15 the J values at 

I 
FIGURE 5.14 
J-6 variation for the double cantilever specirnen shown in 5.9. 
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FIGURE 5.15 
J-1', variations for the double cantilever specimens shown in Figure 5.9 for different crack lengths. 

failure can be obtained. By plotting these J values on J-!J. curves Figure 5.16 
is obtained. Square markers of Figure 5.16 give J and !J. values at failure. Ide
ally, J values at failure should be independent of crack lengths, as shown in 
Figure 5.16. The average of these J values at failure is the critical 
value or le of the material. 

5. 7 Concluding Remarks 

The basic theory of J-integral and the prediction of crack propagation from 
the critical J-integral value are presented in this chapter. The failure predic
tion from the critical J-integral value as discussed in this chapter works well 
when the plastic zone size is small compared to the problem dimensions and 
when the crack is stationary. When a loaded crack starts to propagate, the 
loading-unloading of the material just ahead of the crack may fol
low different stress-strain during loading and unloading. Limitations 

J 

FIGURE 5.16 
Critical f values are marked square markers in the J-1', curves for the double ca:,tilever 
specimens shown in Figure 5.9. 
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O 21 !------·----a/W= 0.59 

0:201- a/W= 0.60 
0.19 a/W= 0.61 

P(MN), 

u (mm) 

FIGURE 5.17 

on the applicability of the J-integral technique in such complex situations are 
not discussed here, but can be found elsewhere (Broek 1997). 
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Exercise Problems 

Problem 5.1: Loading curves (applied load value as a function of the 
downward displacement of the load) for a three-point bending 
specimen are shown in Figure 5.17. Three curves are given for three 
different crack lengths. Give the J-integral value for a/W = 0.6 and 
u = 1 mm. Thickness (t) of the specimen is 20 mm. Give proper unit 
of J. (Hint: J-integral value is equal to the strain energy release 

Problem 5.2: In the 
for the case when 
what will be the 

the expression has been derived 
forces are absent. If forces are 

form of the J-integral? 



Fatigue Crack Growth 

6.1 Introduction 

Under cyclic loadings, pre-existing cracks inside a material may become big
ger and cause catastrophic failure of the structure. Structural failure under 
cyclic loading is also known as fatigue failure. In this chapter crack propaga
tion behavior under cyclic loading or fatigue is studied. Since under fatigue 
a crack can propagate at a stress level well below the critical stress value, this 
crack growth phenomenon is also known as subcritical crack growth. 

6.2 Fatigue Analysis-Mechanics of Materials Approach 

If a body is subjected to an oscillating stress between CJmax and O"min as shown 
in Figure 6.1, then the body might fail even when the applied maximum stress 
(c,ma) is well below the ultimate stress or failure stress. Number of cycles 
(N1) required for failure is a function of the stress difference (S) between the 
maximum and minimum stress levels (S = !10' = CJmax - a-min) and the aver
age stress level crav = "max;o-m,n, as shown in Figure 6.2. Note that there is a 
threshold value of ,!',,a below which the fatigue phenomenon is not observed. 
In other words, when tiCJ value is below the threshold value, then the struc
ture does not fail even when it is subjected to a large number of cycles. This 
threshold value for a given material depends on the surface roughness of the 
body, surrounding environment, and other parameters. 

6.3 Fatigue Analysis-Fracture Mechanics Approach 

The rme>-:,0 n,·µn in this section is based on 
Paris and It should be noted here that when a 
is subjected to an -~'-''"M"'' stress field as shown in Figure 6.1, 

factor also oscillates between and with an 

189 
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-+ 
(J 

Time-+ 

FIGURE 6.1 
Oscillating stress applied to a body. 

average value of Km = Kmean = Kmax;Kmin ' as long as the crack length remains 
constant. However, as the crack starts to propagate, Kmax, Krnin' and Km values 
start to vary with time, even when O"max and crmin values remain unchanged. 

In classical fatigue analyses the number of cycles to failure (N1) is consid
ered to be a function of the stress difference !).er and the average stress level 
O"av· Similarly, in fatigue crack growth analysis, the crack growth rate (crack 
growth per unit cycle of loading) is assumed to be a function of !).K = (Kmax -

K . ) and K = Kmax+Kmin • 
min m 2 · 

~=f(M K) 
dN ' m 

(6.1) 

Typical experimental results on fatigue crack growth, as shown in Figure 6.3, 
justify this assumption. Note that in the log-log scale the crack growth rate 
is linearly dependent on !).K. Therefore, in the log-log scale, equation (6.1) 
should take the following form: 

log(:~ j = logC + nlog(M) (6.2) 

In equation (6.2) log C is the y-intercept of the straight line variation of 
log( f~) against log(M), shown in Figure 6.3, and n is the slope of this 

t 
log(M) 

FIGURE 6.2 
Classical S-N curve (S = f;.a = O"max - amin' N = N1). Note that the number of cycles required for 

failure depends on C;.0" and O"av· 
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experimental results for fatigue crack growth experiments. 
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straight line. It should also be noted here that the slope and the y-intercept 
values depend on the mean stress intensity factor 

From equation (6.2), 

log( _EC/_ 'L log C + n log(L1..K) = C + 
\dN) 

:. _EC/_= C(M)" 
dN 

Note that C and 11. are material properties. For bridge steels, C = 3.4 x 10-10 

and n = 3 when the crack length a is measured in inches and the unit of M( 
is ksi£. 

Let us now apply the preceding crack growth formula to calculate the 
number of cycles required for a circular crack of initial radius a0 to reach a 
final radius a. The stress intensity factor for a circular crack is given by 

2 
K=-cr.fiia 

TC 

Therefore, if this crack is subjected to an oscillating stress field with a stress 
difference of /',(5 between the maximum and minimum stress then the 
variation in the stress intensity factor under the fatigue by 

Substituting 

da 

dN 
_r 
-L 
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(6.7) 

H the final crack radius is equal to the critical crack radius required for 
the crack to propagate, then N is equal to the number of cycles to failure and 
is denoted as NJ. Therefore, 

(6.8) 

In the preceding equation, = C(; Ao-Jira; )11 is the initial crack growth 
rate. Equation (6.7) can also be written in the form similar to the one given 
in equation (6.8): 

1 -"--1 
ao 1· I a0 )2 N- 1- -

- (AcL) (11-111· la 
dN Jo 2 ) 

(6.9) 

'-

Note that from equations and it is possible to evaluate: 

NJ after knowing a0 and ac 

N needed to increase the crack radius to a from an initial crack radius 
of a0 

/113 needed for values of a0 and Nr 
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6.3.1 Numerical hamp!e 

Let a material be subjected to an oscillating stress field between O and f..r3. 
If the material has a circular crack of initial radius a0 = 0.02 in., calculate 
the number of cycles to failure for six different values of c,(J 
3000, ... 6000 psi) if the fracture toughness of the material is 1000 psi-in.112 and 
the constitutive relation for crack propagation for this material is given by 
f~ = 2.4 x 10-24 (M)664 , where unit of !'J.K is psi-in.112. 

Note that, in this case, 

(5. =0 mm 

Therefore, for this material the critical crack radius can be obtained in the 
following manner: 

(6.10) 

Substituting material parameters into equation (6.8), 

-1) 

ao 1 I~ I -2.32 [ ( \ 
232 l 

2.4 X lQ-24 X Ll(J r64 
X 2.32 \. ac j 

For a given value of /'J.(J, equation (6.10) is first used to calculate the criti
cal value of the crack radius and then equation (6.11) is used to calculate the 
number of cycles to failure. Computed values are in Table 6.1. 

6A Fatigue Analysis for Materials Containing Microc:racks 

If the material contains very small cracks or microcracks, then the initial 
radius of the circular cracks in the is much smaller than the 
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TABLE 6.1 

Values of the Critical Crack Radius and the Number of Cycles 
to Failure for Different Values of !1CJ for the Material 
Described in Section 6.3.1 

11.u (psi) a, (inch) (Cydes to Failure) 

1000 0.785 8.46 X 10" 
2000 0.196 8.44 X 104 

3000 0.0873 5.56 X 103 

4000 0.0491 745 
5000 0.0314 126 
6000 0.0218 11 

critical crack radius ac Then equation can be simplified to 

where constant B0 is given by 

Bo=-----· 
C -1) 

11 
1--

a 2 
0 

Equation (6.12) can be rewritten in the following form: 

1 
--Nr = 
Bo · 

1 

... l'.(J=(~} N1r;; =D0(N1 II 

Mechanics 

In the preceding equation, 
one gets 

. Taking log on both sides of equation 

log(L\cr) = 
1 
n 

Equation is in Figure 6.4. Note that 
the slant portion of the S-N curve shown in Figure 6.2. the S-N curve 
of the classical can be from the fracture mechanics 

very small values for the initial crack dimensions. 



Fatigue Crack Growth 195 

t 
log(M) 

FIGURE 6.4 
Plot of equation ( 6.15). 

6.5 Concluding Remarks 

The number of cycles required for failure of a cracked body subjected to a 
certain level of cyclic loading has been derived in this chapter based on a 
relatively simple and popular constitutive law relating the crack growth rate 
and the level of loading. For a more comprehensive discussion on fatigue 
crack growth and the failure phenomenon or for studying other mathemati
cal models for fatigue prediction, readers are referred to the publications 
given in the reference list (Bolotin, 1999; Liu and linno, 1969; McClintock, 
1963; Schijve, 1967; Weertman, 1984). 
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Exercise Problems 

Problem 6.1: (a) A large plate has a small internal crack through the 
thickness. The crack has the initial lengths 2a0 and is normal to 
a remote tension <r0, which pulsates between the two levels <Ymax 
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and crmin· The fatigue crack growth equation for this material is 
given by 

where t.K1 is the threshold stress intensity factor. Prove that the num
ber of cycles required for failure is given by 

Ne= A.ln[(ac -B)(ao + B)J 
(ac + B)(ao - B) 

where A = E4/[2cn(l::icr.l::iK1) 2], B = (l/n)(t.K/1::icr)2, 2ac is the critical 
crack length. 

(b) Express ac in terms of Kc and crmax, crm;n, or t.a, whichever is 
appropriate. 

Problem 6.2: For a pressure vessel steel da/dN = 10-6 in./cycle, when 
t.K = 12 ksi.in.112, and da/dN = 10-4 in./cycle, when t.K = 96 ksi.in.112• 

Assuming that da/dN = C(t.K)n, 

(a) Find the values of C and n. 

(b) If fatigue cycling with constant stress range starts at t.K = 12 ksi. 
in.112 and a = a0 = 0.01 in., how many cycles are required to reach 
a crack growth rate of 10-4 in./cycle for a Griffith crack of length 
2a in an infinite medium? 

(c) If Kc= 1000 ksi.in.112, after how many cycles will the material fail? 
Consider the minimum stress to be zero. 



Stress Intensity Factors for Some 
Practical Crack Geometries 

7.1 Introduction 

In chapter 3, section 3.6, stress intensity factors (SIFs) for different problem 
geometries have been discussed. For most of these problem geometries, the 
crack is assumed to be present in an infinite solid. In other words, stress
free boundaries were not present near the crack tip except for the two crack 
surfaces. In this chapter we introduce some realistic problem geometries in 
which a stress-free boundary in addition to the two crack surfaces may be 
present near the crack tip. Stress intensity factors for some two-dimensional 
and some three-dimensional cracks, such as circular cracks, elliptical cracks, 
and part-through semi-elliptical cracks, are discussed in this chapter. 

7.2 Slit Crack in a Strip 

Figure 7.1 shows a slit crack of length 2a in a strip of width 2b subjected to uni
axial tension CJ. Note that the problem geometry of Figure 7.1 has some simi
larities with collinear cracks in an infinite medium, as shown in Figure 7.2. 
In this Figure the region bounded by two consecutive dashed lines forms a 
strip of width 2b, subjected to uniaxial tension CJ and containing a crack of 
length 2a at the center of the strip. The region bounded two dashed lines in 
Figure 7.2 and the strip geometry of Figure 7.1 are almost identical. The only 
difference is that the boundaries of Figure 7.1 are traction free, O"xx = = 0, 
and the horizontal displacement ux ct O; these two stress the 
horizontal displacement along the dashed lines of Figure 7.2 are given by 

= 0, O"xx * 0, ux = 0. Since the problem geometry is symmetric about any 
dashed line of Figure 7.2, the horizontal displacement and the shear stress 
along these lines must be zero, but the normal stress component is not neces

zero. 

197 
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I ~ I 
2b ' 

FIGURE 7.1 
Slit crack in a strip. 

The SIF for the problem geometry of Figure 72 is given 

K = ~-tan na cr-Jiia r 2b ( )1112 

L na 2b J 

Equation can also be used as the stress intensity factor of the problem 
geometry of Figure 7.1 when the crack tips are not too close to the boundary 
surfaces, when {;- < OS Isida (1955) gave a power series solution for the SIF of 
the geometry of Figure 7.1. This power series solution can be used 
for {;-:::; 0.9. Feddersen (1967) proposed the following solution for the SIF of 
the slit crack in a strip of Figure 7.1: 

r ( 1• 112 

K = 1 sec 1 na I~ a-Jiia 
l "2b) J 

Feddersen's expression has been found to give excellent result, produc
ing an error less than 5% when compared with Isida's power series solution. 
Plots of equations and (7.2) are given in Figure 7.3. 

t 
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\I 

I 
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1 

flGURt 7.2 
Infinite number of collinear cracks in an infinite medium. 
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Normalized stress intensity factors (normalized with respect to the SIF of Griffith crack) for 
problem geometries shown in Figures 7.1 (the higher curve) and 7.2 (the lower curve). 

7.3 Crack Intersecting a Free Surface 

To estimate the SIF of a crack of length a intersecting a free surface and sub
jected to the opening mode loads, as shown in Figure 7.4, one can proceed 
in the following manner. Without knowing the true solution, if one wants to 
estimate the SIF of this problem geometry knowing only the SIF of Griffith 
crack, the first thing one needs to decide is how long a Griffith crack should 
give the same SIF. Should it be a or something different? To answer this ques
tion, it is necessary to compare the problem geometry of Figure 7.4 with the 
two problem geometries given in Figure 7.5. 

Note that the right sides of the dashed lines of Figures 7.S(a) and 7.S(b) look 
identical to the problem geometry of Figure 7.4. However, on the vertical 
free surface of Figure 7.4 the normal and shear stress components are zero, 

f!GURI: 7.4 
Crack intersecting a free surface. 



200 Fundamentals of Fracture Mechanics 

FIGURE 7.5 
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Griffith cracks of length a (left figure) and 2a (right figure) subjected to the opening mode 
loadings. 

<Yxx = <Yxy = 0, while neither of these two stress components is zero along 
the dashed line of Figure 7.5a. In fact, these stresses become infinity on the 
dashed line when it goes through the crack tip. Therefore, problem geom
etries shown in Figures 7.4 and 7.5a are completely different. Figure 7.5b, on 
the other hand, is symmetric about the dashed line; therefore, the shear stress 
component must be zero along this line, but this is not true for the normal 
stress component. Therefore, on the dashed line of Figure 7.5b, <Yxy = 0, <Yxx t= 0. 
However, the nonzero normal stress component is not infinity anywhere on 
the dashed line since this line is not going through the crack tip. Therefore, 
the problem geometries of Figures 7.5b and 7.4 are very similar (although not 
identical) since the stress fields along the vertical boundary of Figure 7.4 are 
not identical to those along the dashed line of Figure 7.5b. Then, one can con
clude that the SIF of Figure 7.4 should be close to that of Figure 7.5b, but not 
identical. It can be shown that the SIF for the problem geometry of Figure 7.4 
is given by (Paris and Sih, 1965) 

K = 1.122a Jia (7.3) 

Note that the difference between the SIF of Figures 7.4 and 7.5b is 12.2%. 
Thus, one can say that a free surface increases the SIF by about 12%. This is 
the reason why a brittle material containing a large number of microcracks 
when loaded shows first signs of failure on the surface. This phenomenon is 
commonly known as the surface effect. 

7.4 Strip with a Crack on Its One Boundary 

For the problem geometry shown in Figure 7.6, the SIF is given by 

(7.4) 
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FIGURE 7.6 
Crack on one side of a strip. 

where 

a ( ( j ( J' 2 ( )3 ( )4 j 1 1 a a a a, r = --h.99 - o.41- I - + 18.7 - - 38.48 -;:-- + 53.85 ! --: r lirl "w w \w \VV; 

Gamma of equations and (7.5) is sometimes called the normalizing fac
tor or normalized stress intensity factor, where it is implied that the SIF is 
normalized with respect to the SIF of a Griffith crack of crack length 2a. 

7.5 Strip with Two Collinear Identical Cracks 
on Its Two Boundaries 

The SIF for the problem geometry of Figure 7.7 can be expressed as 
in equation where the normalized stress intensity factor y is given 

FIGURE 7.7 
Two identical collinear cracks on two boundaries of a strip. 



202 Fundamentals Mechanics 

1 I ( a 1 r q 12 ( a ''13 l 
y = _-_· p.99 + 0.761 ~ 1- 8.481 __::__ I + 27.36, --;- I ~ 

Jii l \.W; \.WJ \WJ J 

7.6 Two Half Planes Connected over a Finite Region Forming 
Two Semi-infinite Cracks a Full Space 

The SIF for the problem geometry of Figure 7.8 is given 

Equation 

where 

f!GURI: 7.8 

can be written in a different form as 

2 
y=-, 

TC 

- p 
CY= --

2b 

p 

t 

2b 

! 
p 

Tvvo identical collinear ser:n-1-infinite cracks in a full space. 

\ 
) 

(7.9) 
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7.7 Two Cracks Radiating Out a Circular Hole 

The problem geometry is shown in Figure 7.9. The exact solution of this 
lem has been given Bowie (1956). In this section the solution 
to this problem is presented without using the exact solution. 

Note that for crack length much greater than the hole radius, a>> two 
cracks with the circular hole behaves like a Griffith crack of length + 
since the hole at the center of the crack is far away from the crack tip. There-
fore, the stress factor in this case is given 

K= 

where 

(1 ' Jl._) \ TR 

Ji 
When the crack length is much smaller than the hole the crack 

should behave almost like a crack of length a intersecting a free surface, as 
discussed in section 7.3. However, due to the stress concentration around the 
circular hole, the circumferential stress a88 around the circular hole should 
be 2a under biaxial state of stress, as shown in Figure 7.9. Considering addi
tional 12.2% increase of the stress intensity factor due to the presence of the 
free surface, we get 

(7.12) 

Equation can be improved further by considering the radial variation 
of the circumferential stress er 88. From the theory of elasticity (see chapter 1, 

FIGURE 7.9 
Circular hole with two radial cracks under biaxial state of stress. 
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FIGURE 7.10 

2.244 

2 

t 
y 

Fundamentals of Fracture Mechanics 

Engineering 
Interpolation 

a/R -

M) 
y= ,g 

Variation of the normalized stress intensity factor with a/R ratio for the problem geometry 
shown in Figure 7.9. 

example 1.13), one can compute the circumferential stress a88 at the crack tip 
position in absence of the crack: 

(7.13) 

Therefore, instead of 2a, if one uses equation (7.13) a more accurate esti
mate of K is obtained: 

(7.14) 

where 

(7.15) 

Variation of y as a function of a/R is obtained from equation (7.15) for small 
a/Rand from equation (7.11) for large a/R. These two variations along with 
the engineering interpolation curve are shown in Figure 7.10. 

7.8 Two Collinear Finite Cracks in an Infinite Plate 

The problem of two collinear finite cracks in an infinite plate as shown in 
Figure 7.11 was solved by Willmore (1949). Cracks of length 2a are separated 
by a center-to-center distance of 2b. From the symmetry of the problem, one 
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FIGURE 7.11 
Two collinear finite cracks in an infinite plate. 

can conclude that the SIF of crack ends marked as 1 should have one value 
and crack ends marked as 2 should have another value. 

If the problem geometries of Figures 7.11 and 7.2 are compared, then one 
can see that Figure 7.11 is obtained simply by removing all cracks but only 
leaving the last two. Therefore, the SIF given in equation (7.1) and shown in 
Figure 7.3 can approximately show the variation of SIF for Figure 7.11. 
However, for the exact variation of SIF, the true solution will have to be looked 
at. The SIF variation for this problem geometry is shown in Figure 7.12. 

From Figure 7.12 it is clear that y2 is greater than y1; therefore, as the applied 
load increases, the crack end 2 propagates, first bringing the two cracks 
closer; then they eventually join to form one Griffith crack whose r value 
will be 1.414 because when the two cracks join, the new crack length becomes 
4a instead of 2a. Note that in absence of the true solution, if one uses the solu
tion of the problem geometry shown in Figure 7.2, then it should be a more 
conservative estimate and therefore acceptable. 

2.0 

y 1.5 

FIGURE 7.12 
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Variations of the normalized stress intensity factor with a/b ratio for the problem geometry 

shown in Figure 7.11 (continuous lines) and Figure 7.2 (dashed line). Note that Yi and y2 are SIF 
for crack ends 1 and 2, respectively. 
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FIGURE 7.13 
Griffith crack subjected to two opening loads on its surface. 

7.9 Cracks with Two Opposing Concentrated 
Forces on the Surface 

Mechanics 

For a Griffith crack subjected to two opposing concentrated loads P at a dis
tance x0 from the center of the crack, as shown in 7.13, the stress inten

factors at ends A and B are given 

1/2 

== P ( a-x0 J 
.,Jna la+ x0 ) 

Equation (7.16) has been derived in section 9.5. > K3; 

end A will propagate first. It can be justified intuitively since loads Pare 
applied closer to end it is easier for the loads to open end A. Note that for 
x0 == 0, == Kn == }w. 

7.10 Pressurized Crack 

From the fundamental solution in section the pressurized crack 
problem can be solved. If a Griffith crack on its and bottom surfaces 
is subjected to a pressure field trying to open the crack, as shown in 
Figure then the SIFs at crack ends A and B are obtained 
equation as shown: 

dx 

( \i/2 
1 a-x I , 1~-, ax 
\a+ X) 



Stress Intensity Some Practical Crack Geometries 

f!GURE 7.14 
Pressurized Griffith crack. 

Note that for uniform pressure = p0, 

n ( \ 1/2 

= ~f _ci__+x ! dx= ~na=p0 Jia 
"\/Tra a-x) -vna 

-a 

7.11 Crack in a Wide Strip a Concentrated Force 
at Hs Midpoint and a Far Field Stress Balancing 
the Concentrated Force 
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Problem geometry is shown in Figure 7.15. From the vertical force equilib
rium the relation between the concentrated force P and the stress a 
are obtained, P = aWt, where t is the thickness of the Assuming = 1 or 
Ci equal to the force per unit length, one obtains 

p 
CY= -

w 

Note that the problem geometry of Figure 7.15 can be obtained from the 
linear combination of the three problems shown in Figure 7.16. If problems 

FIGURE 7.15 

F \ 
I 

k ' 
2a ~ 

Wide cracked strip to a downward stress over a width of Wand an 
trated force Pat the center of the crack. 

concen-
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!'!CURE 7.16 
Subtraction of 
etry of Figure 7.15. 

3 from the superposition of problems 1 and 2 gives the problem geom-

1 and 2 are and problem 3 is subtracted, then the 
geometry of 7.15 is obtained. if the SIP of problems 1, 2, 
and 3 of Figure 7.16 are denoted as respectively, then the SIF K 
of Figure 7.15 can be written as 

K=K1 + 

The of Figure 7.15 and the third problem of Figure 7.16 
are identical; one problem is simply rotated by 180° with respect to the other. 
Therefore, Kand of equation should have the same value. Substitut-
ing = K in one gets 

Note that for W >> a, the SIF of 1 of 7.16 is to 
that of a Griffith crack and the SIF of problem 2 can be obtained from equa
tion (7.16) substituting x0 = 0. Therefore, for W » a, (7.21) can be 
written as 

From equation 
one obtains 

substituting u in terms of P into 

. rw1 P 
-t-~ Jra )= 2$ 

n 
+-j' 

X 

(7.22) 
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1/rr a/W---+ 

FIGURE 7.17 
Schematic of the variation of the SIF of the 
tion of a/W. 

geometry shown in Figure 7.15 as a func-

where 

[na 
X=~W 

Therefore, for a (maximum or 
with respect to x must vanish: 

dK 1D r 1 \ 

d~ = 2Jw l 1- : 2 j = O 

(7.24) 

value of its derivative 

(7.25) 

From equations (7.24) and (7.25) one can see that I( will be a maximum or 
a minimum for 

{na 
X=~W =1 

a 1 
W n 

For this value of w the double derivative of I< with respect to x is a positive 
value, as shown: 

3 

d2K _ P 2 _ P ( naf 
dx2 - 2JW x3 - Jw \ W) 

Therefore, at 
Figure 7.17. 

K should reach its minimum value as shown in 

7.12 Circular or Penny-Shaped 

The stress field a circular 
is available in the literature 

in a Space 

also known as a pe•nr1V-snapea 
Figure 7.18 shows a circu

is z = 0. When this solid is 



210 Fundamentals JvI_echanics 

FIGURE 7.18 
Circular crack (top figure-elevation view; bottom 
medium subjected to a normal stress C5 and a shear stress S. 

view) in an infinite solid 

subjected to both normal stress CJ and shear stress S, as shown in Figure 7.18, 
then the stress field on plane z = 0 is given by 

- a)+ aH(r - a) 

-a)sine 

- a)cose 

To obtain the SIF from the stress field 
a P very dose to the tip. The coordinate of this 

n 
2 (7.28) 
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r =a+ p, where p <<a.Therefore, for point Pone can write 

a a a 

Substituting equation (7.29) into equation one obtains for f << 1: 

V 1 n1 . (} +------=-~ Sill· 
(2-v) /3£ 2r 

'\/ {l ) 

25 r [a n V ~ TC l . 
=-~t-\/2p +2+ (2-v)~2p -2J51118 

= 25 '-1+-v-1 ~sin&= 25 (-2+2v) (a sin8 
n t (2- v) n 2p n (2- v) 'v 2p 

=3_ s.[im (2v-21sme 
n{2np\2-v) 

CJ,.z (r,e, 
25 -1 

+ sin-1 

r n I /a ,----- I 
= - 1.:::, -~-3- + ~ - _v_ /_{l__ - ~J cos e 

TC i 2p 2 (2 - VJ~ 2p 2 
l . . 

25 2 
n (2-v) 

cose 

cos e = _! 5./im cos e_ 
n )2np (2 - v) 
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Since the stress field very close to the crack tip on the crack plane is given 
by CJ = fiip, the stress intensity factors for modes I, II, and III for the circular 

crack can be obtained from equations (7.30), (7.31), and (7.32) as 

4 slica 
KII =---cose 

n (2-v) 

4(v-l) r=. 
KIII = - -- S"na sme 

n 2-v 

7.13 Elliptical Crack in a Full Space 

(7.33) 

The stress and displacement fields near an elliptical crack were given by 
Green and Sneddon (1950). This solution was used by Irwin (1962) to obtain 
the SIF expression for elliptical cracks. Consider an elliptical crack with 
semimajor and semiminor axes equal to a and b, respectively, as shown in 
Figure 7.19. This crack is present in an infinite solid that is subjected to a 
normal stress CJ in the direction perpendicular to the crack plane. Then the 
crack is subjected to mode I or opening mode loading. 

The crack surface displacement in the z direction and the normal stress 
field on z = 0 plane near the crack front are given by 

(7.34) 

Note that in equation (7.34) the displacement field is valid on the crack 
surface only and the stress field is valid in front of the crack tip at a distance 
p from the crack tip when the point of interest is very close to the crack tip, 

y 

b 

~---+-i>-X 
a 

FIGURE 7.19 
Elliptical crack in an infinite solid. 
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FIGURE 7.20 
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Elliptical crack showing how angle ¢ of equation (7.34) is obtained from a point on the ellipse. 

f « 1. p is the perpendicular distance of the point from the crack front. In 
equation (7.34) <I> in the denominator is the elliptic integral, 

(7.35) 

Angle </Jin equation (7.34) is obtained from the x and y coordinates of the crack 
tip point as shown in Figure 7.20. One can clearly see from Figure 7.20 that 

x = acos(/J 

y = bsin(/J 

From equation (7.34) the SIF for an elliptical crack is easily obtained: 

(J' f!b . 1 K = - -{a2 sm2 <fJ + b2 cos2 </)}4 
<I> a 

7.13.1 Special Case 1-Circular Crack 

For a = b, equation (7.35) gives 

n/2 n/2 

<l> = f (sin2 0 + cos2 e)1l 2 de = f de=% 
0 0 

Therefore, from equation (7.37), 

(7.36) 

(7.37) 

<J' f!b .!. 2<J' .!. 2 
K = - -{a2 sin2 (/J+b2 cos2 </)}4 =-Jii.Ja{sin2 </J+ cos2 </)}4 = -<J'.Jim 

<I> a n n 

(7.38) 
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7.13.2 Special Case 2-Elliptical Crack with Very Large Major Axis 

For a » b, % ~ O; then, from equation (7.35), 

n/2 1/2 n/2 n/2 
<f>= f (sin2 8+!:cos2 e) de= f (sin2 8)112 d8= f sin8d8=[-cose]i12 =1 

0 0 0 

(J' f!b _! { b2 }± :. K = - -{a2 sin2 </J + b2 cos2 </J}4 = <J"./iib sin2 </J +-cos2 </J 
<f> a ~ 

(7.39) 

From equation (7.20) one can clearly see that if a is large, then </J is close 
to 90° for all crack tip points whose x coordinates are much smaller than 
a. Therefore, equation (7.39) becomes K = <J"./iib. Note that this is the stress 
intensity factor of a Griffith crack of length 2b, as it should be. 

7.13.3 SIF at the End of Major and Minor Axes of Elliptical Cracks 

For a point at the end of the major axis </J = 0°, 

<J' f!b . _! <J' f!b _! <J' f!b IL <J' eel K=- -{a2 sm2 </J+b2 cos2 </J)4 =- -{b2)4 =- -'\lb =-'\Jnb -
<f> a <f> a <f> a <f> a 

(7.40) 

and for a point at the end of the minor axis </J = 90°, 

<J' f!b . _! <J' f!b _! <J' f!b C <J' CC K=- -{a2 sm2 </J+b2 cos2 </J)4 =- -{a2)4 =- -"a =-'\Jnb 
<f> a <f> a <f> a <f> 

(7.41) 

From equations (7.40) and (7.41) it is clear that the SIF at the end of the 
minor axis is greater than that at the end of the major axis. In fact, among all 
points on the elliptical crack the maximum SIF is observed at the end of the 
minor axis and the minimum SIF is observed at the end of the major axis. 
Therefore, the crack starts to propagate from the tip of the minor axis and the 
elliptical crack becomes closer to a circular crack. 

7.14 Part-through Surface Crack 

Consider a surface crack in a plate of thickness B as shown in Figure 7.21. 
Crack depth is b and its length (or surface width) is 2a. We would like to 
obtain the SIF for this problem geometry when the plate is subjected to a 
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J 

r--2-a----3" 

2a 

FIGURE 7.21 
Part-through surface crack in a plate. 

tensile stress er normal to the crack surface. The steps are taken to 
come up with the final stress intensity factor expression. 

7.14.1 first Approximation 

As a first approximation, the crack can be assumed to be a half ellipse and SIF 
for the elliptical crack can be assumed to be its SIF. Then, from equation 

7.14.2 Front Face Correction Factor 

The preceding equation is valid for an elliptical crack in a full space in absence 
of any free surface near the crack. Since the crack intersects a stress-free sur
face will call it front face of the plate), the SIF should be increased a 
factor of as discussed in section 7.3. This factor is called the front face 
correction factor. With this correction the SIF becomes 

7.14.3 P!astidty Correction 

(J r-:
K = l.12~vnb 

(j) 

To take into account the effect of 
b + rP to obtain 

the crack bis 
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( 
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· 2- 1 ~i _,_~ __lS_ .. K - ~.12 _ j nb , . 
\ qi 2 \ uy5 ) 

7.14.4 Back Face Correction Factor 

If the back face is far away from the crack tip, then no correction is necessary 
for the back face. When it is at a moderate distance too close to the crack 

then also no correction is necessary because the front face correction fac
tor 1.12 is a bit too high for the part-through surface crack since, unlike the 

, vcm..,,u of section 7.3, the crack length along the front face is restricted to 2a. 
Note that in the problem geometry of section 7.3 the crack extends to infinity 
along the front face. However, for the crack geometry of Figure 7.21, the plate 
material beyond length 2a restricts the opening of the crack under external 
loads to some extent, reducing its stress intensity factor. Therefore, one may 
argue that the effect of the back face is indirectly taken into account tak
ing a relatively high front face correction factor. However, when the back face 
comes very close to the crack, its effect on the SIP is not compensated only 
the front face correction factor; a separate back face correction factor 
needs to be introduced, as shown below: 

(1.12%)-hrb 

Variation of is shown in Figure 7.22. 
For more discussions on 

Thresher and Smith 

7.15 Corner Cracks 

Stress factors for three differe!lt 

(7.44) 

refer to InNin 

of corner cracks are next. 
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FIGURE 7.22 
Back face correction factor for part-through surface cracks as a function of crack depth/crack 
length (b/2a) ratio for different values of crack depth/plate width (b/B) ratio. B, b, and a are 
shown in Figure 7.21. 

7.15.1 Corner Cracks with Almost Equal Dimensions 

For a penny-shaped crack subjected to a far-field normal stress rJ, the SIF 
K = 2 a-~. Since the corner crack shown in Figure 7.23 has two free sur
face; intersecting the crack and SIF is increased by 12.2% for each intersect
ing surface; therefore1 for two free surfaces the multiplying factor should be 
1.12 x 1.12 = 1.25. The SIF for this corner crack is then 

(7.45) 

I 
FIGURE 7.23 
Corner crack-quarter of a circle. 
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I 
FIGURE 7.24 
Cracks at two edges of a circular hole. 

7.15.2 Corner Cracks at Two Edges of a Circular Hole 

For the crack geometry shown in Figure 7.24, the stress intensity factor is 
given by 

where 

1 

_ 1.2 {p2 (D + q)2(D- q)2(Dq)-1 + 4p2 (D + q)2 l 4 
Y- (J) 4Dq[4p2 +(D- J (7.47) 

In the preceding equations (J) is the elliptic integral defined in section 7.13 
and crc is the normal stress near the periphery of the circular hole. CYc should 
account for the stress concentration effect due to the presence of the circular 
hole in a thin plate or cylindrical hole in a thick plate. Note that the far field 
applied stress (5 is different from the stress CT'c around the circular hole. 

7.15.3 Corner Crack at One Edge of a Circular Hole 

For a single edge crack at the corner of a circular hole, the equation given in 
section 7.15.2 is valid with the new definition of dimension 2b as shown in 
Figure 7.25. 

FIGURE 7.25 
Corner crack at one 

Crack 

I I I I 

'11 ___ !1_,-_--_---~if_--_L !~ -~~\ / wa L=:::::JP I 

k 9 
2b 

I< D >i I 

of a circular hole. 
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7.16 Concluding Remarks 

In this chapter the SIFs for a number of problem geometries of practical inter
est are presented. Stress intensity factor expressions for other problem geom
etries that are not covered here or in chapter 3 can be found in Tada, Paris, 
and Irwin (1973) and Broek (1986). 
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F!GURE 7.27 

Exercise Problems 

Problem 7.1: If W is constant and a varies, then for what value of a/W 
should the SIF of the problem geometry shown in Figure 7.26 be an 
extremum (maximum or minimum)? Identify if your answer of 
ratio corresponds to a maximum or a minimum value of K. For sim
plicity use the K expression that is derived in the book for W much 
greater than a (then the Griffith crack approximation is justified). 

Problem 7.2: Solution of a two-dimensional punch problem (left dia
gram of Figure 7.27) is given by z = 0, cr22 = 0 for x > a or x < -a, and 
6 22 = --;;)S-x2 for -a < x < a; Pis the z direction force per unit length 

in the y direction. For a surface crack (right diagram of Figure 7.27), 
the stress intensity factor is given by K = 1.122e5(na)112 • Knowing the 
solution of the preceding two problems, apply your engineering 
judgment to obtain the stress intensity factor for the problem geom
etry shown in Figure 7.28 as the ratio a/b varies. 

FIGURE 7.28 
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8.1 Introduction 

Only a small number of problems having simple crack geometries (such 
as Griffith cracks, circular cracks, and elliptical cracks in an unbounded 
medium) can be solved analytically using the knowledge of the theory of 
elasticity. Analytical solutions of a few such simple problems are presented 
in chapter 9. One can use these fundamental solutions and one's engineer
ing judgment to obtain approximate solutions for a variety of other prob
lem geometries with cracks, as discussed in the previous chapters. However, 
a large number of problems that still remain unsolved can be solved only 
numerically. Different numerical techniques that can be used to obtain the 
stress intensity factors (SIFs) for problem geometries with various loading 
conditions are discussed in this chapter. 

8.2 Boundary Collocation Technique 

From equation (2.29) the following relations are obtained: 

I n ( 11 \ 
11 

1 J ( r( n J } n - 2 r( n '\ }' a 88 = - -'-+1 jr2- c111 cos~ --1 8 -~~cos~ -+118) 
__ 2 2 ; " l 2 n+2 L 2 J 

n-1,3,~ -

+ C211 l sL~ { ( %-1) 8 }- Sll1 { ( % + 1) 8} J l 
(8.la) 

+ L ~(2:.1_ + ljr~-i [c111 ( cos~ (l2:_1__ 1 Je 1-cosf (2:.1_ + 1181J 
11~2,4,6 2 2 \ L 2 J J l \ 2 ) J 
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22 n 11-1 f (r n , , . {( n \ 1 n - 2 r n \ . rl n I n 
Cf,e = -r2 I C111 1--1)sm i --ljeJ---! -+ljsm~ -+l)e? I 

11~1.J.s 2 L \ \ 2 , \ 2 n + 2 \ 2 l . 2 J J 

( ( n I r1 n \ l ( n 
+ c - - - 1 1 cos~ - - 1 1 eJ + 1 - + 211 12 2 ) I ,., 

\ \ ) ,\ \L 

r r n ) }\11 cosi 1 -+ 1 8 J 
L\2 ) 

' ( \ L n II I I ( n ) . {( n , ) l ( n \ . r ( n _ '\ 1 1 
+ . - lc111 . --1 sm --1 e~-l -+l)sm~l-+1)8~)· 
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( l n ) {( n ) 1 n - 211 
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2 , 2 n+2\2 i 2 J;j 

Similarly, from equations (2.35) and (2.27), 

rrr~+1)-(~-1)
2
1{'c cos(l~-1)e+c sin(.1_1__1Jef' ! 1 2 2 , 1n 2 211 , 2 ) 

_l\ J ' \ 

tr( n j ( n '\21 f n - 2 l n \ l n ) }] - -+1 - -.'.:.+11 1--C111COS .'_+ljB+c211Sin -+1 e 
2 \2 ).,ln+2 2 2 

11~2,4,6 
l'{( n ) ( n Y l f ( n '\ . ( n '\ 1 l 2 + 1 - l 2 - 1) J l C111 cos l 2 - 1) e + C211 Slll l 2 - 1) e J 

(8.2) 

If computing the stress field near the crack is of interest, then one needs 
to the dominant term (corresponding ton= 1) only. However, for stress 
field computation at a point away from the crack several terms of the pre-
ceding series (equations 8.1 and should be 

If a total of n terms are kept (n = t 2, in the series PY1'1rP<:c:11,n" 

in equations and then there are a total of 211 unknown constants 
in the series. These unknown constants are c11, c21 , c12, c22, c13, c23, Cw c24, .•. 
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c111, c2w If these constants are somehow obtained, then the SIFs and Ku can 
be evaluated from the relations given in equations (2.31) and (2.32): 

K1 = c11 .fin 

KII = C21.fin 

Now the question is how to obtain these unknown constants. The answer 
to this question is that these can be obtained from the known boundary con-
ditions of the problem geometry as illustrated in the examples. 

8.2.1 Cirrnlar Plate with a Radial Crack 

The problem geometry is shown in Figure 8.1. The crack tip is at its center. 
Applied stresses CJ,,. and G,8 along its boundary are functions of e. These 
stress fields keep the cracked plate in equilibrium. Note that the applied 
boundary tractions or stresses 0"11 and G,.8 are known at all on the 
boundary. We also know the general expressions of these two components 
of stress as shown in equations (8.1) and (8.2). If n points on the boundary are 
considered and the two given stress components at every boundary point are 
equated to the stress expressions of O",e and u,., (given in equations 8.1 and 8.2), 
then a total of 2n equations are obtained to solve for 2n unknowns en, Cw c121 

c221 c13, c23, c141 c24,. .• c111, C2rr Equation is then used to obtain the stress inten
sity factors. A closer observation of the stress expressions of equations 
and (8.3) reveals that the coefficient of c22 is zero for both G,e and u,,,. There
fore, from n boundary points, only (2n - 1) equations need to be satisfied. 

8.2.2 Rectangular Cracked Plate 

For a rectangular cracked plate (shown in Figure 8.2), the applied bound
ary tractions give O"xx and O"xy values on the vertical boundaries and CJlfY and 
axy values on the horizontal boundaries. Using stress transformation laws, 
these stress components can be expressed in terms of a,8, CY88, and CJ,,.. Thus, 

FIGURE 8.1 
A cracked circular plate of radius R is to normal and shear stresses at the 
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uxxt and c;xy are expressed in terms of a combination of series expressions 
given equations and (8.2). Then, satisfying boundary conditions at n 
points, 2n unknown constants are evaluated from a system of simultaneous 
equations, and K1 and Kn are obtained from equation 

If the plate is neither circular nor rectangular, but rather has a more com
plex geometry, then a similar approach can also be followed to solve the 
unknown coefficients. This is possible because normal and shear stresses 
at any point on the boundary can be expressed in terms of G,e, c; ee, and c;,r 
using the stress transformation laws. 

Note that during the boundary collocation technique no point on the crack 
surface is considered because the stress-free boundary conditions on the 
crack surface are automatically satisfied by the series expressions given in 
equations (8.1) and (8.2). 

8.3 Conventional Finite Element Methods 

A number of investigators (see the reference list) have followed the conven
tional finite element method (FEM) to obtain the SIF for cracked plate geom
etries. The SIF can be obtained: 

by matching stresses or displacements at selected points 

matching local strain energy 

from the strain energy release rate 

by evaluating the J-integral 

These different techniques are described next. 

8.3.1 Stress and Displacement Matching 

If the plate geometry shown in Figure 8.2 is discretized into a finite element 
mesh by putting finer mesh or smaller elements near the crack tip (where a 
high stress gradient is expected) and coarser mesh or larger elements away 
from the crack tip and analyzed, then the stress field computed near the 
crack tip is expected to show the behavior shown in Figure 8.3. Note that the 
FEM predicted stress value is finite even at the crack However, it is well 
known that for linear elastic material, the stress field should be infinite at the 
crack tip. If the analytically computed stress field (equation is plotted 
on top of the FEM predicted results, then the plots shown in Figure 8.4 are 
obtained. Note that the two solutions match over a region that is neither too 
dose to the crack nor too far from the Since the solution 

good for the very close to the crack 
tion is not reliable at large distances. In 

Therefore, this 
analytical solution is 

it is 
solu-
near 
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FIGURE 8.2 
Rectangular cracked plate subjected to boundary stresses. 

= I X 

Crack Tip 

FIGURE 8.3 
Finite element method computed stress field in front of a crack tip. 

= 
FIGURE 8.4 
Finite elernent method and 
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computed stress fields in front of a crack tip. 
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l 

I 1-- Analytical 
t1) Solution (n = 1) 
I I 

Q 
Q-- True Solution 

~ I 

X 

Crack Tip 

FIGURE 8.5 
True stress field (circles) matches with the analytical solution (dashed line) near the crack tip 
and with the FEM solution (continuous line) away from the crack tip. 

the crack and FEM solution is good away from the crack Fortunately, 
there is a region, marked in Figure 8.4 as the matching zone, where both 
analytical and FEM solutions overlap. The SIF can be obtained equating the 
analytical expression to the FEM solution in this region. 

True solutions are shown circles in Figure 8.5. Note that they match with 
the analytical solution near the crack tip and with the FEM solution away 
from the crack tip. Over a small region close (but not too close) to the crack 

marked in the Figure as the matching zone, all three solutions match. 
True solution can be obtained considering a large number of terms in the 
series expressions given in equations (8.1) and (8.2). 

In one of the early works of FEM applied to fracture mechanics problems 
Watwood considered a cracked plate subjected to uniaxial tension as 
shown in Figure 8.6 (a= 10, b = 40, and L = 85). Since the problem is symmetric 

~t1t1r11r1t1t1t1rrT 
r ' 

f · I 
t I 
I I J2L 

I 11 l I r 2b ) 11 

I . ' ' 
~l!!l!!!!!l1l!!!ll 

FIGURE !l.6 
Cracked plate under uniaxial tension. 
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= J 
Crack Tip 

FIGURE 8.7 
Seven elements near the crack tip from which SIP values given in Table 8.1 are obtained. Best 
results are obtained from elements 3 and 6. 

about both its horizontal and vertical central axes of symmetry, it is possible 
to consider only a quarter of the plate and discretize the quarter plate into a 
large number of finite elements. Watwood considered 470 elements and 478 
nodes in the quarter plate. 

The SIF is obtained by equating the stress computed in seven elements 
near the crack tip to the analytical stress expression as given: 

a YI = ~[cos(~)+ 2.sin8sm( 38)] 
FEM ',J27rr 2 2 2 

(8.4) 

Seven elements near the crack tip from which the SIF values are computed 
using equation (8.4) are shown in Figure 8.7. Stress intensity factor values 
are presented in Table 8.1. True value of Kr for this problem geometry is 5.83. 
Clearly, best results are obtained for elements 3 and 6. These two elements 
are close to the crack tip, but not the closest elements. Figures 8.4 and 8.5 
explain why elements 3 and 6 give best results. Average SIF value obtained 
from elements 2, 3, 6, and 7 is 5.87, which is close to the true value of 5.83. 

Instead of stress matching the FEM, computed displacements can also be 
matched with the analytical expressions (see equation 2.48) and SIF values 
can be obtained. For best results from the displacement matching consider 
the points on the crack surface. 

For this specific mesh, elements 3 and 6 had the ideal distance to give most 
accurate SIF prediction. However, if the mesh grid is changed-say, made 
more refined-then instead of the second layer of elements (from the crack 
tip), maybe a third or fourth layer of elements will give most accurate results. 
Chan, Tubo, and Wilson (1970) (also see Wilson, 1973) suggested a method to 
avoid this problem of mesh dependence, element size, and position depen
dence on SIF calculation. They took extremely refined mesh near the crack 

TABLE 8.1 

K1 Values Obtained from Seven Elements Shown in Figure 8.7 

Element No. 1 2 3 4 5 6 7 

12.5 5.55 5.88 6.54 7.38 5.88 6.19 
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FIGURE 8.8 
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Estimating K1 by extrapolating predicted Kr values from different elements at various distances 
from the crack tip: (a) displacement matching and (b) stress matching. 

tip (100 to 500 times smaller element size in comparison to Watwood's ele
ment size). Then they estimated K1 from different elements near the crack tip 
and plotted the computed values as a function of the radial distance of the 
element from the crack tip. Figures 8.8a and 8.8b show the numerical values 
(shown by small circles) obtained by matching FEM computed displacement 
and stress, respectively, to the analytical expressions of displacement and 
stress given in equations (2.47) and (2.48). Note that from both displacement 
and stress matching the K1 value is obtained as a function of the element 
distance (r) from the crack tip. The dependence on r is approximately linear 
when the points are not too close to the crack tip. If one extrapolates the 
straight line, then the intersection of this line with the vertical axis (or Kr 
axis) gives an accurate estimate (error less than 5%) of the SIF. However, this 
method is expensive due to the refined mesh requirement and the accuracy 
is not that good considering the expense. 

83.2 local Strain Energy Matching 

In an effort to average the numerical results over a region and match the aver
age property over that region with an expression involving Kr this method 
has been developed. Instead of trying to match stress or displacement at spe
cific points, local strain energy near the crack computed from the finite 
element (FE) analysis is matched with the analytical expression for the strain 
energy over the same region. 

Note that, for two-dimensional problems, the strain energy density expres
sions for plane stress and plane strain problems are given 

- i r 2 
- 2E L oxx + + + 

\ 

+ 1+2 
I 

J 
\1 
JJ 

for plane stress 

for plane strait, 
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Substituting the analytical expressions (equation 2.47) of the three stress 
components near a crack tip in equation (8.5) and integrating this over a cir
cular region of radius R around the crack tip (shown in Figure 8.9a), the local 
energy in this circular region surrounding the crack tip can be obtained as 

U = ( 5 -/v) K1 R for plane stress 

(8.6) 
(5-8v)(1+v) KyR 

8 E 
for plane strain 

Since equation (8.6) is obtained with only one term (n = 1) analytical expres
sion for stresses, equation (8.6) should give good results only if the radius of 
the circular region R is very small or R << a (the crack length). 

Since FEM does not give good results very close to the crack tip (because 
of the singular stress behavior), the local strain energy is computed over an 
annular region (Figure 8.9b), instead of a circular region. The FEM predicted 
strain energy over the annular region is matched with the analytical expres
sions given in equation (8.7) to obtain K1: 

U = ( 5-/v) Ky(R~ -R2 ) for plane stress 

(8.7) 
(5- 8v)(1 + v) KT(R1 - R2 ) 

8 E 
for plane strain 

This method has many of the disadvantages of the method of stress or 
displacement matching at specific points, except that it takes into account all 
values of 8 as well as both stresses and displacements. 

8.3.3 Strain Energy Release Rate 

Relation between the strain energy release rate and SIF can be used to eval
uate SIF. If the strain energy of a plate for two crack lengths a0 and a1 is 

R 

(a) (b) 

FIGURE 8.9 
(a) Circular region and (b) annular region surrounding the crack tip where local strain energy 
is FEM. 
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computed from FE analysis as U(a0) and U(a1), respectively, then the strain 
energy release rate predicted by FEM is 

U(a1)-U(a0 ) dU Kf 
-----=-=a-

t(a1 - a0 ) dA E (8.8) 

In this equation t is the plate thickness, a= 1 for plane stress, and a= 1 - v2 

for plane strain. Then, from equation (8.8), 

(8.9) 

While computing U(a0) and U(a1) it is not necessary to change the finite ele
ment mesh for the two runs; simply advance the crack length by one or a few 
elements for the second run. Note that FEM computed U(a0) and U(a1) may be 
different from true U(a0) and U(a1) values as shown in Figure 8.10. However, 
since in equation (8.9) only the difference value between the two energy val
ues is needed, the FEM predicted value may not be much different from the 
true value of U(a1) - U(a0). 

For plate thickness = 1, equation (8.9) can be written as 

Kr =E{U(a1)-U(a0 )}=EAU 
(a1 - a0 ) Aa 

Kr= E-AU 
a 2 a 2Aa 

(8.10) 

U(a) 

a 

FIGURE 8.10 
Variation of strain energy in the plate as a function of crack length. Two curves correspond to 
the exact variation and the FEM prediction. 
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TABU: 8.2 

Computation of I<1 from Strain Energy Release Rate from Different Values of the 
Crack Lengtha 

EU E-t,.U K, E-ilU K, 
= -- Exact-

a o-2 (J2 (j (j2 O" a % Difference 

7 3160.04 
21.50 4.86 4.96 7.5 -2.0% 

8 3181.54 
24.76 5.22 5.32 8.5 -1.9% 

9 3206.30 
28.14 5.56 5.66 9.5 -1.8% 

10 3234.44 
31.66 5.90 6.00 10.5 -1.7% 

11 3266.10 
35.38 6.23 6.34 11.5 -1.8% 

12 3301.10 
39.26 6.57 6.67 12.5 -1.5% 

13 3340.74 
43.36 6.90 7.01 13.5 -1.6% 

14 3384.10 

a Problem geometry is shown in Figure 8.6. 

In equation (8.10) CJ is applied stress. If one applies this technique to 
Watwood's problem (shown in Figure 8.6) for different values of a = '7; 8, 
9,.. then !':,,a = 1. Equation is thus simplified to 

Table 8.2 shows the computed results. 
Note that instead of the crack increment length !':,,a= 1, as shown in Table 8.2, 

if we take tia = 4 (a0 = 8 and a1 = 12), then, from equation 

K1 =) E · t.U = )3301.48- 3181.54 = )119.94 = 5.48 
CJ Ila· a 2 4 4 

while the true value is 5.83. Thus, it gives an error of -6%. 
The advantage of this method is that with coarser mesh accurate results 

can be obtained. Its disadvantage is that the FE analysis will have to be car
ried out twice for two different crack lengths even when we are interested in 
computing the stress intensity factor for a single value of the crack length. 

Watwood suggested that if K1 increases with the crack length, then this 
method gives a lower bound of SIF, while if decreases with the crack 
length, then it gives an upper bound. 
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8.3.4 j-l111tegrai Method 

Recall from chapter 5 (equation 5.8) that the strain energy release rate is equal 
to the J-integral value 

G - r-f -;-

s 

\ 

-Tau; dS I 
I ) 

Therefore, instead of evaluating the strain energy release rate by running 
the finite element program twice, as done in section 8.3.3, one can evaluate 
it from one run of the finite element mesh by choosing an appropriate path 
S for the J-integral enclosing the crack tip. This path should be selected such 
that the line integral can be evaluated relatively easily. For example, for the 
problem geometry shown in Figure 8.6, the J-integral path should be taken 
along ABCDEFG, as shown in Figure 8.ll(a). Since the problem is symmetric 
about the horizontal central axis, the J-integral value over ABCDEFG is 
simply twice the J-integral value over path DEFG. 

On path DE the traction (T) is zero; therefore, the J-integral value on this 
path is given by 

E 

foE = f (8.13) 
D 

Since from the finite element analysis U is known for all elements along 
line DE, equation (8.13) can be evaluated by adding the strain energy density 
values for all elements along line DE. 

(5 

(b) 

(a) 

FIGURE 8.11 
(a) J-integral path ABCDEFG for the and(b) DEFGforthe 
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On path EF dx2 = 0 and T1 = 0, T2 = a; therefore, 

(8.14) 

OnpathFG, 

he= f (uax2 -r; :; as)= f (uax2 -r; :; (-dx2)) = f (uax2 + r; :; dx2) 
Fe l F l F l 

(8.15) 

From the symmetry condition on path FG, the shear stress is zero; there
fore, T2 = 0 and T1 = -au 

du1 du1 <Yu 
:. Ti-;::::-= -au-;::::-= -aut\1 = --(au -V<Y22) (8.16) 

~1 ~1 E 

From equations (8.15) and (8.16), 

he = J(u + T; :i Jdxz = J ( U - (j~l (au - V<Y22) )dx2 (8.17) 
F 1 F 

Equation (8.17) can be evaluated from the FEM generated results. Then the 
stress intensity factor is obtained from the following relation: 

K2 
a-I = J ABCDEFe = 2 x (J DE + hF + he) 

E 

8.4 Special Crack Tip Finite Elements 

(8.18) 

The fundamental limitation of the conventional finite element method for 
solving fracture mechanics problems is trying to model a singular stress 
field near the crack tip by nonsingular expressions of stresses in conventional 
finite elements. For simple three-node triangular elements (constant strain 
triangles), stress is constant inside the element. In triangular and quadrilat
eral elements, the stress can be varied inside the element in linear, quadratic, 
or in higher order polynomial forms by changing the number of nodes of the 
element; however, the field will not have any singularity. Some investigators 
(Byskov 1970; Walsh 1971; Tracey 1971; Tong and Pian 1973; Wilson 1973) have 
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FIGURE IU2 
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suggested using special crack tip elements with unconventional interpola-
tion functions to produce singular stress fields at the crack A circular 
crack element the crack tip, as shown in Figure can have a 
singular stress field at the crack tip if the displacement variation in the ele
ment is expressed in the following form: 

If the crack is located on a horizontal line of symmetry, as shown in 
or 8.6, and the load is then from the 

condition it is easy to see that the crack tip element located on 
the axis of should not have any rigid body motion in the vertical 
direction, although it can have it in the horizontal direction. That is Urn, 
the rigid motion in the horizontal direction, is introduced in the u1 

in Variables rand e are the coordinates 
measured from the crack tip, as shown in Figure 8.12. Radius of the crack 
tip element is r,; equation is valid inside the r s r,, and 
-Jr s 8 s n. Note that, for the displacement variation of equation strain 
and stress should have square ~oot singularity (},) at the crack as pre-
dicted by the stress near the crack tip. A of conventional finite 
elements (triangular or is to be around the crack 

element as shown in Figure 8.12. 
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In u10 and 011 are unknown constants, and N is an integer 
greater than or equal to 1. and are known functions of 8, 
obtained from the infinite series expressions of the displacement field near a 
crack The infinite series expressions for the stress field are 
tions (8.1) and (8.2). the series expressions for the field 
can be obtained. It is to show that, for plane strain 

( s 'i ( e 1 1 ( 3e J =- --4vj'cos -)cose+-cosJ- cosB 
\2 \2 2 \2 

(8.20) 

-(~ °\ (()\ 1 (3()\ 
4v !sin - lsine+-sin -jsin8 

J \2) 2 2 

For plane stress problems, v should be replaced 
proportional to Kr: 

The constant 81 is 

_ _E_ ~8 
t 1 l+v ~ r, 

Note that the interelement compatibility displacement continuity) con-
ditions across the singular stress element and conventional finite element 
boundaries is violated because the displacement functions are 
different types for these two types of elements. In spite of this incompatibil
ity, the results show good convergence, especially when four-term expansion 
(N = 4 in equation is considered. Error in the value of as a 
function of the radius of the circular element is shown in Figure 8.13 for SSC-
1 and SSC-4 elements. Note that SSC-N stands for singular stress, circular 
element with N term expansion. 

Error also depends on the number of conventional finite elements, such as 
constant stress triangles (CST), surrounding the singular stress element as 
shown in Figure 8.14. 

\/~ 
>-<.; 

~ 
'"' 8 
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* 

FIGURE 8.13 
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FIGURE 8.14 
Error variation as a function of the number of CST elements surrounding the crack tip ele
ments SSC-1 and SSC-4 (see Figure 8.12) and when only CST elements are used in the absence 
of SSC. 

8.5 Quarter Point Quadrilateral Finite Element 

Barsoum (1976) and Henshell and Shaw (1975) showed that in eight-node 
quadrilateral elements it is possible to model the singular stress behavior 
at the crack tip simply by moving two middle nodes (node numbers 2 and 8 
in Figure 8.15b) in the derived element at quarter point positions toward the 
crack tip as shown in Figure 8.15b. 

FIGURE 8.15 
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(a) Parent element and (b) derived element for quarter point elements. 
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Interpolation functions N1, 

ments are given 
and N 3 for the eight-node quadrilateral ele-

+,; + 

(8.22) 

Variations of these three interpolation functions along line 123 = -1) are 
given by 

N 1 =-5_(1-,;)=5-(,;-1) 
2 2 

N2 = 1-,;2 (8.23) 

f. 
=i(,;+1) 

Substituting x 1 = 0, x2 = L/4, x3 = L, and equation (8.23) in the local 
coordinate-global coordinate relation, 

(8.24) 
L ,; L L L 

= (1 - <;2) X - + - (,; + 1) X L = - <;2 + - ,; + -
4 2 4 2 4 

Equation (8.24) can be written as 

(8.25) 

In Figure 8.15 it is easy to see that node 3 corresponds to x = L and ,; = 1. 
Therefore, 

(8.26) 
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Then the displacement field is given by 

=H2H-i)(iH-2)u, ++H-1)}, +H iH-i)iHu, 
=+H-1 )( H-1)+u,{i-( 2H-1J}+u,( 2H-1 )H 

Therefore, 

(8.27) 

(8.28) 

Clearly, the strain shows square root singularity at the crack tip (x = 0). The 
stress field should also show the same square root singularity. 

The main advantage of the quarter point finite element is that it can pro
duce accurate results without requiring a special crack tip element. There
fore, conventional codes that can handle eight-point quadrilateral elements 
or triangular elements (collapsed quadrilateral element) can be used to solve 
fracture mechanics problems simply by shifting the middle nodes on the ele
ment boundaries adjacent to the crack tip to quarter point positions toward 
the crack tip, as shown in Figure 8.15b. Barsoum (1977) showed that triangu
lar quarter point elements are even better than quadrilateral quarter point 
elements for modeling cracked geometry. Barsoum thought that in the case 
of quadrilateral elements the stress was singular only along the two edges 
of the finite element, whereas in the case of triangular elements the stress is 
singular along any ray from the crack tip. 

Later, Banks-Sills and Bartman (1984) re-examined the quarter point 
quadrilateral element and concluded that for quadrilateral elements the 
behavior of stresses is also square-root singular on all rays emanating from 
the crack tip in a small region of the element. There have been some sug
gestions to use one or two layers of transition elements (Lynn and Ingraffea 
1978) between quarter point elements and conventional finite elements. 
In transition elements the middle nodes are placed in between the quar
ter point and the midpoint, as shown in Figure 8.16. Transition elements 
may produce slightly better results for some problems, but often the effect 
of transition elements has been found to be insignificant. Banks-Sills and 
Sherman (1986) solved a fracture mechanics problem by several techniques 
and concluded that the quarter point element technique is overall the most 
efficient technique. 

I 15795_FRACTURE, 

,. 
Magenta Cyan Black, 8,BAt 
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Transition element placed between quaTter point element and conventional finite element. For 
the transition element, the shorter length Lin can be any value between L/2 and L/4. 

8.6 Concluding Remarks 

Among various numerical techniques discussed in this the most 
popular technique for solving crack has been the use of 

elements at the crack tips in a finite element mesh made of eight-node 
quadrilateral isoparametric elements. Although use of special crack tip ele-
ments (discussed in section became popular in the this 
lost its charm after the invention of the quarter point elements. 
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9 
Westergaard Stress Function 

9.1 Introduction 

For solving crack problems analytically, several complex forms of Airy stress 
function have been proposed (Westergaard 1939; Muskhelishvili 1953; Paris 
and Sih 1965; Sih 1966, 1973; Rice 1969; Goodier 1969; Eftis and Liebowitz 
1972). Among these different stress functions the Westergaard stress func
tion has become most popular because it can solve a wide range of crack 
problems. A few sample problems are solved analytically in this chapter fol
lowing the Westergaard stress function technique. 

9.2 Background Knowledge 

As described in chapter 1, if <I>(x, y) is the Airy stress function, then stresses 
in a two-dimensional problem geometry are defined in terms of the Airy 
stress function in the following manner (equation 1.101): 

(jxx = <J'>,yy 

(9.1) 

(jxy = -<J'>,xy 

Note that the preceding three equations can be written in index notation: 

(9.2) 

where a, f3 take values x and y. Repeated index y means summation over 
both X and y <J'>,yy= <J'>,xx + <J'>,yy· 

Substituting these expressions in the compatibility equation [(1\x,yy + Eyy,xx -

2t:xy,xy = 0) in terms of strain or ( cr aa,/3/3 = (jxx,xx + (jxx,yy + (jyy,xx + (jyy,yy = 0) in terms 
of stress], one gets (see equation 1.102) 

(9.3) 

241 
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Therefore, <I> must be biharmonic. One can show that if 

(9.4) 

then <I> is a biharmonic function when </)1, </)2, </)3, </)4 are harmonic: 

(9.5) 

Therefore, any biharmonic function can be represented in the form given in 
equation (9.4). 

From the special properties of an analytic function </J(z), where z is a com
plex variable z = x + iy and </J(z) = U(x, y) + iV(x, y), one can write 

(9.6) 

In other words, when </J(z) has a derivative with respect to z (definition of 
an analytic function is that its derivative exists), its real and imaginary parts 
[U = Re(</J), V = Im(</J)] must be harmonic. Note that U(x, y) and V(x, y) are real 
functions of x and y. 

9.3 Griffith Crack in Biaxial State of Stress 

Let us consider the problem geometry shown in Figure 9.1. A Griffith crack 
of length 2a is subjected to a biaxial state of stress. From the symmetry condi
tion one can see that the shear stress ( crxy) along two lines of symmetry y = 0 
and x = 0 must be zero. 

FIGURE 9.1 
Griffith crack subjected to a biaxial state of stress. 
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In terms of the Westergaard stress function 
variable (z = x + the harmonic functions </Ji of 
as 

Note that single and double integrals of a function must be analytic 
because the derivative of the integral of a function is the function itself and 
the derivative of the double integral of a function is the single integral of 
the function. Thus, derivatives of both single and double integrals of any 
complex function must exist. Therefore, from both real and 
imaginary parts of JJZ(z)dz and JZ(z)dz must be harmonic 

9.3.1 Stress and Displacement Fields in Terms 
of Westergaard Stress function 

Since z = x + 

Therefore, 

From equations 

+ 

az =1 
ax 
az . 
-=l 
ay 

o<j)(z) = arp dz = acp = ¢'(z) 
ax dz ax az ' 

o</J(z) dqJ dZ . d<p 
--=--=/-= az az 

and (9.7), 

+ =Re +yim 
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Therefore, 

\ 
=Re Z(z)dz/+y 

J 

= Re(Z)+y 

= - Im Z(z)dz) + Im 

Fundamentals 

+y 

\ 
Z(z)dz j + y Im(iZ) = y 

= Re(Z) + y Re(iZ') = -y 

<Pn:y = yRe(Z') 

Mechanics 

From equations (9.1) and (9.11), the stress expressions are obtained: 

vu = <D,,1y = Re(Z)-y Im(Z') 

CJ,111 = <P,u = Re(Z) + yim(Z') 

= -<P,xy = -y Re(Z') 

From the preceding equation set, one can see that as y approaches zero the 
shear stress CJxy becomes zero if Re(Z') is finite. 

From equation and stress-strain relations, the strain components can 
be expressed in terms of the Westergaard stress function. integrating 
the strain expressions, the displacement field is obtained: 

E K-1 ) --u = ---Re Z(z)dz -y Im(Z) 
l+v 2 

E K+ 1 (J ) --v = --Im Z(z)dz -yRe(Z) 
l+v 2 

K = 3 - 4 v for plane strain 

3-v 
K = -- for plane stress 

l+v 

9.3.2 Westergaard Stress function for the Griffith Crack 
1.mder Biaxial Stress field 

Let us investigate the following stress function: 

(JZ 

- ,J;2 _ a2 

(9.13) 

(9.14) 

(9.15) 
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As z approaches 

lim lim 
Z(z) = • CJZ = CJZ = OZ = CJ 

z-;> oo Z-;> oo.J z2 _ a2 JZi z 

Therefore, for the large x and y values in Figure the complex variable z is 
large, since z = x + and Z(z) = a. From equation (9.12), 

axx = Re(Z)-y Im(Z') = o

c;YY = Re(Z) + y Im(Z') = c; 

= -yRe(Z') = 0 

Clearly, equation (9.17) shows that the stress function of equation (9.15) satis
fies the regularity condition or conditions at 

From equations (9.12) and (9.13), the stress and displacement fields closer to 
the crack can be obtained. In these equations derivative and integral of Z(z) 
appear: 

f J~ az G f 2z ~ Z(z)dz = dz= - dz= (J''\fZ 2 - a2w 
.Jz2 - a2 2 .Jz2 - a2 

Z'(z)=- =a --~2~-----
d ( az ) (.Jz 2 -a2 -zl(z2 -a2 )-112 2zJ 
dz .J z2 - a2 l z2 - a2 (9.18) 

(
z2 _ a2 -z2 J 

= a (z2 _ a2 )3/2 
aa2 1 aa2 

(z2 _ a2)3!2 - .Jz2 _ a2 (z2 _ 

The function .J z2 - a2 is a multivalued function explained as follows: 

In equation (9.19), 

r1 =[z-af=AP 

r2 =lz+al=BP 
(9.20) 

AP and BP are distances of the point of interest (P) from the two crack tips 
A and B. Angles 81 and 82 are shown in Figure 9.2. Depending on how angles 

81 and 82 are defined, different values of the function .Jz2 - a2 are possible 
at the same point. Let us assume that both 81 and 82 vary from O to 2n. Then, 
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FIGURE 9.2 
r1, e1, and r2, e2 for point P. 

for different points on the x- and y-axes, shown in Figure 9.3, the function 
~ z2 - a2 should have the following values: 

For point P of Figure 9.3, e1 = 82 = 0, r1 = I z - a I = x - a, r 2 = I z + a I = x + a; 
therefore, at P, 

Similarly, for point Q, 81 = n/2 + a, 82 = n/2 - a, where a is the angle between 
AQandOR: 

FIGURE 9.3 

y 

Q 

e1 and 92 values for different points P, Q, R, S, T on the cracked 
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Therefore, at Q, 

For point R, e1 = n, 82 = 0, r1 = lz - al = a - x, r2 = lz + al =a+ x; therefore, 
atR, ' 

For point S, 81 = n, e2 = 2n, r1 = lz - al= a - x, r2 = lz +al= a+ x; therefore, 
atS, 

i.(9i+e2) i.3,, 
.Jz2-a2 =.Jr;;;e2 ='1(a-x)(a+x)e2 =-i.Ja2-x2 

For point T, 81 = 3n/2 - a, e2 = 3n/2 + a, where a is the angle between AS 
and OS: 

Therefore, at T, 

For point U, e1 = 82 = n, r1 = lz - al= -x - a, r2 = lz +al= -x + a; therefore, 
atU, 

Note that at points Rand S, the 81 value is the same (n), but the values of 82 

are different (0 for point R, and 2n for point S); this results in different values 
of the function .J 22 - a2 between these two points. However, for points just 
above and below point U, both 81 and 82 values are the same (n) and hence 
there is no jump in the value of the function .J z2 - a2 between two points 
just above and below point U. 

However, 81 and 82 values above and below point P are different. For a 
point slightly above point P (y = O+), 81 = 82 = 0 and for a point slightly below point 
P (y = o-), 81 = 82 = 2n. Therefore, for a point just .below point P, the fu11c-
~ 1 1 

tion "z~ -w value is given by .J2 2 -a2 = .Jr;;;_e2(ei+e2 ) = >l(x-a)(x + a)ez4" 

= .Jx2 - a2 • Note that this value is the same as that of a point just above 
point P. The only line across which the function value changes from one 
side of the line to the other side is line AB. This line is called the branch cut. 
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Values of the multivalued function -Jz2 - a2 at different points of Figure 9.3 
are summarized below: 

-J z2 - a2 = -J xz - a2 at point P 

= i~yz +az at point Q 

= i-Ja2 -x2 at point R (9.21) 

= -i-Ja2 - x 2 at point S 

=-i~yz +az at point T 

=--Jxz -a2 at point U 

From equations (9.12), (9.18), and (9.21), on line AP of Figure 9.3, since y = 0, 

1 ( <J'Z ) <J'X <J'xx =Re(Z)-ylm(Z )=Re ~ = ~ 
'\/Zz -a2 '\IX2 -a2 

( <J'Z ) <J'X 
O'yy =Re(Z)+ylm(Z')=Re ~ = ~ 

"z2 - a2 "xz - a2 

<J'xy = -yRe(Z') = 0 

and the displacement field from equation (9.13), 

E K" -1 (J ) K" -1 ( ~) 
1 +vu= - 2-Re Z(z)dz -ylm(Z) = - 2-Re <J''\/Zz -a2 

K"-1 ( ~) K"-1 ~ =-2-Re <J''\JX2-a2 =-2-<J'"X2-a2 

E K" + 1 (J ) K" + 1 ( ~) l + v v = - 2-Im Z(z)dz -yRe(Z) = - 2-Im <J''\/Z2 -a2 

. K"+l ( ~) = - 2-Im <J''\J x 2 - a2 = 0 

:. u = <J'(l + v)(K"-1) -Jxz - a2 
2E 

On line AB, on the top surface of the crack, y = o+, 

1 ( (J'Z ) ( <J'X ) <J'xx = Re(Z)-ylm(Z) = Re ~ = Re . ~ = 0 
'\IZ2 -a2 Z'\la2 -x2 

1 ( <J'Z ) ( <J'X ) <J'YY =Re(Z)+ylm(Z )=Re ~ =Re -~ =0 
z2 - a2 z a2 - x 2 

<J'xy = -y Re(Z') = 0 

(9.22) 

(9.23) 

(9.24) 
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Therefore, the traction-free conditions on the crack surface are 
satisfied. The displacement field on the top surface of the crack y = 
Q+) can be obtained from equation 

E K-1 ) -~-u=--Re Z(z)dz -y 
l+v 2 

K-1 ( ~\ = - 2-Re ia",fa2 -x2 ) = 0 

:. v = a(l + v)(K + 1) -Ja2 - x2 
2E 

K-1 
=--Re 

2 
Z(z)dz I 

) 

(9.25) 

In the same manner on line AB, on the bottom surface of the crack, y = o-, 
we obtain (]'xx = = (Jxy = 0: 

1: v v = K; 1 ImU Z(z)dz)-yRe(Z) = 1'; 1 Im(J Z(z)dz) 

= K; 1 Im(-iCJ-Ja2 - x2) = - a(K2+ 1) -Ja2 - x2 

:. v = - a(l + v)(K + 1) -Ja2 - x2 
2E 

Note that equations and can be written as 

(
V '\ 2 

--1 + x2 = a2 
C) 

or 

(9.26) 

the open crack forms an whose axis is the half-
ar1d the semiminor axis is the half of the maximurn crack 
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opening displacement at the center: 

u(l + v)(K + 1) 
ca= ' 

2E 

Similarly, on line RQ, x = 0, y > 0: 

Cixx=Re(Z)-yim(Z')=Re(RJ-y1m(-R2 1/11 \ z2 - a2 "- z2 - a2 (z2 -

R CJ,-.x,y ~ 1CJa 
[ 

( ; • )] [ . 2 \I 
= e + y Im ~==~--) 

Ja2 +y2 ~ Ja2 +y2(a2 + 

- (J + ~ {
( y ~ l 

- Ja2 + y2 (a2 + y2)3/2 J 

a,,v = Re(Z) + y Im(Z') = (J r R-.. l a2+y2 
a2 l 

+ y2)3/2 J 

(9.28) 

( CJa2 J ( CJa2 ') 
CJ =-yRe(Z')=-yRe - =yRe =0 

xy "- ~(z2 -a2) li.{a2+y2[-(a2 +y2)} 

(9.29) 

Note that the stress and displacement fields at any point of interest can be 
obtained from equations (9.12), (9.13), (9.15), and (9.18). 

9.3.3 Stress Field Close to a Crack lip 

For a point P close to the crack tip as shown in Figure 9.4, 

z =a+ re;e 

For-;;-<< 1, 

z + a = 2a + re;e "" 2a (9.31) 

z - a = a + reie - a = rei8 

:. z2 - a2 = (z - a)(z +a)= 2are;e 
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t 

FIGURE 9.4 
Point P near a crack tip is denoted the (r, 8) coordinates. 

Therefore, 

Z( , vz CJ(a + rei8 ) va CJ./iia _;ii_ I( 

,zJ = .Jz2 - a2 = ~2 ;~ "" ~2 ;~ = .J2iir e 2 = .}2n(z- a) (9.34) 
-..; L.ar e '\/ L.ar e 

and 

f Z(z)dz = a)z2 - a2 = CJ,/iarei812 

(2areie )3/2 

(9.35) 1 ,.,, 2 
Z'(z) = - - . va 

.Jz2-a2 (z2-a2) 

Therefore, 

( a .fiia J ( CJa2e-3;e;2 ) 
CJxx =Re(Z)-yim(Z')=Re r;:::::; e-;e12 -yiml -

-.,12rcr , 

a .fiia le) . crn2 . l 38 '\ =--cos - -rsme sm - [ .J2iir 2 (2ar) 312 2 ) 

(9.36) 

= Re(Z) + yim(Z') =CJ-ff!:;~ cos(~)+ 2-si.11_8si,_'l.( 38 )} 
-...; 2rcr l ~ 2 2 \ 2 j 

( 
a-a2e-3i8/2 \ CJa2 l 38 \ 

= -yRe(Z') = -yRe - j = rsine cos -J 
(2ar) 312 2 

a-.fiia 1 . 8 ( 3e) =---sm cos -
.J"iiir 2 \ 2 
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Similarly, 

_!i_u = IC- l Re(J Z(z)dz)-ylm(Z) 
l+v 2 . 

= IC - l Re(a.J2areie/z )-y Im ( a./iw. e-w12J 
2 J2ir 

IC-1 ~ (()) . a.fiw_ . (()) = --0""\/2ar cos - + rsm() r,:;;-::::. sm -
2 2 "\/2TCr 2 

= a./iw.Jt: {(IC - l)cos( ~) + sin8sin( ~)} (9.37) 

_!i_v = IC+ 1 rm(J Z(z)dz)-yRe(Z) 
l+v 2 

= IC+ 1 Im (a .J2a,e;e;2 )- y Re ( a .fiw. e-ie/2 J 
2 J2ir 

=IC+ 1 a& sin(!!_)- rsin() a./iw. cos(!!_) 
2 2 J2ir 2 

= a./iw.Jt: {(IC+ l)sin( ~)- sin8cos(~)} 

It should be noted here that if we were interested in computing the stress 
and displacement fields near a crack tip that was located at the origin
instead of at point x = a (as shown in Figure 9.4), then the Westergaard stress 
function expression given in equation (9.34) would have changed to 

I<. I<. -i~ 
Z(z) = .fiiz, = J2ir e 2 (9.38) 

Note that, because of the two different locations of the crack tip, although 
the Z(z) expressions given in equations (9.34) and (9.38) are slightly different 
when Z(z) is expressed in terms of z, these two expressions are identical when 
Z is expressed in terms of r and () measured from the crack tip. Thus, the 
Z(r,8) expression is independent of the crack tip position while Z(z) is not. 

9.4 Concentrated Load on a Half Space 

It is shown below that the Westergaard stress function for the problem geom
etry of Figure 9.5 is given by 

Z(z) = f-- = -!-e-ie = _ _f_ (sin()+ i cos 8) (9.39) 
lTCZ lTCY TCY 
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FIGURE 9.5 
A concentrated load P is acting on the surface of the half space at the origin of the coordi
nate system. 

Note that for the preceding stress function, 

and 

Therefore, 

Re(Z)=- Psine, Im(Z)=- Pcose 
1rr 1rr 

Z '( ) P iP 2 .8 iP ( 2 . . ) z =--.-=-e-• =- cos e-zsm28 
z7rz2 1rr2 1rr2 

Im(Z') = P cos W 
7ry2 

CJ'xx = Re(Z)-y Im(Z') 

(9.40) 

= _ _£_sin8-rsin8 · J=_cosW = _ _£_sin8(1 + cosW) = - 2P sin8cos2 e 
1rr 1rr2 1rr 1rr 

cryy =Re(Z)+ylm(Z')=-_£_sin8(1-cos28)=- 2P sin38 
1rr 1rr 

(9.41) 

From equation (9.41) one can clearly see that cryy = crxy = 0 on the half space 
surface at y = 0, for r -:f. 0, e = 0, and 1r. Therefore, the stress-free boundary 
conditions are satisfied on the free surface. 

The resultant internal vertical force generated by the stress field on the 
semicircle shown in Figure 9.6 is then computed to check if the stress field 
of equation (9.41) produces a resultant vertical force P. The resultant vertical 
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y 

p 

FIGURE 9.6 
Stress directions in the semicircular region and the applied concentrated load. 

force on the curved surface (see Figure 9.6) can be computed in the following 
manner: 

" 
FY= f (CY17 sin8+CYre cos8)Rd8 (9.42) 

0 

From the stress transformation law, 

= CY xx cos2 8 + CY yy sin 2 8 + 2 sin 8 COS 8CY xy 
(9.43) 

= -CY xx sin 8 COS 8 + CY yy sin 8 COS 8 + CY xi cos2 8 - sin 2 8) 

Substituting equations (9.43) and (9.41) into equation (9.42), 

" 
FY= f [CYrr sine+ CYre cos8]Rde 

0 

" 
= f [ (CYXX cos2 e + CYyy sin2 e + 2CYxy sine cos e) sine 

0 

+(-CYXX sine cos e + CYyy sine cos e + (j" xy {cos2 e- sin2 8}) cos e J Rde 

" 
= f [CYyy(sin3 8 + sin8cos2 8) + CYxy(2sin2 8cos8 + cos3 8- sin2 8cos8)]Rd8 

0 

" 
= f [CYyy sin8(sin2 e + cos2 8) + CYxy cos8(sin2 e + cos2 O)]Rde 

0 
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J[ 

= f [ayy sine+ crxy cos8]Rd8 
0 

Jr J[ 
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= - 2P r [sin3 8 sine+ sin2 8cos2 8]Rd8 = - 2P f sin2 8[si.n2 8 + cos2 8]Rd8 
nR.; nR 

0 0 

Vertical force -P computed in equation (9.44) is independent of the radius R 
of the semicircle of Figure 9.6. Therefore, for any value of R (small, medium, 
or large), the resultant force acting on the semicircle should always be -P. 
Thus, the semicircular region should always be in equilibrium when the 
external applied force P acts at the origin, as shown in Figure 9.6. 

9.5 Griffith Crack Subjected to Concentrated 
Crack Opening Loads P 

Westergaard stress function for the problem geometry shown in Figure 9.7 
is obtained in this section. Based on the Westergaard stress functions pre
sented in sections 9.3 and 9.4, the stress function for this problem geometry 
can be postulated in the following form: 

FIGURE 9.7 
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Griffith crack subjected to two concentrated crack opening loads P. 

(9.45) 
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For a concentrated load at the origin acting on a half space (see 
section 9.4), the stress function has the z dependence in the form f. In this 
problem geometry, since the concentrated force is acting at x0, in the denomi
nator of the stress function of equation (9.45), (z - x0) is taken instead of z. In 
section 9.3 (equation 9.38), we also learned that if the crack tip is present at 
the origin, then the Westergaard stress function should have the z depen
dence in the form }z . Since the Griffith crack has its two crack tips at z = ±a, 
the stress function is taken in the form ~ X .rz+a = ..JzL2. Therefore, equa
tion (9.45) takes care of both crack tips and concentrated force application 
conditions. The constant C0 in the numerator of equation (9.45) is obtained in 
the following manner. 

Take the limit as z ~ x0; in other words, z = x0 + ~ where ~ is small. Then, 

z = Co = Co 
(z - x0 ).Jz2 - a2 ~.Jz - a.Jz + a 

(9.46) 
- Co - Co 
- ~~~+x0 -a~~+x0 +a - ~~x0 -a~x0 +a 

Simplification given in equation (9.46) is possible when~ is small compared 
to (x0 ± a). Further manipulation gives 

(9.47) 

Comparing equations (9.47) and (9.39), one can write 

Co _ P 
i~~a2 - Xf! - i~ 

(9.48) 
. _ P~a2 -x5 .. Co-~---

n 

Substituting equation (9.48) into equation (9.45), 

Z(z)= p~ 
n(z- x0 ).Jz2 - a2 

(9.49) 

9.5.1 Stress Intensity Factor 

From the Westergaard stress function given in equation (9.49), the normal stress 
can be computed at a point ahead of the crack tip. Note that, for z = x, (lxl > a), 
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(9.50) 

Therefore, for z = x, (lxl > a), Z'(z) is real: 

P)a2 -x2 

:. CYy,)x, 0) = Re(Z) + y Im(Z') = h (9.51) 
1r(x - x0 ) x2 - a2 

Substituting x = a + r, where f << 1, we get 

Substitution of equation (9.52) into equation (9.51) gives 

P) a2 - X6 P) a2 - x6 P) a2 - X6 
:. CY (x, 0) = = "'-~--== 

YY ,r(x- x0 ).Jx2 - a2 1r(a + r- x0 )Jzir 1r(a- x0 )Jzir 

p 
- Jira ( a+x0 )_1 -~ 

a - x0 .fiicr - .fiicr 

(9.52) 

(9.53) 

From equation (9.53) the stress intensity factor for the problem geometry 
is obtained: 

(9.54) 

9.6 Griffith Crack Subjected to Nonuniform 
Internal Pressure 

In this section the Westergaard stress function for the problem geometry 
shown in Figure 9.8 is obtained. Note that over an elemental length da at 
a distance a from the origin, the crack opening force acting on the crack 
surface is given by f(a)da. From equation (9.49) one can postulate the Wester
gaard stress function for this elemental force f(a)da as 

dZ = .J a2 - a2 f (a)da 
1r(z - a).J z2 - a2 

(9.55) 
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FIGURE 9.8 
Griffith crack subjected to nonuniform distribution of normal traction. 

Integrating equation (9.55), the complete Westergaard stress function 
is obtained: 

fa .Jaz - az f(a) 
Z= da 

n(z - a).Jz2 - a2 
(9.56) 

-a 

Following similar steps as given in section 9.5.1, the SIF for this stress func
tion is obtained: 

K = _£_fa ~a+a f(a)da 
Jia a-a 

-a 

For the special case of f(a) = cr0, equation (9.57) gives 

O"o fa ~a+a ~ K = ~ --da == cr0 ..;na 
..;na a-a 

-a 

9.7 Infinite Number of Equal Length, 
Equally Spaced Coplanar Cracks 

(9.57) 

(9.58) 

It can be shown that the Westergaard stress function for the problem geom
etry shown in Figure 9.9 is given by 

1 

Z(z) = cr{1-[s~(w)J2
}-
2 

sm(W) 
(9.59) 
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(1 

FIGURE 9.9 
Infinite number of equal length (2a) equally spaced (W) coplanar cracks subjected to biaxial 
state of stress. 

The SIF from this stress function is obtained as 

(9.60) 

9.8 Concluding Remarks 

A few basic problems of fracture mechanics are solved in this chapter. For 
analytical solutions of more complex problems, readers are referred to the 
references cited in the reference list. 
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Exercise Problems 

Problem 9.1: Prove that the Westergaard stress function for the problem 
geometry shown in Figure 9.10 should be 

Z(z)= 2Pz~ 
n(z2 - b2 ).J z2 - a2 

Problem 9.2: For the problem geometry shown in Figure 9.10, compute 
the stress field along lines (a) x = 0, y > O; and (b) y = 0, x > a. 

FIGURE 9.10 



10 
Advanced Topics 

10.1 Introduction 

Solutions of some advanced problems are discussed in this chapter and rel
evant references are given. 

10.2 Stress Singularities at Crack Corners 

In all crack problems considered so far the crack is assumed to have a sharp 
edge and a smooth front in the crack plane. Four different crack geometries 
are shown in plan views A, B, C, and D in Figure 10.1. Note that in the eleva
tion view all four cracks look similar-a crack of length 2a. Out of these four 
cracks so far we have discussed the solutions of crack geometries A (Griffith 
crack) and B (elliptical crack). No discussion on the stress field variation near 
the crack corners as shown in problem geometries C and D has been pre
sented in previous chapters. This problem has been solved by Xu and Kundu 
(1995). 

Stress singularity at the crack corner of angle 2a, as shown in Figure 10.2, 
has been investigated by Xu and Kundu (1995). It should be noted here that at 
point A of this crack two tangents can be drawn. The angle between these two 
tangents on the crack side is the crack corner angle. At a point on the smooth 
crack front only one tangent can be drawn and it has been shown earlier 
that the stress field has a square root singularity in front of the smooth crack 
front. The stress singularity near the crack corner is shown in Figure 10.3. In 
this Figure the singularity parameter n is plotted against the half-crack angle 
(a). Note that when a= 90° (or 2a = 180°), the crack front becomes smooth. 
From Figure 10.3 one can see that for a = 90°, n = 0.5. Therefore, the stress 
field should vary near r = 0, in the following manner: 

er-I = - 1- = - 1- =_!_for a= 90° 
'I r--;0 yl-n yl-0.5 .Jr (10.1) 

261 



262 Fundamentals of Fracture Mechanics 

FIGURE 10.1 
Elevation (top two figures) and plan views (A, B, C, and D) of different crack geometries. 

For a < 90°, in Figure 10.3 one can dearly see that n > 0.5. Therefore, 
the order of singularity m = (1 - n) < 0.5 for a crack corner angle less than 
180°. Similarly, for a crack corner angle greater than 180° the order of 
singularity m = (1 - n) > 0.5. Therefore, for the heart-shaped crack shown 
in Figure 10.4, point A has the highest order of singularity and is most 
likely to fail while point B has the lowest order of singularity and is least 
likely to fail. 

FIGURE 10.2 
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FIGURE 10.3 
Singularity parameter n versus a. Order of singularity is m (m = 1 - n). 

10.3 Fracture Toughness and Strength 
of Brittle Matrix Composites 

Shah and Ouyang (1993) described four different mechanisms-crack shield
ing in fracture process zone, crack deflection, crack surface roughness 
induced closure, and bridging mechanism-that contribute to the increas
ing toughness of fiber reinforced brittle matrix composite (FRBMC) materi
als. Li et al. (1992) have shown that for continuous aligned fiber composites, 
the main mechanism that contributes to the increasing fracture toughness is 
multiple cracking of the matrix. However, for randomly distributed fibers in 
a brittle matrix, the fiber bridging force is the major contributor to the tough
ening mechanism of FRBMCs. 

B 

FIGURE 10.4 
Heart-shaped crack. Point A has the highest order singularity and is most likely to fail while 
point B has the lowest order singularity and is least likely to fail. 
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Many studies and Marshall Cox 1993; Li and Ward have 
concentrated on the determination of the fiber bridging forces. In these stud
ies the fiber bridging force has been assumed to be a function of the crack 
opening Different types of functional variations1 have been postu-
lated and mathematical analyses based on such assumed have been car-
ried out. Cox (1993) assumed to be where f3 is the bridging stiffness 
and a can be 0.5 (for sliding fibers of infinite strength)1 1.0 (for linear springs), 
or greater than unity for rubber ligaments. Li and ·ward assumed 
to be the first derivative of the Bessel function with respect to the crack mouth 
opening displacement; has been also modeled as a summation series of 
Legendre polynomials. 

Experiments by Cha et al. (1994) and Luke, Waterhouse, and Wooldridge 
(1974) have shown that the addition of fibers significantly increases the frac
ture toughness of FRBMCs, but the effect on the elastic stiffness of the com
posite is small. Ward et al. (1989) studied fracture resistance of acrylic fiber 
reinforced mortar in shear and flexure and found that, as the volume fraction 
of fibers is increased, the strength in shear and flexure, the fracture energy 
and the critical crack opening all increase, the tensile strength remains essen
tially constant and the compressive strength shows some reduction. 

Counter examples of these observations are also available in the litera
ture. For example, Shah (1991) has shown that addition of 10-15% volume 
fraction of fibers may substantially increase the tensile strength of matri
ces. This is probably because fibers suppress the localization of micro
cracks into macrocracks. Li and Hashida (1993) observed a ductile nature 
of the FRBMC fracturing with a large diffused microcrack region. They 
classified the FRBMC fracture process into three categories: brittle frac
ture dominated by microcracking, quasibrittle fracture dominated by fiber 
bridging, and ductile fracture. These different types of fracture processes 
observed in FRBMCs make the FRBMC strength and toughness analysis 
and estimation very complex. Furthermore, depending on the definition, 
the toughness of FRBMCs may or may not be sensitive to fiber parameters. 
Gopalaratnam et al. (1991) have shown that ASTM C108 toughness index 
is insensitive to the fiber type, fiber volume fraction, and specimen size, 
but the toughness as a measure of absolute energy is sensitive to these 
parameters. 

Wang, Backer, and Li (1987) found that when 2% volume fraction of acrylic 
fibers of different length is added to concrete, the fracture toughness mono
tonically increases with the fiber length (variation from 6.4 to 19.1 mm) for one 
definition of fracture toughness (T0) and this variation is nomnonotonic for 
another definition of fracture toughness (DTI20). On the other for con-
stant fiber length mm), when fiber volume fraction is increased 2 to 
6.5%), the DTI20 toughness increases monotonically but toughness shows 
nonmonotonic variation. Wang, and Backer found that Aramid B 
fiber reinforced concrete shows nonmonotonic variation of tensile 
and fracture energy with the increase of fiber volume fraction from 1 to 3%. 
In their study reported that 100% increase in fiber while 
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other parameters increases the tensile strength 5.4-34.1% for 
different fiber volume fractions. 

In another Li et al. found that steel fiber reinforced concrete 
shows significant increase of with 
bond strength. of proper fiber-matrix has been recog-
nized and studied Kanda and Li (1998) and Marshall et al. Different 
damage mechanisms for strongly and bonded have been 
observed Marshall et al. They have shown that strong interfacial 
does not necessarily lead to optimum transverse strength of the composite. 

103.1 Experimental Observation of Strength Variations 
FRBMCs with Various Fiber Parameters 

Luke et al. carried out a parametric of steel fibers on the flexural 
strength of concrete and studied the effect of fiber length, diameter, shape, 
and volume fraction on the first crack strength at which the load-
deflection curve deviates from and ultimate of concrete. 

concluded from their that the fiber length, 
fiber diameter, fiber shape, and fiber volume fraction affect the flexural 
strength of the concrete. Longer fibers with smaller diameter and higher 
volume fraction increase the ultimate strength of fiber reinforced concrete. 

Luke et al. (1974) have shown that the ultimate flexural of fiber 
reinforced concrete increases from 910 psi (6.27 1 to 
1880 psi (12.95 107% increase) as the fiber volume fraction increases 
from 0.3 to 2.5% increase). For 1% volume fraction of fibers, with the 
increase of the fiber length the flexural strength increases from 1190 psi 

to 1500 psi 26% increase) for 0.01 in. mm) diameter 
fibers; from 1155 (7.96 MPa) to 1455 psi 26% increase) for 0.016 
in. diameter fibers; and 1050 psi to 1580 psi MPa, 
50% increase) for 0.02 in. diameter fibers. These three increases 

to the fiber length variations of 0.5-1.25 in. mm, 
150% increase), 0.75-2 in. mm, 167% and 1.5-2.5 in. 

mm, 67% respectively. Luke et al. have also shown that 
for 1% volume fraction and 1 in. fiber as the fiber diameter 
decreases from 0.016 to 0.006 in. to 0.152 mm, 62.5°;;, decrease), the ulti-
mate strength increases from 1115 psi to 1795 psi (12.37 61% 

For 2% volume fraction and 1 in. a decrease 
of fiber diameter from 0.016 to 0.012 in. mm to 0.305 mm, 25% decrease) 
results in an increase in the ultimate from 1470 to 
1645 psi (11.33 11.9% increase). 

Luke and also studied the effect of the fiber and found 
that fiat fibers increase the strength more than round fibers. The increase in 
the ultimate vvith flat fibers, in to round 

this increase varied from 30 to 100%, for different 
volume fractions of fibers. There was no 

the in the ultimate 0 h·~n,~+h 
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TABLE 10.1 

Effect of Steel Fibers on Ultimate Strength ( CTu) of Reinforced Concrete 

t.cru = Ultimate 
Percentage Strength Percentage 

Fiber Parameter Amount of (%) Change Change (in psi, Change of 
that Changes Change of Parameters 1 psi = 6.89 kPa) <Yu(%) 

Volume fraction 0.3-0.5% 66.7 910-1055 15.9 
Volume fraction 0.3-1% 233 910-1115 22.5 
Volume fraction 0.3-1.5% 400 910-1325 45.6 
Volume fraction 0.3-2.0% 567 910-1470 61.5 
Volume fraction 0.3-2.5% 733 910-1880 107 
Length (v.f. = 1 %, 0.5-1.25 in. 150 1190-1500 26 
dia. = 0.01 in. = 0.254 mm) 

Length (v.f. = 1 %, 0.75-1.5 in. 100 1155-1180 2.2 
dia. = 0.016 in. = 0.406 mm) 

Length (v.f. = 1 %, 0.75-2 in. 167 1155-1455 26 
dia. = 0.016 in. = 0.406 mm) 

Length (v.f. = 1 %, 1.5-2.5 in. 67 1050-1580 50 
dia. 0.02 in. = 0.508 mm) 

Length (v.f. = 2%, 0.75-1.25 in. 67 1295-1905 47 
dia. 0.016 in. = 0.406 mm) 

Dia. (v.f. = 1 %, length = 0.016-0.014 in. -12.5 1115-1215 9 
1 in. = 25.4 mm) 

Dia. (v.f. = 1 %, length = 0.016-0.012 in. -25 1115-1230 10.3 
1 in. = 25.4 mm) 

Dia. (v.f. = 1 %, length= 0.016-0.010 in. -37.5 1115-1320 18.4 
1 in. = 25.4 mm) 

Dia. (v.f. = 1 %, length = 0.016-0.006 in. -62.5 1115-1795 61 
1 in. = 25.4 mm) 

Dia. (v.f. = 2%, length= 0.016-0.014 in. -12.5 1470-1615 9.9 
1 in. = 25.4 mm) 

Dia. (v.f. = 2%, length = 0.016--0.012 in. -25 1470-1645 11.9 
1 in. = 25.4 mm) 

Source: Luke, C. E., Waterhouse, B. L., and Wooldridge, J. F. Steel fiber reinforced concrete optimiza
tion and applications, an international symposium on fiber reinforced concrete. Detroit, MI: American 
Concrete Institute, SP-44, pp. 393-413, 1974. 

composite with the change in the fiber diameter, length, shape, or volume 
fraction. Details of the experimental observations of Luke et al. are shown in 
Table 10.1. Their experimental observations were later quantitatively justified 
by Kundu et al. (2000) using a simple model of linear elastic fracture mechan
ics. Kundu et al. (2000) predicted strength variations in FRBMCs with the vari
ations of fiber length, diameter, and volume fraction. This model predicts that 
a composite material's tensile and flexural strength should increase nonlin
early with the fiber volume fraction. They also predicted that similar nonlin
ear behavior should be observed with the reduction of the fiber diameter when 
other parameters are kept constant. They showed in their paper how the varia
tion of the FRBMC strength and toughness can be quantitatively related to the 
variations in fiber parameters: volume fraction, fiber length, and diameter. 
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10.3.2 Analysis for Predicting Strength Variations 
of fRBMCs with Various fiber Parameters 

267 

From the preceding discussion it is dear that fracture toughness and strength 
properties of FRBMCs depend on many factors (e.g., geometries and proper
ties of fibers, matrices, and interfaces). As mentioned before, several inves
tigators have carried out rigorous studies on different aspects of fracture 
and failure processes of FRBMCs. These detailed analyses are important for 
understanding the intricate mechanics of the fracture process of FRBMCs. 
However, sometimes too many variables, too many unknowns, and com
plex mathematical analyses create obstacles to the fundamental or concep
tual understanding of the basic process that is responsible for increasing 
the strength of FRBMCs. A simplified analysis based on the linear elastic 
fracture mechanics (LEFM) knowledge presented by Kundu et al. pro
vides qualitative and quantitative explanations of some observed phenom
ena of strength variations in FRBMCs with the volume fraction, length, and 
diameter of reinforcing fibers. 

Addition of fibers to a brittle material increases both its ultimate strength 
and fracture toughness. The mechanisms responsible for these two increases 
are related. Brittle materials, like concrete and ceramic, contain a large num
ber of randomly distributed microcracks. Size and shape of these microcracks 
vary from material to material. When fibers are added, the randomly distrib
uted fibers intersect these microcracks and bridge the gap between two sur
faces of the crack, as shown in Figure 10.5. When the material is loaded and 
the cracks want to propagate, the fibers apply a restraining force that makes 
it harder for the crack to propagate. As a result in the presence of fibers 
the strength of the material increases. The restraining force applied by the 
fibers comes from the friction and cohesive force (due to chemical bonding) 
between the fiber and the matrix material. Since the cohesive and friction 
forces increase with the fiber surface area and flat fibers have greater sur
face area than the round fibers for the same volume of fibers, the flat fibers 

FIGURE 10.5 
Fibers intersecting cracks increase the strength of the fiber-reinforced brittle matrix compos
ite materials. 
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increase the fracture toughness more in comparison to the round fibers. This 
has been observed by Luke et al. 

W.3.2.1 Effect of Fiber Volume fraction 

Table 10.1 shows that an increase in the fiber volume fraction increases the 
FRBMC strength when fiber diameter and length are kept unchanged. How
ever, this increase is nonlinear. Note that 733% increase in the fiber volume 
fraction increases the ultimate strength of concrete 107%, while 567% 
increase in fiber volume fraction increases the ultimate strength by 
61.5%. Can the nonlinear increase of the ultimate strength of FRBMCs be 
explained using the LEFM? 

Following the approach suggested by Kundu et al. let us assume 
that in the absence of fibers, the matrix material has a fracture toughness of 
Kc. The fibers bridge the gap between the two surfaces of a crack as shown in 
Figure 10.5 and generate restoring forces when the crack tries to open more 
and propagate. The stress intensity factor (SIF), k1, for a semi-infinite crack 
subjected to two opposing forces as shown in Figure 10.6 is by (see 
equation 4.23) 

where P is the force magnitude and a is the distance of the applied force 
from the crack tip. 

Let the SIF of a cracked specimen in absence of the fibers be K; then for 
the same problem geometry, the stress intensity factor in presence of the 
fibers should be (K-k1) since the fibers produce a restoring force P that tries 
to close the crack opening. Note that Kand k1 are independent of each other; 
K depends on the specimen geometry and applied loads while k1 depends 
on the restoring force magnitude P and its point of application relative to the 
crack tip. If one considers a large number of fibers and microcracks being 

p 
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FIGURE 10,6 
Two concentrated loads of magnitude Pare acting at a distance ex from the crack tip. 
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randomly distributed in a material, as shown in Figure 10.5, then it can be 
assumed that the restoring force P is proportional to the fiber volume frac
tion when the fiber volume fraction is changed without altering the number 
of microcracks in the material. As a result, for Y% increase of the fiber vol
ume fraction, the restoring force (P) will increase Y%. Then, from equa
tion 10.2, it is easy to see that k1 should also increase by about while 
K remains unchanged. Then the resulting stress intensity factor becomes 
[K - (1 + Y%)k1] = [K - (1 + If we assume that the matrix fails when 
the resulting SIF reaches the critical stress intensity factor then the failure 
criterion in absence and in presence of fibers would be 

= K (in absence of any fiber) 

Kc= K - k1 the presence of fibers) 

= K - k1 - O.OlY k1 (for Y% increase of the fiber volume fraction) 

If it is assumed that k1 is n times K then from the relation it can be 
shown that the percentage increase (X) in the failure load for a Y% increase 
of the fiber volume fraction is given by 

X = 1-(1+0.onJ11 
_f(_c_ 
1-n 

Yn 
(10.4) 

1-(1 + O.OlY)n 

From equation (10.4), n can be expressed in the following form: 

X 
(10.5) n=------

X+ Y +O.OlXY 

where X and Y of equation (10.5) can be obtained experimentally. 
From Table 10.1, we get X = 107% for Y = 733%; then equation (10.5) gives 

n = 0.066. If one substitutes this value of n in equation (10.4) and calculates 
X for different values of Y (varying from O to 733%), then a theoretical pre
diction of X for different fiber volume fraction increases can be obtained. 
This plot is shown in Figure 10.7; the experimental values from Table 10.1 
are shown square markers on the same The theoretical curve (equa
tion 10.4) obtained from this simple model shows good agreement with the 
experimental values. Only one experimental data point that corresponds to 
the 0.5% volume fraction (66.7% increase in the fiber volume) shows com
paratively large deviation from the theoretical curve in Figure 10.7. This may 
be due to some experimental error associated with that point or with the 
very first point (0.3'Yo fiber volume fraction). Note that if the ultimate strength 
associated with the 0.3% fiber volume fraction (the first experimental 
of Figure 10.7) is increased from 910 psi (6.27 MPa) to, say, dose to 1000 psi 
(6.89 MPat then the matching between the theoretical curve and the experi
mental values becomes even better. 
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It should be noted here that the increase in the ultimate strength has been so 
far explained considering only the bridging effects of fibers. However, pres
ence of fibers in front of the crack tip, as shown in Figure also increases 
the value of Kc; the exact amount of increase depends on the fiber distribu
tion (spacing, ahead of the crack tip (Evans 1988, 1989, 1991; Evans and 
Zok 1994). Thus, if one accounts for both the bridging effect and the effect of 
fibers ahead of the crack tip, then the failure criterion should be 

= K absence of any fiber) 

K'c = K - k1 (in the presence of fibers) 

K"c = K - k1 - O.OlY k1 (for Y% increase of the fiber volume fraction) 

where K*c and K*'c are critical stress intensity factors of the composite in pres
ence of fibers in front of the crack tip. However, although an analysis based 
on equation (10.6) will be more accurate than the one presented here (equa
tions 10.3-10.5), the improved analysis also involves a greater number of 
unknowns, such as K'c and K"0 and is not considered. 

Fibers 

Crack 

FIGURE 10.!l 
Presence of fibers in front of the crack tip increases composite strength by creating barriers to 
the crack C'HJC'd\cCCC,VC 
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10.3.2.2 Effect of Fiber Length 

Fiber forces are generated due to cohesion (chemical bonding) and friction 
· between the fiber and the matrix. As a result, one can logically assume that 

the fiber force is proportional to the interface area between the fiber and the 
matrix. A simplifying assumption of our analysis is that this bridging force 
mechanism is mainly responsible for the fracture toughness increase. If this 
assumption is correct, then we should observe that when the fiber volume 
fraction and diameter are kept unchanged but the fiber length is increased, 
then, because the fiber surface area does not change, the ultimate strength 
should not change. Experimental results sometimes support this prediction, 
but often they do not (see Table 10.1). 

Table 10.1 shows that, without altering the fiber volume fraction, if the fiber 
length is increased by 100% (for 1% fiber volume fraction and 0.016 in. fiber 
diameter), the ultimate strength increases by only 2.2%. However, for the 
same volume fraction and fiber diameter, when the fiber length is increased 
by 167%, a 26% rise in the ultimate strength is observed. For different vol
ume fractions and fiber diameters, when the fiber length increases by 150% 
and 67%, the ultimate strength increases by 26% and 50%, respectively. From 
these experimental results, it can be clearly seen that the strength increase 
of FRBMCs with the change in the fiber length is not consistent. Sometimes 
it is almost independent of the fiber length (100% increase in the fiber length 
showing only 2.2% increase in the ultimate strength) and can be explained 
by the simplified theory presented here. 

However, at other times, the ultimate strength increases with the fiber 
length but the rate of increase is not consistent; while a 67% length increase 
provides 50% increase in the ultimate strength, a 150% length increase (for 
a different fiber diameter) shows only 26% increase in the ultimate strength. 
A quantitative theoretical prediction like in Figure 10.7 is not possible in this 
case since the ultimate strength variation is not consistent with the fiber length 
change. To explain this phenomenon one may have to take into account other 
mechanisms (such as large-scale bridging [LSB], small-scale bridging [SSB], 
etc.) in addition to the fiber-matrix interface cohesive force. 

In addition to the total fiber surface area, distribution of fibers relative to 
the crack geometry may also play an important role in deciding the level 
of resistance that should be generated to oppose the crack propagation. To 
investigate the effect of the fiber distribution on the SIF of a cracked material, 
the SIF of a semi-infinite crack in an infinite medium is computed with fiber 
forces of different distributions. As mentioned earlier, the SIF for the geom
etry shown in Figures 10.6 and 10.9a is given by equation (10.2). The SIF for 
the problem geometry shown in Figure 10.9b can be obtained from equation 
(10.2) after applying the superposition principle: 

k1_P ~-p ~-P.fa+i+~ 
- 2 v~ 2 vn(a+8} - ~2n(a2 - £2) (10.7) 
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where 2£ is the distance between the two crack opening forces of 
and a is the distance between the crack and the line of action of the 

Figure 
k1 in equation to equa-

tion this represents an increase of 4.5% in the stress intensity factor. 
Hence, if a cracked infinite has a stress factor of K in absence 
of any then addition of fibers will reduce the stress factor 
to if one fiber applies a closing force P this case the fiber force 
will be opposite to the force shown in The SIF will 
be reduced to if two fibers a total load of P as shuwn in 
Figure 10.9b. 

the total force P over a number of fibers the 
stress intensity factor. When the load is distributed over four fibers, each 

PI 4 as shown in the SIF becomes 
increase of 10.1% fiber case. If the load is distributed 

the SIF becomes l.15P(2/na)05-a 
15% increase when For the uniform distribution 
of fiber forces as the load is distributed over a greater number of the 
SIF 

if the fiber is 
its diameter and the volume fraction constant1 then the 

cr,ao,.-,o-n.., should increase because shorter fibers will 
number of fibers with smaller force per fiber. But note that the 
observation contradicts this 

A drawback of the is that the fiber loads are 
It· should be noted here that 
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i 

FIGURE 10.10 
Uniform, linear, and quadratic variations of the fiber bridging force along the crack length, 
considered in the analysis. 

although the fiber pull-out force or the fiber failure force is independent 
of the crack opening, the fiber bridging force is not. The fiber failure force 
depends on either the cohesive force at the fiber-matrix interface for short 
fibers or the tensile strength of the fiber for long fibers. However, the fiber 
bridging force generated by the tensile strain of a fiber depends on the crack 
opening displacement. As a result, the fiber bridging force is a function of 
the crack opening displacement and it increases from the crack tip to the 
center of the crack. 

Linear and quadratic variations of the fiber force distribution (see 
Figure 10.10), in addition to the uniform distribution that has been already 
considered, are analyzed next. It should be noted that the nonlinear fiber 
force distribution is more realistic. Let the stress intensity factor k1 be defined 
by the relation k1 = y P ~. Then y is computed numerically for different 
numbers of fibers and various types of fiber force distribution (quadratic, 
linear, and constant). Table 10.2 shows the y values computed for these vari
ous cases. After knowing y, one can compute the SIF (k1). Note that greater y 
means greater resistance to failure. 

Fiber positions for all three distribution functions are the same and the 
total fiber force for all these cases is P. It is interesting to note here that for 
the uniform fiber force distribution, y increases with the number of fibers, but 
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TABLE 10.2 

Variation of y Value as Number of Fibers and Fiber-Force Distribution Functions 
(see Figure 10.10) Change on a Semi-infinite Crack 

Number Uniform Linear Quadratic 
of Fibers Distribution Distribution Distribution 

2 1.045 0.986 1.004 
4 1.101 0.972 1.004 
7 1.15 0.958 0.975 

an opposite trend is observed for both linear and quadratic distributions. This 
is because, as the total load is distributed over a larger number of fibers, 
for linear and quadratic distributions the resultant force moves away from 
the crack tip. It is easy to see from equation (10.2) that if the resultant force 
moves away from the crack tip, the k1 value will be reduced. This movement 
is larger for the linear case, and hence the reduction in the y value is also 
greater. When the resultant force does not move (for the uniform fiber force 
distribution), y increases slightly, but for linear and quadratic distributions 
this increase is offset by the decrease of the y value due to the movement of 
the line of action of the resultant force away from the crack tip. This gives a 
qualitative justification the ultimate strength increases with the increase 
of fiber length (or decrease of the number of fibers) when other parameters 
are kept constant. 

Another important mechanism that contributes to the increasing fracture 
toughness with the fiber length is that long fibers intersect multiple cracks 
contributing to the bridging force in more than one crack. These two impor
tant mechanisms increase the fracture toughness of FRBMCs when the fiber 
length is increased. 

UJ.3.2.3 Effect of fiber Diameter 

If the volume fraction and the fiber length are kept unchanged and the fiber 
diameter is reduced, the number of fibers increases, which results in an 
increase in the ultimate strength. It is easy to see that n% reduction in the 
fiber diameter causes n% reduction in the surface area of one fiber. If the cohe
sive force between the fiber surface and the matrix does not change, the force 
produced by individual fibers will be reduced by n%. Then the individual 
fiber's cross-sectional area and volume are reduced by where 

For the same volume fraction and fiber length, the number of fibers 
is increased 1~?J~;;, % for n% reduction of the fiber diameter. the 
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Theoretical prediction of the percentage increase of the fracture toughness (scale on the left 
side) as a function of the percentage reduction of the fiber diameter (horizontal axis). Experi
mental points (square markers) show the percentage increase of the ultimate strength (scale 
on the right side). 

percentage increase in the restoring force due to n% reduction in fiber diam
eter is given by 

X=m(lOO-n)-n 
100-m (10.9) 

A plot of n versus Xis shown in Figure 10.11. Since restoring force is directly 
proportional to the stress intensity factor k1 (equation 10.2), Figure 10.11 
shows the variation of k1 (the part of SIF that depends on the fibers; see 
equation 10.3) with n. However, the total SIF has two parts, Kand k1, as shown 
in equation 10.3. An increase in k1 reduces the total stress intensity factor 
(K - k1), since K depends only on the loading and the problem geometry and 
not on the fiber geometry. Thus, as k1 increases, net SIF decreases and, as a 
result, the critical load for failure as well as the ultimate strength increases. 
From Figure 10.11 it can be seen that as n (plotted along the horizontal axis) 
increases, X of equation (10.9) (plotted along the vertical axis) also increases 
monotonically with increasing slope. Experimental results show that for 1% 
volume fraction of fibers as n increases by 12.5, 25, 37.5, and 62.5%, the ulti
mate strength is increased by 9, 10.3, 18.4, and 61%, respectively, which repre
sents a nonlinear monotonic increase. 

Since X of equation (10.9) represents the variation of the stress intensity fac
tor k1 and values listed in Table 10.1 correspond to the variation of the ultimate 
strength cru, it is not expected that these two sets of values be numerically 
equal; however, they should follow the same trend that is observed here. 
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If the experimental values are plotted on a different scale (shown on the right 
side of Figure 10.11) on the same Figure, then the experimental values correlate 
very well with the theoretical curve except for the first point corresponding to 
the 12.5% diameter reduction. Thus, the experimental results associated with 
the fiber diameter variation can also be justified from this simple analysis. 

10.3.3 Effect on Stiffness 

The mechanism of fiber force resisting the crack propagation has the direct 
effect on the increase of the fracture toughness, which increases the ultimate 
strength. However, increase in the fracture toughness should not have much 
influence on the stiffness of the material. Therefore, the Young's modulus 
should remain essentially unchanged or should vary only slightly when 
short fibers are added to strengthen the composite. This was observed exper
imentally by Cha et al. (1994) and others. 

10.3.4 Experimental Observation of Fracture Toughness 
Increase in FRBMCs with Fiber Addition 

In Table 10.1 the variations in ultimate strength of FRBMCs with fiber param
eters have been listed. Although the ultimate strength and the fracture tough
ness of FRBMCs are related, no fracture toughness information is given in 
Table 10.1. Kundu et al. (2000) measured fracture toughness of FRBMCs tak
ing three-point bending specimens. They carried out tests on steel fiber rein
forced ceramic matrix composite specimens. Steel fibers of size 15.24 x 0.76 x 
0.25 mm3 (0.6 x 0.03 x 0.01 in.3) were uniformly mixed with a ceramic powder 
material and then the mixture was placed in a mold and heated in an oven to 
produce the FRBMC. Fiber amounts in the five specimens tested were 0, 2, 5, 
10, and 15% of the specimen weight. Table 10.3 shows the recorded fracture 
toughness for these five specimens. 

Note that an increase of fiber weight fraction from 2% in specimen 2 to 
15% in specimen 5 corresponds to an increase of fiber weight fraction by 
650%. It increased the fracture toughness from 1181 psi-in.112 to 3954 psi-in.112• 

TABLE 10.3 

Fiber Weight Fraction and Fracture Toughness for Five Ceramic Specimens 

Specimen No. 

2 
3 
4 
5 

Fiber Weight Fraction 
(%) 

0 
2 
5 

10 
15 

Fracture Toughness (K,) in psi-in.1' 2 

(1 psi-in.112 = 1.1 N-cm-3'2) 

1043 
1181 
1524 
2238 
3954 

Source: Kundu, T. et al. International Journal for Numerical and Analytical Methods in Geomechanics, 
24,655-673,2000. 
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FIGURE 10.12 
Variation of fracture toughness (psi-in.112) with increase in fiber volume in FRBMCs. 

The theoretical curve for this set of experimental data points can be obtained 
from equations (10.4) and (10.5). This curve, along with the experimental data 
points, is shown in Figure 10.12. Note that Figures 10.7 and 10.12 show simi
lar variations of ultimate strength and fracture toughness with the fiber vol
ume fraction, as expected. 

10.4 Dynamic Effect 

This book analyzed cracked problem geometries under static loads only. 
If the cracked structures are subjected to dynamic (or time-dependent) loads, 
then both the SIF and the crack opening displacement are amplified due to 
the dynamic effect. Therefore, a cracked plate that does not fail under the 
static loading condition may fail when the load is applied suddenly. Tran
sient response of cracked bodies subjected to time-dependent loads showing 
amplification of the SIF and the crack opening displacement has been stud
ied by Kundu (1986, 1987, 1988), Kundu and Hassan (1987), Karim and Kundu 
(1988, 1989, 1991), Awal, Kundu, and Joshi (1989), and others. 

Elastodynamic analysis of cracked bodies is also necessary to study the 
interaction between elastic waves and cracks. This study is important for 
the nondestructive inspection of internal cracks by ultrasonic waves. One 
needs to know how ultrasonic waves are scattered by cracks if the loca
tion, orientation and shape of the crack are to be determined from the scat
tering pattern of the ultrasonic waves. Many publications on this topic are 
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available in the literature. A number of these publications are referred 
to in various papers published by the author and his colleagues over the 
last two decades (Kundu and Mal Karim and Kundu Kundu 

Kundu and Bostrom 1991, 1992; Karim, and Kundu 1992a, 1992b; 
Banerjee and Kundu 2007a, 2007b) and in many other similar papers. Inter
ested readers are referred to these publications. 

10.5 Concluding Remarks 

Two advanced topics that have been discussed in detail in this chapter are 
on the stress singularity near crack corners and the fracture toughness of 
FRBMCs. In section 10.2 it is shown that, for cracks with sharp corners, the 
strength of the stress singularity increases or decreases from the square root 
singularity, observed for the smooth crack front. Section 10.3 discusses how 
the length, diameter, and volume fraction of fibers affect the fracture tough
ness, ultimate strength, and stiffness of short fiber reinforced brittle matrix 
composites (SFRBMC). Importance of solving dynamic problems for predict
ing the dynamic SIF and for detecting cracks by ultrasonic nondestructive 
techniques is briefly discussed in section 10.4 and adequate references are 
provided for interested readers. 

The three topics discussed in sections 10.2, 10.3, and 10.4 are too advanced 
for an introductory fracture mechanics book. These materials are introduced 
for readers who are interested in exploring this subject beyond the basic 
knowledge of linear elastic fracture mechanics. These readers can acquire 
adequate knowledge on these advanced topics from the references provided 
in this chapter. 
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Exercise Problems 

Problem 10.1: For different crack geometries shown 
identify the point(s) where the crack will start to 
mode I loading. 

Problem 10.2: Derive equation 

Problem 10.3: Derive 

Problem 10.4: Derive 

in Figure 
under 
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Problem 10.5: 

(a) For SFRBMCs, if the fiber diameter is reduced, keeping the 
fiber length and volume fraction unchanged, do you expect an 
increase or decrease in the fracture toughness of the composite? 

(b) Calculate the percentage change in the fiber bridging force for 25% 
reduction in fiber diameter. Show all steps of your calculation. 
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Tip Finite Element, 233 
Tip Opening Displacement, 161 

Criti~al, 101, 115, 120, 126, 159, 163, 183 
Crack Tip Opening Displacement, 163 
Fracture Toughness, 101 
J-Integral Value, 163, 183 
Plastic Zone Size, 163 
Strain Energy Release Rate, 115, 120, 

126,163 
Strain Intensity Factor, 163 
Stress Intensity Factor, 101, 126, 159, 163 

Cross Product, 33 
Cyli!,drical Coordinate System, 37, 38 

Pressure Vessel, 59 
Tube, 68, 70 
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D 

Deformation, 1, 2 
Deformed State, 4 
Dirac Delta Function, 58 
Direction of Crack Propagation, 102, 104, 

105, 158 
Displacement, 3-5, 19 

Gradient, 3-5 
Transfonr,ation, 19 

Divergence Theorem, 22 
Dominant Term, 92 
Dot Product, 33 
Dugdale Model, 159, 182 
Dummy Index, 3 
Dynamic Effect, 277 
Dynamic Problems, 36 

E 

Eigenvalue Problem, 16 
Elastic, 20, 21, 25, 34, 85 

Crack Model, 85 
Constants, 34 
Material, 20, 21, 25 

Elliptical Crack, 212,214 
Energy, 113, 115 

Balance, 113 
Criterion, 115 

Engineering Shear Strain, 5, 31 
Equation, 9, 36, 37 

Equilibrium, 9 
Governing, 36 
Important, 37 
of Motion, 36 

Equilibrium, 9, 11, 33, 36, 41 
Equation, 9 
Force, 9, 41 
Moment, 11 
Na.vier's 
Static, 36 

33 

Experimental Determination, 
164, 183 

Critical J-Integral Value (JJ, 183 
Critical Stress Intensity Factor 

(Kc), 164 

F 

failure, 105-107, 157-159 
Criterion, 106 
Curve, 105, 107 
Mode, 157 
Surface, 158, 159 

Fundamentals Jvfechanics 

Fatigue 189, 193 
Fracture Mechanics Approach, 189 
Materials containing Microcracks, 193 
Mechanics of Materials 189 

Fatigue Crack Growth, 191 
Fiber Reinforced Brittle Matrix Lc)mpo,s1te 

(FRBMC), 263-277 
Strength Variation with Fiber Parameters, 

265,266 
Experimental Observation, 276, 277 
Fiber Diameter, 274 
Fiber Length, 271 
Fiber Volume Fraction, 268, 277 

Finite Element Method, 224-239 
Constant Stress Triangles, 235 
Displacement Matching, 224 
J-Integral Method, 232 
Local Strain Energy Matching, 228 
Quarter Point Quadrilateral Element, 

236,239 
Singular Stress Circular Element, 235 
Special Crack Element, 233 
Strain Energy Release Rate, 229 
StTess Matching, 224 
Transition Element, 238, 239 

Fixed Force Condition, 115, 118, 122 
Fixed Grip Condition, 115, 120, 122 
Fourier Transform, 52 
Fracture Toughness, 100, 101 
Front Face Correction Factor, 215 

G 

G, (Critical Strain Energy Release Rate), 115, 
120,126 

Experimental Determination, 120 
Gauss Divergence Theorem, 22 
Green's 22, 23, 30 
Griffith Crack, 126 
Griffith's Energy Balance, 113 
Generalized Hooke's Law, 31 
Governing Equation of Motion, 36 

H 

Half-Plane Problem, 51, 52, 54, 57 
Half-Space, 51, 252 
Hexa:grn1ai Material, 27 
Hooke's Law, 31, 32 

I 

Index }'J"otation1 2 
In-Plane Problems, 38, 163 



Index 

Inverse Transform, 54 
Isotropic Material, 28, 30, 34, 39 

J 
J-Integral, 175-183 

Critical Value, 183 
Derivation, 175 
Experimental Evaluation, 183 
For Dugdale Model, 182 
Over Closed Loop, 178 
Path Independence, 180 

K 

Kronecker Delta, 14 

L 

Lame's Constants, 31 
First, 31 
Second, 31 

Levi-Civita Symbol, 14 
Longitudinal Cracks in Cylindrical 

Rods, 138 

M 

Material, 20-39, 
Anisotropic, 25 
Constants, 24, 31, 34 
Elastic, 20, 21, 25 
Hexagonal, 27 
Isotropic, 28, 30, 34, 39 
Monoclinic, 26 
Orthogonally Anisotropic, 27 
Orthorhombic, 27 
Orthotropic, 27, 28 
Planes of Symmetry, 25 
Transversely Isotropic, 27 
Triclinic, 25 

Maximum Stress Criterion, 103 
Mixed Mode, 96 
Mode of Fracture, 96, 102, 105 

I or First, 96, 102 
II or Second, 96, 102 
III or Third, 102 
Mixed, 96, 105 
Opening, 96, 102 
Sliding, 96, 102 
Shearing, 96, 102 
Tearing, 102 

Mohr's circle, 57, 150 
Monoclinic Material, 26 
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N 

Navier's Equation of Equilibrium, 33-36, 73 

0 

Opening Mode, 96 
Orthogonally Anisotropic Material, 27 
Orthorhombic Material, 27 
Orthotropic Material, 27 
Out-of-Plane Problems, 38, 101 

p 

Parallel Cracks, 131 
Part-Through Surface Crack, 214 
Penny-Shaped Crack, 129, 209 
Permutation Symbol, 14, 34 
Plane Strain, 39, 41, 42, 44, 98, 151, 157, 158 
Plane Stress, 39, 41, 44, 96, 151, 157 
Planes of Symmetry, 25 
Plastic Zone, 147, 150, 152-154, 156 

Shape, 150,152-154 
Size, 147, 156 

Plasticity, 147, 155, 215 
Correction Factor, 155, 215 
Effect, 147 

Plate Problem, 45 
Poisson's Ratio, 32, 33 
Potential Function, 44, 60 
Pressure Vessel, 59, 72 

Cylindrical, 59 
Spherical, 72 

Pressurized Griffith Crack, 206 
Pressurized Star Cracks, 135 
Principal Direction, 16-18 
Principal Plane, 15 
Principal Stress, 15, 16, 151 

Q 
Quarter Point Quadrilateral Finite Element, 

236,239 

R 

Reactor Steel A533B, 170 
Reference State, 4 
Regularity Condition, 42, 43, 51, 53, 64, 66 

s 
Scalar Product, 33 
Semi-Infinite Crack, 130 
Shear Modulus, 32 
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Shearing Mode, 96 
Star-Shaped Cracks, 133 
Stack of Parallel Cracks, 131 
Strain Release Rate (G and Ge), 

123,126 
Stress Intensity Factor (SIP, K and Kcl, 101, 

123,126 
Singularity, 101, 107 
Sliding Mode, 96 
Special Crack Tip Finite Element, 233 
Spherical Coordinate System, 37 
Spherical Pressure Vessel, 72 
Square Root Singularity, 101 
Static Equilibrium, 36 
Strain, 1, 20, 31 

Invariants, 31 
Tensor, 1 
Transformation, 20 

Strain Energy, 20, 21 
Stress, 5-8, 12, 15-17, 31, 42-68, 100, 101, 107, 

123,241 
Component, 7 
Concentration Factor, 68 
Function, 42, 43, 52, 241 
Intensity Factor, 100, 101, 123 
Invariants, 17, 31 
Principal, 15-17 
Singularity, 107 
Tensor, 5, 6, 17 
Traction-Stress Relation, 8 
Transformation, 12, 57, 61 

Stress-Strain Path, 20 
Stress-Strain Relation, 20, 22, 23, 30 
Surface Energy, 115 
Symmetric, 93, 96 

T 

Lading, 93 
Response, 96 

Tearing Mode, 101 
Tensor, 1, 2, 5, 6, 15 

Definition, 15 
Notation, 2 
Rotation, 5 
Strain, 1 
Stress, 5, 6 
Transformation, 15 

Fundamentals Niechanics 

Three-Point Bend Specimen, 168, 171 
Time-Dependent Problems, 36 
Traction, 6-8 
Traction-Stress Relation, S 
Transformation, 12, 19, 20, 57, 61 

Displacement, 19 
Strain, 20 
Stress, 12, 57, 61 
Vector, 19 

Transition Finite Element, 238, 239 
Transversely Isotropic Material, 27 
Triclinic Material, 25 
Two-Dimensional Problems, 45-70 

Annular Plate, 68, 70 
Beam, 45 
Circular Hole, 59, 63, 65 
Cylindrical Pressure Vessel, 59 
Cylindrical Tube, 68, 70 
Disk, 59 
Half-Plane, 51 
Half-Space, 51 
Plate, 45 

V 

Vector Product, 33 

w 
Wedge Problem, 107 
Westergaard Stress Function, 241-259 

Concentrated Load on a Half-Space, 
252 

Coplanar Cracks, 258, 259 
Griffith Crack, 241 
Griffith Crack Subjected to Concentrated 

Loads,255 
Pressurized Griffith Crack, 257 
Near Crack Tip, 250 

Williams' Method, 85, 101 

y 

Yield Criterion, 151, 152 
Tresca, ]51 
Von Mises, 151, 152 

Young's Modulus, 32, 33 








